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Preface 


If one casually glances around, most things seem to be solids, but when one thinks 
of the oceans, the atmosphere and on out into space it becomes rather obvious that a 
good portion of the earth’s surface and of the entire universe is in the fluid state. 


Aside from the scientist’s interest in the nature of the universe which is mostly gas, 
the engineer’s interest in devices useful to mankind can seldom drift far from fluids. 
It is indeed difficult to think of any machine, device, or tool which doesn’t have some 
fluid hidden in it somewhere and some fluid mechanics behind its design. Pumps, 
fans, blowers, jet engines, rockets, gas turbines are primarily fluid machines. Air- 
craft and ships move through fluids. The atmosphere and the weather are governed 
by the dynamics of fluids. All machines must be lubricated, and the lubricant is a 
fluid. Even the vacuum tube in a radio relies on an electron gas for its operation. 
And, no matter how complex or esoteric the device, the basic concepts of fluid dynamics 
still apply. After one masters the few basic ideas of fluid mechanics, a whole world of 
applications is opened. 


It would seem unnecessary then to justify the obviously important place of fluid 
dynamics in modern science and engineering. It forms one of the foundations of 
aeronautics and astronautics, mechanical engineering, meteorology, marine engineer- 
ing, civil engineering, bio-engineering and, in fact, just about every scientific or 
engineering field. 


This book may be used as either a text or supplementary text for a first under- 
graduate course in fluid mechanics. However, one of the unique features is the treat- 
ment of a broad spectrum of fluid mechanics topics such as hypersonic flow, 
magnetohydrodynamics and non-Newtonian fluids not heretofore found in a single 
book of this type. The coverage of this material and other advanced topics also 
makes this book ideal for use as a reference and supplementary text for either an 
intermediate or first year graduate course. 


The first few chapters are written primarily for the beginning student, with con- 
siderable emphasis on basic ideas of fluid motion. The first three chapters contain 
rather complete derivations of the conservation equations both in integral and dif- 
ferential form. Many examples are presented in order to convey the very important 
ideas of a control volume, Bernoulli’s equation and the motion of fluids in general. 
A convenient summary of important equations and a general discussion of problem 
solving technique, which will be helpful to the beginning student, is provided in 
Chapter 3. 

The level of the book changes from chapter to chapter. Chapters 1 through 5 and 
Chapter 7 serve as a first introduction to fluid mechanics at the undergraduate level. 
Chapters 6 and 8 extend to the aerodynamics of subsonic and supersonic flow and are 
pitched at the advanced undergraduate level. 

As the student proceeds through the remaining chapters, he will find that the 
material becomes more advanced. The second half of the book deals with topics which 
are of current research interest. For example, the fluid mechanics literature and 


research efforts of today are largely in the areas of incompressible turbulence, hyper- 
sonic flow, magnetohydrodynamics, and non-Newtonian fluids. These chapters are 
written in such a way that one who is not familiar with these particular subfields may 
obtain an introduction to the form of the mathematical models, the simplifications and 
techniques, the nature and peculiarities, and the present state of the art. If one is 
interested in an in-depth study of one or more of the subfields, the references at the 
end of the chapters may be pursued. These, along with this book, could serve as the 
basis for an individual study program. 


The authors wish to thank Dr. E. W. Gaylord for his valuable help with Chapter 12, 
and Mrs. Dorothy C. Wakefield and Mrs. Mary Bathurst for typing the original 


manuscript. 
J. A. BRIGHTON 


W. F. HUGHES 
University Park, Pennsylvania 
Pittsburgh, Pennsylvania 
July, 1967 
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Chapter 1 


Introduction 


11 WHAT IS A FLUID 


Dynamics, the study of motion of matter, may be divided into two parts—dynamics of 
rigid bodies and dynamics of non-rigid bodies. The latter is usually further divided into 
two general classifications—elasticity (solid elastic bodies) and fluid mechanics. Since a 
large portion of the Earth is in the fluid state, it is rather obvious that engineers and 
scientists have to know something about fluids. But first, what is a fluid? How does a 
fluid differ from what we call a solid elastic substance such as a bar of steel? 


In simple terms a fluid is a substance which cannot resist a shear force or stress without 
moving as can a solid. Fluids are usually classified as liquids or gases. A liquid has inter- 
molecular forces which hold it together so that it possesses volume but no definite shape. 
A liquid poured into a container will fill the container up to the volume of the liquid regard- 
less of the container’s shape. Liquids have but slight compressibility and the density varies 
little with temperature or pressure. A gas, on the other hand, consists of molecules in motion 
which collide with each other tending to disperse it so that a gas has no set volume or 
shape. A gas will fill any container into which it is placed. For a given mass or system 
of gas, the pressure, temperature and enclosing volume are related by the gas law, that is, 
the appropriate equation of state of the gas. 


The many applications of fluid mechanics make it one of the most vital and fundamental 
of all engineering and applied scientific studies. The flow of fluids in pipes and channels 
makes fluid mechanics of importance to civil engineers. The study of fluid machinery such 
as pumps, compressors, heat exchangers, jet and rocket engines, and the like, makes fluid 
mechanics of importance to mechanical engineers. The flow of air over objects, aero- 
dynamics, is of fundamental] interest to aeronautical and space engineers in the design of 
aircraft, missiles and rockets. In meteorology, hydrology and oceanography the study of 
fluids is basic since the atmosphere and the ocean are fluids. And today in modern engineer- 
ing many new disciplines combine fluid mechanics with classical disciplines. For example, 
fluid mechanics and electromagnetic theory are studied together as magnetohydrodynamics. 
In new types of energy conversion devices and in the study of stellar and ionospheric 
phenomena, magnetohydrodynamics is vital. 


We see that a good familiarity with fluid mechanics is essential to the modern engineer 
and scientist, and it is probably obvious that fluid mechanics and its applications is a broad 
subject with far-flung fields of specialization. What we will do in this book is to present 
most of the fundamental ideas with many of the applications. Once these fundamentals are 
mastered more advanced books and research literature may be studied to increase one’s 
understanding of more specialized aspects of fluid mechanics. However, it is essential to be 
well grounded in the fundamentals which do not change with age, and which can always be 
relied upon, before going on to more advanced topics. 


We will provide an introduction to the subject of fluid mechanics by presenting funda- 
mental ideas, from the basic mathematical formulation to modern hypersonic flow theory 
and magnetohydrodynamics. 
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12 THE MATHEMATICAL MODEL 


In solid rigid body mechanics, we usually ask the question: what is the position in space 
of a particle as a function of time? From this information all other questions, such as what 
are the velocity and acceleration, may be answered. If the position vector r denotes the posi- 
tion of a particle, then r(t) is the important parameter. Velocity and acceleration are 
simply dr/dt and d?r/dt?. 


However, in a fluid we are not dealing with a single particle. We are concerned with 
a continuum. In fact we don’t have to keep track of individual particles or even little 
blobs of fluid. Rather, it is convenient to ask the question: at some point in space (rela- 
tive to an arbitrary fixed coordinate system) what is the velocity, acceleration and 
thermodynamic properties at that point in space as a function of time? As time proceeds 
the fluid at that point in space is being constantly exchanged for new fluid as the fluid 
flows past, so that we keep track not of any individual particle of fluid but of history at 
some point in space regardless of what bit of fluid happens to be there at any particular 
time. Such a description of the fluid is called an Eulerian description as opposed to a 
Lagrangian description which is used to keep track of an individual particle as in rigid 
body dynamics. We will discuss these problems in detail in Chapter 3. 


We have mentioned the word continuum. What does this mean in a fluid sense? We 
assume that the distance between fluid particles (or molecules), or more precisely the mean 
free path, is very small. By small we mean small compared to any physical dimensions 
of the problem to which we are applying the principles of fluid mechanics. In aerodynamics, 
the thickness, say, of a wing is many orders of magnitude greater than the mean free path 
of the air flowing over the wing. Hence we assume that all mathematical limiting processes 
(of the calculus) can be taken in a meaningful sense and that any volume of fluid can be 
continuously subdivided into smaller and smaller volumes while retaining the fluid con- 
tinuum character. Obviously this division would break down eventually, but we assume 
that by the time it does the dimensions are so small that they are microscopic and of no 
concern to us. 


However, if such is not the case, as in a rarefied gas flow where the mean free path may 
be of the same order of magnitude as the physical dimensions of the problem, then the fluid 
continuum assumption breaks down and we must use a strictly microscopic approach such 
as free molecule flow theory. We will not be concerned with these rarefied gas theories 
here and will always be concerned with a homogeneous isotropic continuum which can be 
treated strictly by macroscopic methods. 


The number of basic variables in fluid mechanics is five: three velocity components and 
two thermodynamic properties. Any two of the thermodynamic properties, such as pres- 
sure, temperature, density, enthalpy, entropy, etc., suffice to determine the state and hence 
all the other properties. The fluid flow field is completely determined once we specify the 
velocity vector V and two thermodynamic properties as a function of space and time. 
Hence we need five independent equations. These are usually the three components of the 
equation of motion, a continuity equation and an energy equation. Often an equation of 
state is also introduced in order to allow the writing of the energy equation in terms of 
three variables (temperature, density and pressure) instead of just two. In that case we 
have six variables and six equations. In turbulent flow additional unknowns appear for 


the same number of equations, which prevents a complete theoretical formulation of the 
problem. 


In an incompressible fluid the energy equation is not needed since density is taken as 
known and only pressure along with velocity need be found in order to completely describe 
the fluid flow. The temperature is uncoupled then, but an energy equation must be used 
to find it if this information is needed. 
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1.3 


SOME DEFINITIONS 
The flow of fluids may be classified in many different ways. Let us look at some of the 


different types of flow and relate them to some ordinary everyday experiences and observa- 
tions. But first a few terms must be defined so that we will have a language in which to 
talk about fiuid flow. Later we will provide more rigorous definitions, but for now, let us 
give a few simple and somewhat heuristic definitions. 


(a) 


(0) 


Pressure. The pressure in a static fluid (one at rest) is defined as the normal compres- 
sive force per unit area (normal stress) acting on a surface immersed in the fluid. The 
pressure might be measured by the force on the face of a unit cube (one with unit 
dimensions) inserted in the fluid. We have to imagine that the cube does not disturb 
the fluid, so that the actual pressure at a point in the fluid would be the force acting 
on a face of the cube divided by the area of that face in the limit as the area becomes 
infinitesimally small. The pressure at a point is isotropic in a fluid at rest, that is, the 
force would be the same on all faces of the cube and would be the same regardless of 
the orientation of the cube in space. Such an isotropic pressure is called hydrostatic 
pressure. This is the pressure used in thermodynamics (gas laws) and is a thermo- 
dynamic property. If the pressure varies from place to place in the fluid a net pressure 
force would exist on any fixed volume of fluid and must be balanced by a body force 
such as gravity, or else the fluid will move, the pressure force generating an acceleration 
in the fluid. 

In a dynamical situation (when the fluid moves) there may exist not only pressure 
forces in the fluid, but shear forces or stresses as well. However, the pressure is still 
isotropic and defined in the same way as above but must be measured as the normal 
stress on an area which moves along locally with the fluid. There are sometimes dif- 
ficulties in moving gases where the normal stresses on a cube are not quite the same in 
all directions. We can still define a hydrostatic isotropic pressure, but small additional 
forces in certain directions come about because of fluid viscosity effects. These con- 
cepts will be discussed in more detail in the next two chapters. 


Viscosity, Friction, and Ideal Flow. All fluids have viscosity which causes friction. 
The importance of this friction in physical situations depends on the type of fluid and 
the physical configuration or flow pattern. If the friction is negligible, we say the flow 
is ideal. Friction may arise because of viscosity or turbulence. 


Moving plate U 


Stationary plate 


Fig. 1-1. Flow between parallel plates to illustrate viscosity. 
The velocity u is linear across the channel, zero at 
the bottom and U at the top. A small element shows 
the shear stress. 


Roughly speaking, viscosity is a measure of the fluid’s resistance to shear when the 
fluid is in motion (remember a fluid cannot resist shear without moving as can a solid). 
Imagine two parallel plates of large size, Fig. 1-1, in steady relative motion. Fluid 
between the plates has a linear velocity profile as shown (if no pressure gradient exists 
along the plates in the direction of motion). There is no slip between the fluid and 
plates; that is, at an interface between a fluid and solid, the velocity of the fluid must 
be the same as the solid. If we consider a small element of the fluid, as shown in Fig. 


INTRODUCTION [CHAP. 1 


1-1, the shear stress 7 on the top (which is numerically the same as on the bottom in 
this case) may be written: ay 
= p> (1.1) 
oy 
where up, the viscosity, is the proportionality constant between shear stress and velocity 
gradient. The units of viscosity are clearly lb-sec/ft? in English engineering units. 
The ratio of viscosity to mass density p is called kinematic viscosity and is usually de- 
noted as v. 


The viscosity of a liquid decreases with increasing temperature (as one knows from 
trying to start an automobile on a cold morning) but gases increase their viscosity with 
increasing temperature. The viscosity of fluids also depends on pressure, but this 
dependence is usually of little importance compared to the temperature variation in 
engineering problems. 


T 


Such a simple relationship between shear stress and velocity gradient is known as 
the Newtonian relationship. In general, fluids which obey such a relationship are 
known as Newtonian fluids. (A more general expression for Newtonian fluids which 
allows velocity gradients in three dimensions will be developed later.) 


Although the linear Newtonian relationship is only an approximation, it is sur- 
prisingly good for a wide class of fluids. For some substances, however, the shear stress 
may be a function not only of velocity gradient (which is the same as shear strain rate) 
but also ordinary strain as well. Such substances are known as viscous-elastic. And 
even for simple viscous fluids, in which the shear stress depends only on velocity 
gradient, the fluid may not be Newtonian and in fact there may exist a rather com- 
plicated nonlinear relationship between shear stress and strain rate. If the fluid stress- 
strain rate relationship depends on prior working or straining, the fluid is said to be 
thixotropic (such a substance is printer’s ink). 


Another type of fluid is one with 

plastic behavior which is character- ~ Elaptic ) Ungerneeeaniee 
ized by an apparent yield stress; that 
is, the fluid behaves as a solid until it 
yields, then behaves like a viscous 
fluid. Some greases and sludges be- 
have in this manner. On the other 
extreme from plastic fluids are fluids 
called dilatants which flow easily 
with a low viscosity at low strain 
rates, but become more like a solid 
as the strain rate increases (such a 
substance is quicksand). Fig. 1-2 
shows the behavior of these fluids Fig.1-2. Types of viscous and plastic fluids. 
graphically. 


Newtonian 


Non-Newtonian 


Dilatant 


Shear stress, 7 


Shear strain rate, du/dy 


Water, air and gases are essentially Newtonian, but considerations of fluids which 
are visco-elastic or non-Newtonian are very important in fluid mechanics, although gen- 
erally not so well understood or appreciated. 

Internal friction or stresses can be generated, then, by the viscosity in a fluid. In 


addition, turbulence may generate shear stresses in a fluid, and we will mention tur- 
bulence in the next section. 


If a fluid has no viscosity and does not flow in a turbulent manner, the fluid is said 
to be an ideal fluid, or more correctly the flow is said to be ideal. An ideal flow then 
has no internal friction and hence no internal dissipation or losses. Actually, of course 
no fluid is ever really ideal, but some fluids, at least in certain regions of flow under 
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(d) 


certain circumstances, approach ideal conditions very closely and are considered such 
for analysis. For instance, the flow of air over objects (aerodynamics) is considered 
ideal flow except in a thin layer called the boundary layer just next to the wing or sur- 
face. As we will see, it is convenient to divide real fluid flows into different regions 
each of which may be considered ideal, viscous, or turbulent. 


Laminar Flow and Turbulent Flow. The terms laminar flow and purely viscous flow 
are used synonymously to mean a fluid flow which flows in laminas or layers, as opposed 
to turbulent flow in which the velocity components have random turbulent fluctuations 
imposed upon their mean values (Fig. 1-3). A stream of dye or ink inserted in a 
laminar flow will streak out a thin line and always be composed of the same fluid 
particles. However, in turbulent flow the dye line would quickly become tangled up and 
mixed in with the fluid as it flows along, and we would see myriads of threads and 
clouds ever widening and dispersing as the fluid flows along. A vivid example of laminar 
flow is a heavy molasses being poured from a bottle. 


Streamlines 


Il 


Laminar Turbulent 


Fig.1-3. Laminar and turbulent flow. The lines indicate the 
paths of particles. 


What determines whether a flow is laminar or turbulent? For a given fluid the 
velocity and channel configuration or size determine it. As the velocity increases the 
flow will change from laminar to turbulent, passing through a transition regime. Both 
laminar and turbulent flow occur in nature, but turbulent flow seems to be the more 
natural state of affairs. 


A simple example of this transition may be seen by observing the smoke rising 
from a cigarette or smoke stack. For a distance, the smoke rises in a smooth laminar 
manner. Then, rather abruptly, the smoke begins to mix up, become turbulent, and the 
smoke column rapidly widens and diffuses. The turbulence aids in the diffusion of the 
smoke and causes it to diffuse into a widening chaotic stream. 


The effects of viscosity are still present in turbulent flow, but they are usually masked 
by the dominant turbulent shear stresses. 


Surface Tension. The term surface tension is used loosely to identify the apparent 
stress in the surface layer of a liquid. This layer behaves like a stretched membrane 
and can give rise to a pressure difference across a curved liquid surface (that is an air- 
liquid interface). Actually the surface tension is an energy associated with any fluid- 
fluid interface and the liquid-air interface is the most common type. Since the liquid 
surface behaves like a membrane, we see why a liquid may form a miniscus in a capil- 
lary, and why raindrops are more or less spherical. 


Compressible and Incompressible Flow. It is customary to divide fluids into two 
groups—gases and liquids. Gases are compressible and their density changes readily 
with temperature and pressure. Liquids, on the other hand, are rather difficult to com- 
press and for most problems one might consider them incompressible. Only in such 
situations as sound propagation in liquids does one need to consider their compressibility. 


In a gas the density is related to temperature and pressure by the gas law (remem- 
ber for a perfect gas p=pRT). For a liquid, the density is related to temperature by 


1.4 
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a coefficient of expansion just as for a solid, and the pressure dependence may be 
written as eRe re (1.2) 


where £ is the bulk compression modulus. For water £ is about 3 x 10° psi, so that it 
requires enormous pressures to effect a slight density change. (For adiabatic compres- 
sion of atmospheric air £ is about 20 psi.) For most practical purposes then, liquids are 
incompressible. And, in fact, under certain flow conditions involving slight pressure 
changes, gases may be considered incompressible. (This is the case of subsonic aero- 
dynamics where the air is assumed incompressible for low Mach numbers.) 


Subsonic and Supersonic Flow. In compressible flow there is a great distinction be- 
tween flow involving velocities less than that of sound (subsonic flow) and flow involving 
velocities greater than that of sound (supersonic). (Sonic speed in air at STP is about 
1080 ft/sec or 810 mi/hr.) These differences between subsonic and supersonic flow will 
be pointed out later, but it is useful to remember that shock waves can only occur in 
flows which are supersonic. 

The Mach number, M, is a measure of this relative speed and is defined as the ratio 
of the fluid speed to the local speed of sound: 


Moe eV ie (1.3) 


where V is the fluid speed and a the local sonic speed. When M <1 we have subsonic 
flow, and when M>1 we have supersonic flow. For flows around objects, where M 
is less than about 0.3, the flow may be treated as approximately incompressible. Tran- 
sonic flow occurs when part of a body (airplane or missile, say) has fluid flowing over it 
at M <1 and another part of the same body has fluid flowing over it at M>1, so that 
at some point on the body M=1. How can M<1 and M>1 on the same body at 
the same time? The answer is that the sonic speed and the fluid speed vary over the 
body. The temperature varies over a body in general and hence the local sonic speed 
must vary. 


Steady Flow. By a steady flow we mean one in which the velocity components and 
thermodynamic properties at every point in space do not change with time. Actually 
if we were to follow an individual fluid particle its properties and velocity might change 
as it flows along. However, this does not matter. In fluid mechanics we always ask: 
what is happening at a particular point in space regardless of what fluid particle hap- 
pens to be there at any particular time? In this sense, then, steady flow means steady 
in that nothing changes with time at any point in space. A motion picture or snapshot 
would look the same no matter what time it was made. An important point to under- 
stand is that a fluid may have an acceleration at a point in space even in steady flow. 
A fluid particle may be moving along, but at any particular point in space it behaves 
just as any other fluid particle when it was at that place. 

Types or Classes of Flow. We have discussed some basic definitions as applied to types 
of fluid flow. Now we can see what types of flow occur in real physical situations and 
classify them accordingly. We will see that we may have such classifications as in- 
compressible-laminar, compressible-ideal-supersonic, compressible-laminar, incompres- 
sible-turbulent, etc. 


PHYSICAL CLASSIFICATIONS AND TYPES OF FLOW 
There are many ways to classify flow, according to the structure of the flow mentioned 


above, or according to the physical situation or configuration which also allows classification 
into one of these groups. Let us mention a few of these classifications. . 


Basically there are two types of fluid configurations, or spatial regions of flow: external 


and internal flow. By internal flow we mean pipe and channel flow and the like, where the 
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fluid flows within a confining structure. External flow is the flow of a fluid over an object, 
such as in aerodynamics. Let us examine each of thése flow types in more detail. 


(a) External Flow. The flow region around an object may be divided into three regions. 
Far from the body the flow is essentially ideal, with friction unimportant. Near the 
body the fluid develops a shear layer (since the velocity must be zero relative to the body 
on the surface of the body) where viscosity and/or turbulence is important. This fric- 
tional layer is called a boundary layer. The boundary layer may be laminar or turbulent. 
Behind the body a wake (a third distinct region) develops and is generally a region of 
high turbulence and low pressure (hence the drag due to the wake). Fig. 1-4 shows the 
flow over a cylinder with the wake. The wake is due to the separation of the boundary 
layer from the surface of the body. In fact, the ideal flow region behind the body, but 
outside the wake, and the wake region are rather well delineated by a shear layer 
(Fig. 1-4a). 


(a) 


Point of separation 


Boundary layer 
Fig.1-4. (a) Boundary layer and separation over a cylinder. 
(b) Ideal flow if no separation occurred. 


The boundary layer brought about because of viscosity in the fluid is the cause of 
the wake. If there were absolutely no viscosity so that the fluid were frictionless in an 
absolute sense, then there would be no separation and no wake. If there were no wake 
the flow pattern (which would be ideal) would be symmetrical from front to back of 
the cylinder and the pressure would be the same on the front as on the back and there 
would be no drag on an object inserted into a flowing fluid. This absence of drag is 
contrary to experience and we realize that all fluids must have some internal friction. 
In the early days of the development of fluid mechanics as a science,.it was thought that 
viscosity was rather negligible and mathematically the flow would be ideal everywhere 
and hence there would be no drag predicted by theory (Fig. 1-4b). Since this conclusion 
was contrary to experience it was known as d’Alembert’s paradox. It was not until the 
boundary layer concept was introduced by Prandtl (a German fluid dynamicist) during 
the early part of this century that it became apparent that there was no paradox at all, 
but that any amount of viscosity, no matter how small, could bring about a wake and 
consequent drag. 

If a body is streamlined (Fig. 1-5), that is, the trailing edge is faired into a gradual 
smooth contour, no separation will occur and the boundary layer will hug the body all 
the way around. Streamlining substantially reduces the drag and most aerodynamic 
objects, wings, etc., are streamlined. In 
such cases the flow is ideal completely Streamlines Boundary layer with 
around the body except for the boundary edckicde oi 
layer and a thin wake. As we shall see, 
the boundary layer in such cases may be CS 
rather thin and the flow pattern is well 
described by ideal flow except for the fric- Thin 
tion drag calculations. In subsonic aero- wake 
dynamics the lift is determined by the po- Fig.1-5. Streamline flow about an object. The 
tential (ideal) flow, and the drag essen- gradual taper of the trailing edge pre- 
tially by the boundary layer. vents separation of the boundary layer. 
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The boundary layer itself may be laminar or turbulent, depending on the parameters 
involved. In most practical cases the boundary layer changes from laminar to tur- 
bulent along the body. The transition to turbulence usually retards separation, but in 
partially streamlined bodies separation may not be distinct and the turbulent boundary 
layer merges into the wake region as shown in Fig. 1-6. 


Potential flow 
Laminar Be tea 
b 1 
boundary layer oundary layer 


U 
—_—— 
—- 
eo 
| ee 
a 
——_——— 
———P 
—_— 
———e 


Fig. 1-6. Subsonic flow with a transition boundary layer with 
no separation. The boundary layer thickness is 
exaggerated. 


If the velocity is small, then the density variations are small and the flow may be 
considered incompressible. (This concept will be demonstrated in Chapter 7.) The 
flow then is as shown in Fig. 1-5 or Fig. 1-6. 

If the velocity is increased until the Mach number is greater than about 0.3, then 
the density variations become important, but the general flow picture is still as shown 
above. However, when the Mach number is increased to a value greater than one, 
a shock wave will occur and the flow will be as shown in Fig. 1-7. 


Shock wave 
Potential flow 


Laminar 
boundary layer 


Turbulent 
boundary layer 


Fig.1-7. Supersonic flow around an object. 


If the Mach number is increased to a value greater than about six, then dissociation 
and ionization will occur. 


Internal Flow. Inside pipes, channels, nozzles, and in fluid machinery the flow of the 
fluid is confined by walls and is usually referred to as internal flow. Such flow in the 
main part of a channel may be considered as approximately ideal for gases, but even so 
a boundary layer (usually turbulent) develops on the walls. In both viscous and tur- 
bulent flow the boundary layer thickens downstream so that it eventually extends all 
the way across the channel or pipe. 


(b 


~— 


Now we are in a position to make topical divisions. These are shown in Fig. 1-8 below 
with the left column generally going from the least to the most complicated. 
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Fluid 
Mechanics 


Incompressible 
Frictionless 


Two Phase 
Flow 


Compressible 
Chem. Reac. 


Frictionless 
Compressible 
Frictionless 


Hydrodynamic 
Stability 


Potential Flow Compressible 
(Chapters 6, 7, 8) Chem. Reac. 
Friction 


Incompressible 


se Magneto- 
Friction 


hydrodynamics 
Compressible (Chapter 11) 


Chem. Reac. 


Compressible Turbulent 
Friction Non-Newtonian 
Hypersonic Boundary Bow 
Layer (Chapter 12) 
Incompressible (Chapter 10) 


Turbulent 


Boundary Layer Rarefied 
(Chapters 5, 9) Gasdynamics 


Compressible 


Turbulent 


Fig.1-8. Topical divisions of fluid mechanics. 


Supplementary Problems 


Below are listed a few simple experiments which illustrate some of the flow behavior of fluids. 


Uae Pour a bit of Karo syrup or molasses into a dish. Pour a little milk over the syrup and try to mix 
it. What happens? The viscosity is so great that the mixing caused by stirring is laminar and the 
mixing is rather slow. Turbulent mixing is much faster than laminar mixing. Why? Molecular 
diffusion also occurs but is rather unimportant in a heavy syrup, compared to the mixing effect. 


iP, Observe the smoke rising from a cigarette. Notice how it begins in a laminar fashion and suddenly 
becomes turbulent; As the smoke rises the flow becomes unstable and develops into turbulent flow. 


1S? Turn on a water faucet and adjust the flow so that there is a very small laminar trickle. What hap- 
pens to the water a few inches down the stream? Again the flow becomes unstable and turbulent. 


1.4, Increase the flow rate, in the above example. What happens? The water becomes turbulent in the 
pipe and is turbulent as it leaves the faucet. 


11555, Observe a low lying cloud system on a windy day, especially a heavy rain cloud system. Is the 
flow turbulent? Is it on a different scale from the water faucet flow? 


1.6. Hither with a burning cigarette or pipe create a rising column of smoke. Take a pencil and hold 
it (horizontal) in the stream of smoke. Observe, by looking at the pencil on end, the flow of smoke 
over the pencil and the separation of the boundary layer from the sides of the pencil. It is best to 
generate a heavy column of smoke by blowing into the pipe or cigarette. 


eae Why does the smoke in the preceding problem rise? 


Chapter 2 


Fluid Statics 


2.1 PRESSURE 


Before beginning the actual study of fluid dynamics, it is useful to discuss fluid statics, 
mainly because it allows immediate application of some everyday ideas to real engineering 
problems without becoming involved in complex notions. The concept of pressure is of 
particular importance in fluid statics. For example, it is important in determining the 
force applied to a dam by a body of water or in determining forces on submerged bodies in 
general. The exploration, recovery of objects and man’s survival at large depths in the 
oceans has received considerable interest in recent years. 


Pressure is defined as stress, or surface force per unit area, 


Rape i dF 

Se ee a eo 
When we imagine the area going to zero for an actual fluid, a difficulty arises in that we are 
no longer dealing with a continuum. Thus there is a conflict between the continuum as- 
sumption and the usual definition of derivatives and differential quantities. This difficulty 
or conflict of ideas is present in the development of the differential equations of fluid 
mechanics, but we resolve it by assuming that the fluid is a continuum to any macroscopic 

scale of interest. 
Let us look at a container of liquid at rest. 
If we take an imaginary boundary around a 
small part of the total volume, the net force 
acting on the fluid mass must be zero since it 
is not being accelerated. In particular, let us 
select a small volume as shown in Fig. 2-1. 
Since there is no relative motion in the 
fluid, then the shear stress is everywhere zero. 
The only surface forces acting on the fluid 
element are normal (pressure). And the only 
body force is due to the earth’s gravitational 
field which acts in the negative y direction. 


Thus summing the forces for the x direction Fig. 2-1. Equilibrium of pressure forces on a 
we have fluid element. 
p,dydz — p,dzdssina = 0 


where ds sine = dy and thus ~,=,. For the y direction’, 
p,dadz — p,dzdscosa — tpgdxdydz = 0 
where p is the mass density of the fluid and ds cosa = da, giving 
BD, PP aed GY A= aU 
1 In this book we will generally use slug units for mass. Thus p has units of slug/ft3 and the specific 


weight y has units of lb,/ft? and is given by y = pg. For a detailed discussion of units and dimensions the 
reader is referred to Appendix B. 
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Since the third term is small compared to the first two, 
i ad adie 


Since the volume element may be chosen with any orientation and the angle a was ar- 
bitrary, we have shown that the pressure at a point in a fluid at rest is the same in all 
directions, that is, isotropic. 


2.2 DIFFERENTIAL EQUATIONS OF FLUID STATICS 


We will define equilibrium as a state in which each fluid particle is either at rest or has 
no relative motion with respect to other particles. The significant difference between these 
two conditions is that in the first there can be no acceleration of the total fluid system, and 
in the second there can be acceleration. We will consider both cases. 


There are two kinds of forces to be considered: 
(1) body forces—forces acting on the fluid par- i (+ 2as ) p 
ticles at a distance (e.g. gravity, magnetic field, 
etc.), and (2) surface forces — forces due to direct 
contact with other fluid particles or solid walls 
(forces due to pressure and tangential, that is, 
shear stress). 


Again, we will look at a container of liquid at 
rest. This time, however, we shall choose an 
infinitesimal fluid particle from within the con- 
tainer which is cubical in shape as shown in Fig. 
2-2. We assume gravity to act in the negative z 
direction. 


We may assume the pressure over each face is 
constant since it may be shown that any varia- 
tions are of second order and do not affect the 
final result. Summing the forces for the different 
directions gives 


x direction: pdydz — (» + Pan) dy de =e) 
y direction: pdxdz — (» + Pay) de de gt) 
0 
z direction: . pdxdy — (n+ Pde) de dy — pgdxdydz = 0 
err Op _ on Olea 
Simplifying, aa a 0, ay 0, aan PY (2.2) 
d 
By equations (2.2) we have mS = —p9 (2.3) 


which is an important equation of fluid statics. If the density of the fluid is constant, equa- 


tion (2.3) may be integrated : Z 
i dp = - pg j\ dz 
Spy ey 


giving D— DP, = —pg(%,—@,) (2.4) 
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which describes the pressure change with elevation for a fluid in static equilibrium. An 
independent and simple derivation of equation (2.3) may be carried out by considering the 
forces on a right circular cylinder whose axis is vertical to the earth’s surface. 


Equation (2.4) is valid for an incompressible fluid. Let us consider briefly pressure 
variations in compressible fluids. Starting with equation (2.3) for an ideal gas, we have 
oe pel’. 
ip = RT dz 
where R=gasconstant and T= absolute temperature. If we assume an isothermal 
atmosphere, we may integrate this equation to give 


PAT eee 
Ing = rT? z,) 


or Vi) — je et ot (2.5) 


2.3 MANOMETRY 


A manometer is a device which utilizes displacement a eae 
of fluid columns to determine pressure differences. Equa- 
tion (2.4) is used to relate the pressure differences to the . ae 
heights of fluid columns. We may write this equation as 


P,— P, = yh = pgh (2.6) hy | 


_—_+- Water 


where h = —(2,—2,) (2.7) hy 


Fig. 2-3 shows a single U-tube manometer for meas- 
uring pressure difference. The difference in pressures 
p, and p, may be determined as follows. The pressure 
at point a is given by Fig. 2-3. The U-tube manometer. 


Py = hiYx,0 ty (h, ae hi) Yair 


or P, = Ry w0 + (hoi Nly casei (2.8) 


Pe De 


Subtracting, Pa a3 Pp = (h, 7 Oa. om i) (2.9) 


The specific weight of air is small compared to water, which means that the pressure 
difference is approximately equal to the difference in column heights times the specific 


weight of water: 
Dy— Pp = (ha —hy)ry,6 (2.10) 


— Fluid 1 


— Fluid 2 


Fig. 2-4. An inclined manometer. Fig. 2-5. The two fluid manometer. 
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Manometers may have different shapes, orientations and use different fluids depending 
on the application. For example, in order to attain an improved accuracy over the vertical 
manometer, an inclined manometer as shown in Fig. 2-4 above may be used. Or, a two 
fluid manometer as shown in Fig. 2-5 above could be used to achieve an improved accuracy. 
The method of relating pressure differences to fluid column deflections for these two ex- 
amples is basically the same as that described for the U-tube manometer. 


2.4 FLUID FORCES ON SUBMERGED BODIES 


The total surface force on a body may be determined by taking the vector sum of the 
differential surface forces over the entire area, 


i day wes it dF (2,11) 
A 
where dEe = pdA 
and p= p,t+yh (2.12) 


where p, = pressure at the free surface and h = depth below the free surface. 

These equations are all that are needed for establishing the forces on submerged sur- 
faces. In the specific applications then, all that is required is to write the depth h and 
differential area dA in terms of the same variable of integration. Also, before the equation 
may be integrated it must be written in scalar form. We shall consider some specific cases. 


(a2) Horizontal Plane Surface. Consider a plane horizontal surface at distance h below 
the surface of a liquid as shown in Fig. 2-6. The force on the surface (one side) is 


F = i dF = f (p,tyh)dA = (p,+yh)A (2.18) 


S 


Free surface (p = po) “Wy Free surface (p = po) 


Yj 
ty YY 
Fig. 2-6. A submerged horizontal plate. Fig. 2-7. An inclined submerged plate. 


(b) Inclined Plane Surface. Next, consider an inclined submerged surface as shown in 
Fig. 2-7. Here we have for the force on the plate (which is normal to the plate), 


| ee f Gh if (p,tyh)dA = pA +7f wy sin @ dy 
A A Uy 


= p,A + Fywsiné (y3—Y) (2.14) 


(c) Curved Surface. For a curved surface, such as shown in Fig. 2-8 below, the force com- 
ponents are 
F 


c f (p, + yh) dA, (2.15) 


A 


F 


; {i (vp, + yh) aA, (2.16) 
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The integration of these equations Y, Free surface (p = po) 
may not always be the most convenient 
method for determining the forces on sub- 
merged bodies. For example, we may 
observe that the vertical component of 
force on any submerged surface is equal 
to the weight (or equivalent) of fluid di- 
rectly above that surface plus the force 
due to pressure at the free surface, and 
that the horizontal component of force 
may be determined by considering a plane 
vertical surface which is the projected 
area of the surface in question. 


A curved submerged plate. 


Fig. 2-8. 


Buoyancy. Archimedes’ principle states that a submerged body is subject to an upward 
force equal to the weight of the fluid displaced. Therefore this force (buoyant force) 
will be equal to the volume of the body which is submerged times the specific weight 
of the fluid. 


It is important that we recognize that the buoyant force can also be computed by 
summing all of the vertical components of the pressure area products over the submerged 


surface of the body, i.e., 


which as we have already noted leads to 
F 


B 


Fr, = J pda, 


= y X volume 


(2.17) 


(2.18) 


2.5 ACCELERATING FLUIDS IN THE ABSENCE OF SHEAR STRESS 


In the previous sections we have con- 
sidered fluids at rest. Now we will consider 
fluids which have a constant acceleration (con- 
stant with time) but each fluid particle has 
no motion relative to its immediate neighbor, 
so that the fluid moves as a rigid body. For 
example, consider a container of liquid which 
has a constant acceleration a upward and to 
the right as shown in Fig. 2-9. Using the 
same method as in Section 2.2 it is easily 
shown that Newton’s law for an infinitesimal 
particle in the container gives 


dp/dx = —pa,, dpldy = —(pa,+y) 
Integrating, 
p= —[pa,4 + (pa,+y)y]+C (2.194) 


Y 
Free surface 
a 
is Sa Me 
= 
eee 
Wp x 
Fig. 2-9. An accelerating container of fluid. The 


direction of gravity is in the negative y 
direction so that a, and a, are respec- 
tively parallel and perpendicular to the 
Earth’s surface. If a, and a, are posi- 
tive, then the slope is negative as shown. 


The shape of the free surface is determined by letting p = p,, yielding a plane surface. Con- 
stant pressure surfaces are parallel planes whose slope with respect to the horizontal plane 


is given by 


6 = tan“'a,/(a,+9) 


where ¢ is indicated in Fig. 2-9. 


(2.190) 


CHAP. 2] FLUID STATICS 15 


Op \ 
—~d 
(> ip ap re 


Free surface 
(Pp = Po) 


LT: Hh 


Fig. 2-10. A rotating container of fluid. Gravity acts in the 
negative z direction. 


Another example of fluid particles undergoing a constant acceleration is encountered 
when a fluid body rotates uniformly as a whole without relative motion of its parts. Let 
» be the constant angular velocity and p the density of the liquid. Choose polar coordinates 
with 2 and r as shown in Fig. 2-10. The angular coordinate is ¢. The centripetal accelera- 
tion of a particle at radius 7 is —w?r in the r direction. From Newton’s law for the z 
direction, 


op _ 


—pgrdrd¢dz + prdrdd — (p+ Paz) rardg = 0 or 5 


—p9 
For the r direction, assuming sindd¢ ~ 4d¢, 

pdzrdd — (p + 2 ar ) dz (r+dr)d¢ + 2pdzdr(4d¢) = -—pdzerdd¢drwr 
which becomes (neglecting higher order terms) 


ap/or = pu’ (2.20) 
We note that p = p(r,z) and dp = on ,. + oD 
* or Oz 
Substituting for dp/dr and dp/dz, 
dp Sip far — po dz 
Integrating, p = 4tpo*r? — pgz +C (2.21) 


At r=0 and z=z, we have p=p,. Then equation (2.21) becomes 


De) 2 3pe 1 4 9 (Z, a2) (2.22) 


At the free surface, where p=, we have 
z= 2, + $079/g (2.238) 
which is a paraboloid of revolution. 


Note that for constant z, p increases as r?.. A centrifugal pump and a centrifuge make 
use of this principle. An enclosed mass of liquid is whirled rapidly to create a great dif- 
ference in pressure between its center and its periphery. 


2.6 SUMMARY 


In this chapter we have looked at forces acting on fluids which (1) were in static equi- 
librium (fluids at rest) and (2) were undergoing a constant acceleration. In both cases the 
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absence of relative motion among the fluid particles results in the tangential stresses being 
everywhere zero. Thus the only forces which were acting on the fluid particles were those 
due to (1) pressure (normal surface stress) and (2) gravity (a uniform body force). - 
It was shown that the pressure at a point in a fluid in static equilibrium is the same in 
all directions. Thus pressure is a scalar function of the spatial coordinates and time. 
For a fluid in static equilibrium it was shown that the pressure change with elevation 
is given by 
dp/dz = —y = —pg 
and for an incompressible fluid, 
| a og —y(%, > z,) 
which was found useful in establishing pressure from various kinds of manometer readings. 


Forces on submerged surfaces may be established by integrating the pressure area 
product over the entire area for the scalar components of the vector equation: 


cee (er View oe are pers 
A ‘ A 


where p=p,+yh. Thus in using these equations for a specific problem, the only remain- 
ing consideration is to relate the differential areas and the depth below the surface, h, to 
some common and convenient variable of integration. 

The buoyant force may be calculated in two ways: (1) by integrating the vertical com- 
ponent of pressure area product over the submerged area of the body or (2) by multiplying 
the volume of fluid displaced by the body times the specific weight of the fluid. 

For a fluid undergoing a constant acceleration but having no relative motion among the 
fluid particles, Newton’s laws for an infinitesimal fluid particle gives 


ap/dx = —pa,, dp/dy = —(pa,+y) 


where a, and a, are the components of the acceleration vector parallel and perpendicular to 
the earth’s surface respectively. - 


Solved Problems 


2.1. The mercury manometer of Fig. 2-11 is con- —y—_ Inlet and outlet 
nected to the inlet and outlet of a water pump bela 
(the left side to the inlet and the right side to re 
the outlet). Assuming that the inlet and outlet 
are at the same elevation, determine the pres- 
sure increase for the pump. —_}— 
We determine the pressure at point a by computing hy = 6.0 in. 


the pressure due to the column of liquid in the left side as 


Pa = Iavug + hovug + hs%00 + Pin 


and in the right side as 
Pa = hivug + hoYy0 ate h3Yy4,0 + Pout 


Mercury 
(sp. gr. = 18.6) 
Subtracting, 

Pout — Pin = ho(Yueg es Yo) 
7f5 [62.4(13.6 = 1)| = 393 psf 


We have used the fact that the specific weight of water 
is 62.4 lb,/ft® and the specific gravity of mercury is 13.6. Fig. 2-11 
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2.2. In Fig. 2-12 determine the gage pressure 
at point A. 


Open to atmosphere, p, 


The absolute pressure at C is the same as 
at B. The absolute pressure at B is y yh, + pg 
and hence Mercury (sp. gr. = 13.6) 
Pa = (Pat yihy) + Yoho 
For convenience we have denoted the specific Water 
weights of mercury and water as y,; and yp re- 
spectively. Then by definition of gage pressure, 


Pa gage 


Pa— Pa = Yihy + Yohe 
62.4(18.6)(15/12) + 62.4(30/12) 


B and C are at the 
same elevation 


1216 psf = 8.45 psi Fig. 2-12 


2.3. Determine the pressure at point A for the inclined manometer shown in Fig. 2-13. 
To vacuum =~_ 


Open to atmosphere 
Pq — 14.7 psi 


Horizontal 


Reservoir 


Mercury (sp. gr. = 13.6) 


Fig. 2-13 
Pa = Pat yh 
Pp is atmospheric, so that 
DA "Py ye LAT 62:4(13.6) (220/02) (1/14) 13547 psi 


Note that the level of mercury in the inclined tube is lower than that in the reservoir because a 
vacuum is being drawn on the reservoir. 


2.4. In Fig. 2-14 find the gage pressures at points A, B and C in the pipe filled with flow- 


ing water. 
 ——  «¢ Mater 
hg 6 | 
hy = Se 
_— Open to 
15” atmosphere 
oo a 
hg = 5!" 
oo 


(sp. gr. = 138.6) 


Mercury 


Fig. 2-14 


18 


2.96 


2.6. 


Zale 
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Denoting the specific weight of water as y, and the specific weight of mercury as y2 we start 
at point D, work down to level HH, and then up to various points in the tube. 
Pa = Pat Yeahs — yihy — Yoho 
But Peage = P— Pa So that 


_ 62.4(18.6) ,) _ 62.4 (g) _ 62.4(18.6) 
Pcie Bios 1728 1728 


(7h) = a AF} OE 


(The number 1728 is the conversion factor to convert the specific weight from lb;/in® to Ib,/ft*.) 


Similarly, 
Yohs = Y1h4 a Yohe — —2.17 psi 


l| 


B gage 


p = Yoh3 — ¥ihs — Yoh7 = 0.55 psi 
C gage 


Water flows through a nozzle as shown in Lo Soe _ Water (sp. wt. = 7;) 
Fig. 2-15. Determine the height h if the A Rs 


e —~> Flow 


gage pressure at A is 5 psi. 


Starting at the free surface B and working 
around to A, we have 


Pa = Pat Yoh — y\(h + 24) 


_ _  62.4(18.6h) _ 62.4 
Pucenan Mies 1728 1728 ("+ 24) 


from which h = 12.9 in. Fig. 2-15 


Mercury 
(sp. gr. = 13.6) 
sp. wt. = Yo 


Determine the total force of the water acting on the surface of the dam as shown in 
Fig. 2-16. The dam is 5 ft wide and the water is 10 ft deep. 


We integrate the pressure force over the face of the dam to find the total force. 


10 


; 10 
i J aye = ih pda = Byydy = sy | = 15,600 lb; 
A A 0 0 


We have not considered the atmospheric pressure at the water surface, since it is canceled out by 
the air pressure on the opposite side of the dam. 


Rigid dam 
wall 


Hinge 


Gate, 5 ft wide 


F applied at bottom 
ty 7 of gate to hold it 
closed 


Fig. 2-16 Fig. 2-17 


Determine the total force F required to keep the dam gate, shown in Fig. 2-17, from 
opening. The gate is 5 ft wide. 


The sum of moments about the hinge must be zero for static equilibrium. Taking moments, 


yn f Work = 0 
A 
5 5- 
Thus it = f yyv(7+y)5dy =  5(62.4) zz + v/s | 
1) 0 


and F' = 8050 lb,y. 
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2.8. 


Zoos 


2.10. 


Determine the total force due to water pres- 
sure on the inclined surface shown in Fig. 
2-18. The surface is hinged at the top and is 
10 ft wide. 


The total force is normal to the gate and may be 
found by integrating the pressure over the surface. 


Fe= sh i f pdA = f yhdA 
A A A 
5 


— f y(8 + y sin 80°)(10 dy) 


0 5 


10(62.4) E at | = 13,300 lbs Fig. 2-18 
0 


Again, since the right hand side of the surface is exposed to the atmosphere, we do not consider the 
atmospheric pressure in the calculation. The total force could be resolved into x and y components, 
and the proper location of the resultant force could be found so that the action of this single 
resultant force would be equivalent to the total pressure force in determining the reactions at the 
hinge and bottom of the plate. In Problem 2.9 we calculate the reaction force at the base of the 
plate. After following that calculation it is a simple matter to find the location of the resultant 
force. 


Determine the total reaction force of the bottom surface on the bottom end of the 
gate for Problem 2.8. Find the location of the single force F' which is equivalent to 
the total water pressure force. 


The sum of the moments about the hinge must be zero. Since the pressure can only exert a 
force normal to the gate, the reactions at the hinge and bottom will be normal to the plate if we 
neglect the weight of the plate. Neglecting the weight of the plate, we sum moments about the 
hinge to obtain 


ie ee — f iO f y(yh) dA 
A A 
5 5 
— ny, f y(3 + y sin 830°)(10 dy) =  (10)(62.4) Ez AF /6 | = 86,400 lb,-ft 
Jo ft) 


and Fz = 7280 Iby. 


If the equivalent resultant force of the pressure, F’, is located at y= Yo, then FY = Fz (5) 


so that 
Yo = 5F,/F = 5(7280)/13,300 = 2.73 ft 


Determine the total pressure force on the curved surface shown in Fig. 2-19 below. 
The width of the curved plate is 2 ft. 


+6 


86.0 lby 


62.4 lb, 


Force diagram 


Fig. 2-19 
We can write the general equation for the force of the water on the plate as F = dF, 
but this equation must be written in scalar form before it can be integrated. We write A 


= fa, = faa, = f om2ay 
A ae 


A 


20 


2.11. 


2.12. 


FLUID STATICS [CHAP. 2 


Writing h in terms of y, 


1 1 
rae ay f Can = 2(62.4)| y — aP/2 | = 62.4 Iby 
0 0 


Similarly we can find F’,, but we must remember that F', is defined positive in the positive y 
direction and the pressure force acts downward in the negative y direction. Hence 


i 
Fy, = f dF, = -f pdA, = ~2y f (Ly) da 
A “0 


A 


Writing y in terms of «, we can integrate explicitly: 


1 
Pee —2y f (1—2?)dz = —86.0 lb; 
0 


The negative sign indicates that F, acts downward. The magnitude of the total pressure force is 
|F| = (F2Z+ F?)1/2 = 106.4 lb, 


and its direction is given by tang = F,/F, = —1.38 or @ = —54°. @ is the inclination of F to the 
horizontal. As shown in Fig. 2-19, 6 is negative and so the resultant force acts in a downward 
direction. 


A U-tube accelerometer shown in Fig. 2-20 
may be used for measuring the acceleration 
of an automobile. It is mounted in the vehicle 
so that the legs are vertical. The open U-tube 
is partially filled with a liquid of specific 
weight y. Under constant acceleration a, the 
liquid assumes the configuration shown. Re- 
late the relevant parameters to the value of 
the acceleration. 


The fluid. behaves exactly as if it were in an open 
container of width L. The angle 6 given by equation 
(2.19b) is then Liquid of specific weight y 

tank@ = —h/ = —a-/ 9 


and we get simply a, = gh/L. Fig. 2-20 


What is the value of a, at which the water just begins to run over the rear wall of 
the container shown in Fig. 2-21? When the container is at rest the water fills it to 
a depth of 5 ft. 


y 
At rest | At onset of spilling 


5’ g 


1 ay SS dy 


Fig. 2-21 


As a, increases the water rises against the rear wall. As it reaches the top edge, it has risen 
5 ft and the front must have lowered by 5 ft. Hence at the onset of spilling, -tan a = 10/20 = a,/g 
so that a, = g/2 = 16.1 ft/sec. Note that for convenience we have defined an angle a which is the 
negative of the angle 6 of equation (2.19b). 
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2.13. 


2.14. 


Show that when a container of liquid is constantly accelerated at a value a in a 
gravitational field g, the pressure distribution in the container is the same as if the 
container were at rest in a fictitious gravitational field of value (g—a). That is, 
assuming gravity acts in the negative y direction, the fictitious field has magnitude 
V (ay +9)? + a2 + az and is the vector sum of g and the negative of a as shown in Fig. 
2-22. If a container were falling freely in a gravitational field, then of course the 
liquid would have zero gage pressure throughout. Explain. 

From equation (2.19a) we see that the con- 
stant pressure surfaces in the fluid are planes. 
Assuming that there are no variations in the z 
direction and that gravity acts in the negative 
y direction, the pressure variation normal to the 
constant pressure planes may be written by using 


the rule for differentiation of a variable normal 
to a constant surface: 


dp/dh = [(dp/da)? + (dp/dy)?]1/2 


y 


A i Wy: : Vector sum 
Carrying out the calculation explicitly, we im- of —a and g 
mediately arrive at 

dp/dh = pV(a,+g9)? + a2 Fig. 2-22 


which may be extended to three dimensions (with gravity acting in the negative y direction) to give 


dp/dh = pV(a,+ 9)? + a2 + a2 
Integration yields p = pot phV(ay+g)? + a2 + a2 


The free surface and constant pressure planes are inclined so that they are normal to the 
vector (g—a) which may be seen immediately from equation (2.19b). 


Discuss the behavior of a tank filled with two immiscible fluids of different densities 
undergoing constant acceleration as shown in Fig. 2-23. Gravity acts in the negative 
y direction, and the vector a is assumed to have only x and y components. 


y 


V(a,+ 9)? + a2 


Fig. 2-23 Fig. 2-24 


From the previous problem we know that the system behaves as if it were in a gravitational 
field of (g—a). Hence the constant pressure surfaces are planes and we can reduce the problem to 
the system shown in Fig. 2-24 with an equivalent gravitational field and treat it as a simple statics 
problem just as we did for a two fluid manometer. Alternatively we could solve the equilibrium 
equation (2.19a) and obtain the same result. The slope of the free surface and the interface is the 


same as for a single liquid. 
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Supplementary Problems 


The pressure at the liquid surface in the tank shown in Fig. 2-25 is 4.0 psi larger than atmospheric 


pressure. Determine the height A if the liquid in the tank is (a) water, (b) mercury. 


sp. gr. = 0.827 


Open to / | As 
atmosphere i: 


h 
ae 


sp. gr. = 1.40 


Fig. 2-25 Fig. 2-26 


Determine the pressure change (psi) between the points A and B for flow in the vertical pipe of 
Fig. 2-26. 


Determine the manometer reading for Problem 2.16 if the flow is horizontal rather than vertical. 
The points A and B are at the same elevation but the manometer has the same orientation as in 
Problem 2.16. 


An inclined manometer is used to measure the difference in air pressure in a pipe between two 
points as shown in Fig. 2-27. What is the difference in pressure (psi) for the conditions given in 
the figure? 


Fluid A 
sp. gr. = 0.80 


Fluid B 
sp. gr. = 0.85 


i Final position 


=yoow! ) Bhat 
0.125 in. 


I.D. = 0.125 in. an 
~S— sp. gr. = 0.827 : Initial position 
(Pa = Pp) 


Fig. 2-27 Fig. 2-28 


A bifluid manometer as shown in Fig. 2-28 may be used to determine small pressure differences with 
a better accuracy than a single fluid manometer. Find the pressure difference p, — pp (psi) for a 
deflection of 2.0 in. of the boundary between the two fluids. 


A tank as shown in Fig. 2-29 is partially filled with water and open to the atmosphere. A triangular 
gate is hinged at the bottom and held closed by a force applied at the top. Determine the force. 


Fig. 2-29 
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2.21, 


2.22, 


2.23. 


2.25. 


2.26. 


Referring to Fig. 2-30, a skin diver wants to know how far below the water surface he can go 
with a container and still be able to open the access door. Assuming that the pressure inside is 
atmospheric, and the maximum pull the diver can exert is 150 lb, determine the maximum depth. 


Hinge ~ 


F = 150 lb, 


Fig. 2-30 Fig. 2-31 


In Fig. 2-31 find the force at O on the solid gate in the shape of a quarter cylinder due to the water. 
The gate is 30 ft long and its weight may be neglected. Also, calculate the force F'y at the bottom 
of the gate. 


In Fig. 2-82 an object having specific gravity 0.5 is floating in a container of water. If the con- 
tainer and liquid are given an upward acceleration of 10 ft/sec?, what will be the position of the 
object relative to the water surface? 


Fig. 2-32 Fig. 2-33 


As water rises on the left side of the rectangular gate in Fig. 2-33 it will open automatically. At 
what depth above the hinge will this occur? 


A U-tube rotates about the line AB as shown in Fig. 2-34, The angular velocity is one revolution 
per second. Determine the pressures at C, D and E. The end at C is closed. 


Fig. 2-34 Fig. 2-35 


A rather novel type manometer employing an inverted straight-sided thick-walled cup floating in 
liquid, as shown in Fig. 2-35, has been suggested as being much more sensitive than a regular 
U-tube manometer for the measurement of pressure. In this proposed manometer the pressure to be 
measured is communicated by a pipe S to the closed chamber C formed by the inverted cup and 
liquid. A container open at the top to the atmosphere holds the liquid in which the cup floats. The 
distance a from the outer water surface to the top of the cup would be used as a measure of the 
pressure. What would be the sensitivity of this manometer, i.e. the change in a with a change in 
pressure? 
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Rework Problems 2.8 and 2.9 considering the weight of the gate. Assume the gate to be a uniform 
steel plate 1 in. thick. 


Rework Problems 2.7 and 2.8, assuming in each case that there is also water, two feet deep, on the 
right hand side of the gate. 


In Problem 2.7 find the resultant force vector of the water pressure on the gate. That is, what 
single force can replace the force of the water insofar as the reactions at the hinge and position- 
holding force F are determined by this resultant. force vector? 


A cart of water rolls down an inclined plane as shown 
in Fig. 2-36. Find the inclination of the free surface, 
neglecting friction of the wheels and wind resistance 
effects. 


A vertical cylinder with a tight lid and completely filled 
with water rotates at an angular velocity w about its 
axis. What is the pressure distribution in the cylinder? 
A small hole in the center of the lid exposes the fluid to 
the atmosphere. Fig. 2-36 


In Problem 2.31 the cylinder rotates in a zero gravity field. What is the pressure distribution in the 
water then? 


In a zero gravity field, a rocket fuel tank containing liquid fuel of density p undergoes a constant 
acceleration a. What is the pressure distribution in the tank? Does the shape of the tank matter? 
Explain. 


A cylinder filled with two immiscible liquids of density p,; and 
po, With py >p;, as shown in Fig. 2-37 rotates with angular 
velocity w about its axis. Find the pressure distribution, the 
shape of the interface between the liquids, and the shape of the 
free surface. 

Interface 
Does the shape of the U-tube in Problem 2.11 matter? In terms 
of its performance, what parameters are important? 


What happens in Problem 2.12 when the value of a, increases? 
Can the tank be completely emptied by increasing a,? Fig. 2-37 


A balloon filled with helium (which is lighter than air) is tethered to the seat inside an automobile. 
If the windows are all closed, what is the air pressure distribution in the automobile if it accelerates 
forward at a constant value? Will the balloon tend to slant forward or backward relative to the 
car? If the balloon is filled with air and hung from the car ceiling, will the answer be the same? 
Explain. 


One of the problems faced by the designers of the Buick Dynaflow torque-converter was the deter- 
mination of the maximum tensile stress in the bolts which hold the pump cover to the pump housing 
as shown in Fig. 2-38 below. 


The operation of the Dynaflow unit is as follows: The engine crankshaft is rigidly coupled to 
the pump housing and drives it at engine speed w. The pump housing and cover constitute an oil- 
tight unit, a packing gland being provided around the output shaft which rotates at a speed less 
than or equal to that of the pump housing. This housing is kept full of oil at a constant “charging” 
pressure by means of an auxiliary charging pump; for all practical purposes this charging pump 
delivers oil into the pump housing at its center of rotation. 

Attached to the inside of the pump housing are radial blades or vanes (the pump) which 
circulate the oil as required to the stator (not shown) and to the turbine (not shown) which is 
fastened to the output shaft. 


What tensile stress can be expected in a pump cover bolt? The diameter of the pump housing 
is D feet, and its angular velocity is » radians per second. 
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Pump-cover bolt 


et _—— Pump housing (rotates at engine speed w) 


Pump cover - 


— Pump blades (attached to housing) 


_— Oil from charging pump 
la 


D <oSs—————_ Output shaft 
= Connected to engine 
crankshaft 
iat ees 


Fig. 2-38 


NOMENCLATURE FOR CHAPTER 2 


a 


yoy sos 8 


= acceleration 


= force 


= acceleration due to gravity 


= height of a fluid 

= pressure 

= gas constant 

= temperature 

= specific weight = pg 
= density 


= angular velocity 
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Chapter 3 


Mathematical Models of Fluid Motion 


3.1 INTRODUCTION AND METHOD 


In this chapter we will develop model representations of fluid motion in mathematical 
form. It must be kept in mind that these models are merely approximations of the actual 
flow situation, and an understanding of the limitations and proper use of the equations of 
this chapter is essential. We will carefully derive these mathematical models, emphasizing 
their physical meaning. 

An actual fluid is made up of molecules with empty space between them. However, in 
general, when one establishes the mathematical models, it is convenient to assume that the 
fluid is a continuous medium—a continuum. This is the approach we will follow, and in doing 
so we have immediately begun to abstract about the actual makeup of the fluid and are 
developing a model representation of the fluid itself. It should be mentioned that while 
most fluid flow may be treated by the continuum approach, mathematical models taking into 
account the statistical behavior of the individual fluid molecules have been developed and 
are necessary for studies of rarefied gases. Examples of the particle approach to fluid 
motion may be found in books by Chapman and Cowling and by Curtiss and Bird; see 
references 3 and 4, page 47. 

In this chapter we will first derive the basic fluid equations in integral form for a con- 
trol volume, then obtain the differential equations of fluid flow by applying the integral 
equations to an elemental volume. As was mentioned in Chapter 1, there are five basic 
variables in fluid flow, three components of velocity and two thermodynamic properties. 
Hence there are five basic equations which describe the flow; three components of the 
momentum equation, the continuity equation, and the energy equation. In general, the 
energy equation becomes uncoupled in incompressible flow since the density is constant. 
In turbulent flow the situation is somewhat more complex and a closed set of equations 
cannot generally be developed. We will not discuss the basic equations of turbulent flow 
until Chapter 9. Certain constitutive equations, such as an equation of state, may also be 
used to allow the introduction of an additional thermodynamic property. 


3.2 INTEGRAL EQUATIONS 
In the study of fluid motion, we are concerned with four basic laws: 
(a) Conservation of mass 
(b) Newton’s second law of motion 
(c) Conservation of energy (the first law of thermodynamics) 
(d) Second law of thermodynamics. 
These laws apply to a fixed quantity of matter (system) which maintains its identity as it 


undergoes a change in conditions. In fact, one cannot meaningfully apply the basic laws 
until a definite system is identified. 
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It is not usually convenient to identify and follow fixed quantities of matter in the 
analysis of fluid motion. Rather, it is customary to adopt a field theoretic point of view and 
identify a definite fixed region or volume in space called a control volume. However, the 
four basic laws do not apply to fixed volumes but to fixed quantities of matter. Thus our 
immediate task is to derive equations which apply to control volumes from the known ex- 
pressions for systems. We ask the question then: what are the properties of the fluid within 
the fixed control volume at any given time, regardless of the fact that the fluid in the control 
volume is constantly changing? 


We will now proceed to develop the integral equations of fluid motion. The detailed 
derivations of these equations are presented here in order that one may better understand 
them in applying them to physical situations. The methods of deriving the control volume 
equations from the known basic laws follow a basic pattern with slight modifications 
because of the different physical quantities involved. After the equations are developed 
they will be applied to solving physical problems which occur in fluid motion. 

(a) Conservation of Mass. We will focus our 
attention on the flow field represented by the 
streamlines of Fig. 3-1. Let us consider a is 
S 
S 


Boundary of system 
at time t+ At 


certain quantity of matter at some time t 
enclosed by the solid line. At some later 
time t+ At, the boundary of the system has 
a new physical location as represented by 
the dotted line. 

Considering the regions denoted by A, 
B and C, we have the system occupying the 
region A at time t and at time ¢+ At it oc- 
cupies regions B and A-C. Letting m rep- 
resent the mass contained in the different 
regions and at different times with the ap- Fig. 3-1. System moving through a 
propriate subscripts, control volume. 


ma(t) = ma(t + At) — mc(t + At) + ma(t + At) 


Boundary of system at 


Streamlines time t (control surface) 


Rearranging and dividing by At, 
ma(t + At) — ma(t) ss mc(t + At) — ma(t + At) 
At At 
Taking the limit as At> 0, the left side becomes 


. ma(t+At)— malt) _ 9 eel dU 
jim fe = ag (Mev. at eae 


where p is the mass density, U indicates volume, and C.V. designates the control volume 
fixed in space and bounded by the control surface (C.S.). The right side of the equation 


is 
see Melt aeAt) Mme lbaaAt) a Aes. Lanai 
ee { At At = Min Mout 
which becomes 
iitin — tito = { pV cosadA — f pVeosadA = -f oVdA 
Ain Aout OSs 


where Min and Mout represent the mass rate of flow in and out of the control volume and 
V is the velocity vector. V is the magnitude of the velocity vector and « is the angle 
between the velocity vector and the outward normal. Then the continuity equation for 
the control volume becomes 
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) 
, = 3.1 

ah pve dt Joy. poe 32) 
Equation (3.1) is the integral form of the continuity equation and physically says that 
the net rate of mass flow out of the control surface is equal to the time rate of decrease 
of mass inside the control volume. We will examine equation (3.1) by first considering 
some general simplifications, then some specific examples. 

Since the control volume is fixed, the right side of (3.1) is zero for steady flow 
(dp/dt = 0) giving 
J pV-dA = 0 (3.2) 

c.S. 


For incompressible flow we have 
V-dA = 0 


C.S. 


Considering the steady flow of Fig. 3-2, 
where the fluid enters section 1 and leaves 
sections 2 and 8, we have 


ie pV'dA = 0 


f pVeda+ f pV-da t+ f VEGA 0 
Ap As Ay 


Assuming that the velocity is normal to all 


surfaces where fluid crosses, Fig. 3-2. Continuity in branching flow. 
if pV,adA + f piv, 0A tf pV,dA = 0 
Ap A3 Ay 
If the densities and velocities are uniform over their respective areas, 
paVigAs ti pages = Red — i) (3.3) 


For a single pipe with no third exit the equation becomes 
(ee ss Panay (3.4) 


The assumptions made in arriving at equation (3.4) are (a) steady flow, (b) velocities 
normal to the surfaces, (c) velocity and density constant over the respective areas, and 
(d) one exit and one inlet to the control volume. 


Momentum. We will now develop the momentum equation for the control volume. 
This equation is one of the most important mathematical relationships of fluid motion. 
It enables us to deal with problems involving forces of fluids on solid surfaces and other 
fluids, such as force on a pipe bend, thrust of a jet engine, lift and drag on an airplane 
wing, and many others. 


The net force F acting on a particle or system of particles of fixed mass is given by 


Newton’s second law Phe. dM 

aur (3.5) 
where M is the total linear momentum of the system. If we assume that the force is 
constant over a time At, we may write 


F At = AM (3.6) 
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The right hand side of equation (3.6) is, referring to Fig. 3-1, 
AM = Ma(t+ At) — Mc(t + At) + Ma(t + At) — Ma(t) 
Rearranging and dividing by At, 
AM — Ma(t+ At) — M,(t) " Ma(t + At) — Mc(t + At) 


ae At At (3.7) 


By taking the limit of equation (3.7) as At>0, the first term on the right becomes 


_ Ma(t + At) — Ma(t) a a 
Fp ce a leet ean et DOR el ae ees 
ae At g¢ Mev. = at ie BN Ge) 


and the second term becomes 
(2 AM(t + at) | [ss AM(t + at) | 
B C c 


B 


lim At At 


At+0 


lim Met + At) S Mc(t + = 


At—0 


Dam - Yam = [Yamv] - | Sanv] 


= VpV-dA 
C.S. 
where S AM(t+ At) is the momentum associated with the mass that has crossed the 
B 


t in 


boundary into region B in time At. > AM is the time rate at which momentum is cross- 
B 


ing the surface into region B at time t. Thus equation (3.6) becomes 


Fo = aay vedu + f VpV-dA (8.8) 
at Jov. C.S. 


The total force F is made up of the total surface force F; (pressure and shear) and a 
body force B which is a force per unit volume. The momentum equation for a control 
volume becomes 


F.+ BdU = alt vedu + f° VpV-dA (3.9) 
Cin S ot Jc.v. C.S. 


It should be emphasized that this equation is valid only when referred to axes moving 
without acceleration, since the usual form of Newton’s laws holds under these conditions.! 


For steady flow and negligible body forces, equation (3.9) becomes 
Fa VpV':dA (3.10) 
Cs. 


Further, if we assume that the density and velocity are uniform over the areas where 
the fluid is crossing the control surface, for one entrance 1 and one exit 2, we have 


SF. = M(Vi,—Vs), Fy = MVx,—Vs,), > Fs = mVe,—Ve,) 


Angular Momentum. Rather than give a rigorous derivation of the angular momentum 
equation, we will merely write it down and discuss its physical meaning. For a deriva- 
tion, see reference 2 or 18, page 47. 


Let us again write the linear momentum equation (3.9) 


r+ f BdU = a vedu + f VpV-dA 
C.V. Ot Jovy. C.s. 


1For the case of an accelerating control volume without rotation, a term such as —mR is added to the left 
side of equation (3.9) where m is the total mass in the control volume and R is the acceleration relative to 
the inertial references. The derivation of the complete equation is given in reference 13, page 47. 
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Then write equation (3.9) with a position vector r taken as cross product with the vector 
of each term, giving 


f rxdF, + f rXBCU = a rxVpdu + rXVpV* dA. (8.11) 
C.S. CV. dt Jovy. C.S. 


which is the angular momentum equation. We will now look at the physical interpreta- 
tion of each term. Refer to Fig. 3-3. 


The integrand of the first term r Xx dF, gives the moment around the origin at- 
tributed to the force dF, at the control surface. The integrand of the second term of 
(3.11) is the moment about the origin due to the body force acting on the infinitesimal 
volume element dU. The integrand of the third term is the angular momentum of the 
infinitesimal mass element pdU. The integration gives the total angular momentum 
of the mass within the control volume. The last term is the rate of efflux of angular 
momentum through the control surface. 


/ 


~ Control volume 


Control volume 


Fig. 3-3. Angular momentum in a Fig. 3-4. Angular momentum about 
control volume. the z axis. 


In applying equation (3.11) the scalar component form is used. For example, if we 
choose to write the equation for the z axis as shown in Fig. 3-4, we have (for steady 
flow and negligible body forces) 


fhe el jh (x X V)z(pV-° dA) (3.12) 
Ss. 
where T, represents the net torque on the control volume about the z axis and 
(rX V)z = rVi, pV°dA = pV cosadA 


where V; is the component of the velocity vector perpendicular to the z axis and a is the 
angle between the velocity vector and the area dA. Then 


Tk = f orViV cosa dA (3.13) 
C.S. 


Let us assume that the entire flow enters the control volume at an area Ai and 
leaves at an area As, over each of which p, V and cosa are uniform. Define r2Vi2 as the 
mean value of rV; over A» and 71Vii as the mean value over A. 


BV ee =: Vda, nVa = af ecvk 
27 A, 1J a, 


The continuity equation gives, where Q is the volumetric flow rate, 


p,A,V, cosa, = p,A,V, cosa, = p,Q, 


CHAP. 3] MATHEMATICAL MODELS OF FLUID MOTION 31 


Then equation (3.13) becomes 
tT, = p,Q,(72Vi2— 71V 11) (3.14) 


Equation (3.14) is applicable to the rotor of a turbomachine since the absolute flow 
in the interior of the rotor is cyclic and we may assume with a fair approximation that 
p, V and cosa are uniform over the entrance section 1 and the exit section 2 (see Fig. 
3-5 and 3-6). In the figures, v refers to the rotor (relative velocity), and V as usual 
denotes velocity relative to the earth (absolute velocity). For clarity, only one blade 
is shown. 


T (torque) tends to slow 


down turbine — equal to T (torque) tends to 
torque on fluid accelerate rotor 
Fig. 3-5. Velocity diagrams for a radial Fig. 3-6. Velocity diagrams for a 
flow turbine runner. radial flow impeller. 


If we neglect bearing friction, the drag of the fluid on the outside of the rotor, and 
fluid shearing stresses at 1 and 2, then the external torque T on the shaft equals the 
resultant external torque on either system. For the turbine, however, T is clockwise, 
while for the compressor it is counterclockwise. Hence for the turbine, 


R= p,9, (71 Vix — T2Vit2) (3.15) 
and for the compressor or pump impeller (Vi is usually zero here), 
T = p,Q,(T2Vi2e—11V 1) (3.16) 


The turbomachines shown here are radial flow devices, i.e. the flow through the rotor is 
in a radial direction or normal to the axis of rotation. 'Turbomachines may also be 
axial flow (flow through the rotor parallel to the axis of rotation) or mixed flow (some- 
where intermediate between axial and radial flow). 


Energy. The mathematical statement of the first law of thermodynamics! is 
Q-W = AE (3.17) 
where Q_ = heat added to the system 


W work done by the system 
AE = change in energy of the system. 


Again, as in the previous sections, it is strongly emphasized that this law applies to a 
system. Thus our task, as before, is to determine the mathematical expressions for a 


control volume. 


1For definitions of heat and work see, for example, references 6 and 7, page 47. 
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Heat and work of equation (3.17) involve an interaction of the system with other 
systems. Energy, however, is energy associated with the mass of the system and is 
customarily separated into three parts, 


E = U+4mV? + mgz 
where U = internal energy associated with molecular and atomic behavior 
4mV? = kinetic energy 


mgz = potential energy associated with the location in the earth’s gravita- 
tional field. 


We will write equation (3.17) on a unit 
mass basis, 
G— w= Ke (3.18) 


where g=Q/m, w= W/m, e= E/m. 


Consider the system at time t as shown 
in Fig. 3-7. At some later time t+At the 
system has moved to another location. The 
energy equation for the system for this 
change is 


System at time t 


Q —-W= E; oe E; 
where E; is the final energy of the system See ae ane Feet 
and E; the initial energy. Dividing by At, 
Q WwW HE; — E; 


At ee — AE (3 od 9) Fig. 3-7. Control volume for energy balance. 


Let us evaluate the right hand side of this equation: 


Ey—E, _ Ha(t+At) — Ec(t + At) + Ea(t + At) — Ea(t) 
At _ At 
Ea(t + At) — Ea(t) i E,(t + At) — Ec(t + At) 
- At At 


The first term on the right becomes, as At> 0, 


ACTED GL) =i a(t) “ae 0! yes 90: f ite end? 
ie At Puce “Ge EU Se La os 
The last term becomes 
Ep(t+At)—Ec(t+At) _ (2 Am e)p le+at = (2 Am C)c leaat 
At a At At 


where the summation is for the mass crossing the surface, Am is typical mass, and e is 
the stored energy associated with the mass Am. In the limit as At>0 the last equa- 
tion becomes 


lim E,(t + At) — Ec(t + At) = if edm — f edm = ii epV:dA 
At+0 At out in Csi 


Thus we have 
5 E; el EH; a 0 f 
Bo At Ot dev. et fe AE 


CHAP. 3] MATHEMATICAL MODELS OF FLUID MOTION 38 


Work may be done at the boundary of the system by normal and tangential stresses. 
We refer to the work done at the boundary of the system due to the normal stresses 
(hydrostatic pressure) as flow work. This is the work done on element (Am)z, say, in 
moving it out of region A in time At and is equal to pdA Aw. However, dA Aw is the 
volume of mass element Am and may be written as (Am)z/p. Thus the flow work for 
both outflow and inflow is 


Ee /atiow work at+0 \ At / flow work At+0 At At 


J _ (whe)pV- aa 
GS; 


The energy equation becomes 


dQ x aWs i 0 i 
dt Tie eat oe (ce eh) Pv a (3.20) 
where €é= ut gv? + gz 


and (dWs/dt) is the time rate of work for all work except flow work. Equation (3.20) 
states that the time rate of heat added to the system minus the work done by the system 
(other than flow work) is equal to the time rate of change of the stored energy in the 
control volume plus the net rate of efflux of stored energy and flow work out of the con- 
trol volume. 


Fig. 3-8. A flow device with heat and work. 


Let us consider one-dimensional steady flow for the device shown in Fig. 3-8. The 
shear work done over the cross section of the rotating shaft is called shaft work. The 
shear work done at all other parts of the boundary is zero, because the velocity is either 
zero or normal to the shear force. Thus from equation (3.20) 


ORAL f p ae ) 
dt ee label pug ane pVdA 


Since the flow is one-dimensional p, V, u, p are uniform over A; and Az. If in addition 
to these conditions we neglect z variations over the areas, we have 


dQ aw D Vv; D, Vi 
aE = = fe Sica g22) A.V, Canna 921) oA, Vi, 


From the continuity equation we have for one-dimensional steady flow, 


pAV, = pA, = on = mass flow rate 
which upon substitution into the energy equation gives 
dQ aWs Py =) V3 a Vi ~ 2) | 
dQ a orgs is 3.21 
dt dt ( ee ee agra oe ja 
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Writing equation (3.21) so that each term is referred to unit mass of the flowing fluid, 


2 2 
40) — 
Ce Ws a= (=-=) + (U2—U) + aa al + g(%— 21) (3.22a) 
De wee 


which is the usual one-dimensional steady flow energy balance of thermodynamics. 


By rearranging equation (3.22a) and assuming incompressible flow, 


—~p V2- Vy? 
=Ws = pare iat eg G(22 — 21) “iP (ie — U1 =) 
p 
In most actual flows, all of the quantities of the preceding equation may be measured 
by direct means except the internal energy and heat transfer. This is particularly true 
for flow of liquids in pipes, for example. Thus the usual procedure is to define 


gH, = U2—-U—- q 


2 2 
so that —Ws = oe ar ppekie + g(%@2—%) + gH (3.22b) 
where Hz is referred to as the “loss” or “head loss” and represents the conversion of 
mechanical energy into thermal energy. As the fluid flows through a pump or pipe it 
undergoes shearing deformation, since the fluid in contact with a solid surface does not 
slip. Shearing stresses are set up in the viscous fluid as a result of these deformations. 
The temperature rises above the value it would have in frictionless flow. The tem- 
perature rise tends to increase both w2— wu: and the heat transferred to the surroundings. 


For a frictionless flow of an incompressible fluid with zero shaft work, (3.22b) 
becomes dD, — P, vy i vy 
Si oe art + a ee 

p 2 


since Hy, is then zero. We will want~to compare this equation with Bernoulli’s equa- 
tion which will be derived later from the momentum equation. Actually, we can only 
prove that (w2—w:i—q) is a head loss term by comparing (3.22a) with the first integral 
of the equation of motion for an incompressible fluid, which is identical to (3.22b) and 
which is a generalized Bernoulli equation obtained directly from the momentum equa- 
tion and discussed in Section 3.3c. It is very important to realize that (3.22b), but not 
(3.22a), may be derived strictly from the momentum equation. Equation (3.22a), is a 
general energy equation for compressible flow, but once we say the flow is incompres- 
sible and lump (w2—w:—4q) as a frictionless loss term we have removed all true thermo- 
dynamic information and are left with only a mechanical energy balance redundant 
with the equation of motion. For frictionless incompressible flow, (3.22c) is identical 
with the ordinary Bernoulli equation, and the other part of (3.22b), Hi = 0, is the first 
law. That is, g—Auw=0 for a unit mass of flowing fluid is the first law of thermo- 
dynamics and is independent of (3.22c). 


+ g(%2—#@) = 0 (3.22¢) 


Contained in the general energy equation (3.22a) is the first law of thermodynamics 
and a balance of mechanical energy. Remember that the balance of mechanical energy 
(the rate of increase of kinetic energy and potential energy is equal to the rate at which 
the translational forces do work) may be obtained from the momentum equation and 
is independent of the thermodynamic balance which is known as the first law. 


Second Law of Thermodynamics. The second law for a control volume is determined 
by the same procedure as was done for the other basic laws. Rather.than going through 
the entire derivation, only the results will be given. One may refer to references 8 and 
10, page 47, for a detailed derivation. 
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The second law for a system is 


dQ 
dS — 


IIV 


0 


(where S is the entropy of the system), which says that the entropy change, minus the 
heat transferred to the system divided by the temperature, is equal to or greater than 
zero. By the same procedure as in the previous sections, the control volume form of the 
second law is obtained 


iy eo Oe a. 
se aes Ae ARMS S32 dA = 0 (3.23) 


where q is the heat flux vector, which is the rate of heat transfer per unit area. s is the 
specific entropy, that is, the entropy per unit mass. 


If it is assumed that a fluid flows steadily and adiabatically with one inlet and one 
outlet (e.g. Fig. 3-8), then equation (3.23) becomes 


Sg— 81 = () 
If it is further assumed that the process is reversible, then 
S82 — 8:1 = 0 


which says that the process is isentropic. 


Entropy is a property and is related to other properties. The second law finds 
particular usefulness in the flow of gases. 


3.3 DIFFERENTIAL EQUATIONS 


In the previous section the basic laws which apply to a system were used to establish 
integral equations applicable to a control volume. Now we will use the basic laws to derive 
the differential equations of fluid dynamics. There are several ways to do this, although 
three different methods are commonly employed. First, one can formally, by use of the 
vector calculus, obtain differential expressions from integral expressions. No additional 
physical reasoning is necessary and the procedure is purely mathematical and rigorous. 
Second, we may apply the integral relationships to an elemental volume and obtain dif- 
ferential expressions by taking the limit as the volume becomes infinitesimal. The third 
method is to apply the basic system equations directly to an elemental volume, and in so 
doing, of course, obtain the basic integral expressions for an elemental volume along the way. 


To illustrate the methods we will derive the differential continuity equation by the first 
method, the momentum equation by the second, and the energy equation by the third. 


One important point to remember here is that the coordinates apply to points in space 
and time, and that coordinates do not denote the location of individual particles. That is, 
we ask: what are the properties and velocity V as a function of position and time? For 
example, V=V(r,t) or V=V(z,y,2,t) in cartesian coordinates. Such field coordinates 
are known as Eulerian, as opposed to Lagrangian which are used in rigid body dynamics. 
In Lagrangian coordinates, acceleration is simply r and r denotes the position of a particle 
or fixed point on a rigid body. In fluid mechanics one may use Lagrangian coordinates, but 
such a description is not particularly useful and Eulerian coordinates are used almost ex- 
clusively. Clearly then, acceleration cannot be ¥ in Eulerian coordinates since such a 
quantity is meaningless; r is a fixed point in space and its derivatives are meaningless. 
However, ‘as the fluid flows past any point in question, it does have acceleration which can 
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be written in terms of the fluid velocity. The appropriate expression will be derived 
presently. 


(a) Continuity (conservation of mass). Beginning with equation (3.1), 


(0) 


C.Y. 


0 
J. pveda = -2( av (3.1) 


we may formally apply Gauss’ theorem to convert the left side to a volume integral. 
Hence (3.1) may be written 


a 
ie Ves Me Cisk af, eav = 1% [Vi (pV) + dp/at]}dU = 0 (3.24) 


Since the control volume is arbitrary the integrand must be zero, so that we obtain the 
differential form of the continuity equation as 


dp/at + Ve(pV) = O (3.25) 
which could also be obtained by applying (3.1) directly to an elemental volume. 


For steady flow, dp/dt = 0 and we have 
Ws (pV) = (i) (3.26) 


and for incompressible flow V°-V=0 (3.27) 


In cartesian coordinates the continuity equation is 


0 0 0 0 
a + a (pu) + aye eae pl Ear? (3.28) 
which for incompressible flow is 

OU Ov Ow 


In cartesian tensor notation the continuity equation is 


dp a . 
Sein es 30 
af wom ia) : G80) 


Momentum Equation. We will derive the momentum equation by applying the integral 
form to an elemental volume. We will use a small cube so that the result will be valid 
only in cartesian coordinates. The general vector form is best derived by the formal 
mathematical method, but we will give only the result of that derivation here. Of 
course, equations for any coordinate system (cylindrical, spherical, etc.) could be derived 
just as we will for cartesian coordinates by choosing the appropriate elemental volume 
to begin with. 


Before beginning the derivation, let us first review the concept of the stress tensor. 
We will want to account for the shear stresses and normal stresses (including pressure) 
in the momentum balance. (After our derivation we will relate these stresses to the 
velocity components to obtain the final form of the momentum equation.) 


Consider a cube of fluid as shown in Fig. 3-9. Stresses are denoted as o, The first 
subscript denotes the face on which the stress acts, and the second subscript denotes the 
direction of the stress. (The face is indicated as the plane perpendicular to the axis of 
the subscript. For instance, the 1 face is perpendicular to the or # axis.) The idea of 
positive and negative faces is indicated in Fig. 3-9. The stresses may vary through a 
fluid so that their gradients may exist. However, the array of stresses o,, (there are nine of 
them) may be considered to exist at a point in space and be a function then of r and t. 
The stress tensor then may be written as 
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Yi i ae 
7, = %51 %9 %ps (3.31) 
Yes Mey Ys 
Y (2%) 
positive x» face 
29 
93 
O11 
939 
> x (2) 
O31 


Gg. oe 
33 positive x, face 


Se positive x3 face 


z (%3) 


Fig. 3-9. Stresses at a point in space. The positive faces are 
shown; the opposite ones are the negative faces. 
The stresses on the negative faces are equal to but in 
the opposite direction to those on the positive faces. 


The stress tensor must be symmetric, that is, o, =o,, otherwise if the elemental 
volume were shrunk to infinitesimal size it would have to rotate with infinite angular 
velocity. Hence there are six independent components of the stress tensor. 


We can now apply the integral momentum equation (3.9) to an elemental cube, 
where the stresses compose the external force F,. Referring to Fig. 3-10 we can write 
out the momentum balance for the x direction as 


hy 


oasly + Ay 


O31i\z 


C11le+Ax 


O3ilz+Az7 


yy, 
4 
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Fig. 3-10. Elemental cube for momentum equation derivation. 
Only the forces in the x direction are shown. 
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(Oyiletar > Frif2)4Y Az + (Soy|y+ay — P2ily)O% Az + (Fs|2+a2 ~ Taile AY AY + By, Ax Ay Az 


0 
ag (UP) Ax Ay Az + Ay Az (pu? sax ae pu’|,) 


+ Ax Ay (pur| — pur|,) + Ax AZ (puw|_,  — pur.) 


y+ Ay 
If we divide through by Ax Ay Az and take the limit as Az, Ay and Az>0, and combine 
with the continuity (3.28) to simplify, we obtain the following. (The y and z components 
are obtained in a similar manner.) 


= (Sr + use + Tee + we) = ee + a - we a B, (3.32) 
en 
or in cartesian tensor notation, 
= = ae Ee wae) Z a re (3.33) 


The terms on the left side are the acceleration. The 0/dt term is an unsteady term 
and indicates a change with time at a fixed point in space. The terms other than 0/dt 
are known as convective acceleration terms and are present because we are working in 
Eulerian coordinates. 

The D/Dt operator is called the substantial or material derivative. In general, 
D/Dt is a vector operator and consequently the components of D/Dt operating on a vector 
are not the same as D/Dt operating on the scalar components of a vector, except in 
cartesian coordinates. Equations (3.22) may be generalized to vector form valid in any 
coordinate system. Then the acceleration is pDV/Dt where 


DV oV ov 
ee he GO = ape Ve) a 
The vector operator DV/Dt in various coordinate systems is listed in reference 5, 
page 47. 

To illustrate the physical meaning of convective acceleration, consider a fluid flow- 
ing in a converging channel as shown in Fig. 3-11. The velocity at point B is greater 
than at point A because the area at B is smaller. Thus as a particle moves from A 
toward B it tends to undergo an acceleration due to area change (convective acceleration). 
If in addition we impose a time rate of change of mass flow rate (i.e. the mass flow rate 
at one instant of time is 3 lb/sec, say, and 5 seconds later it is 4 lb/sec), then each point in 
the flow will undergo a local increase in velocity or local acceleration. Thus local ac- 
celeration occurs because the flow is unsteady and convective acceleration occurs because 
the area changes. It is important to note 
that the acceleration is a vector, and whether 
we choose to express it in Eulerian or em 4 LM 
Lagrangian coordinates does not change its MMT 
value. In other words, at a point in space 
at a given time, the fluid at that point has rest 8 7 
a certain velocity and acceleration, magni- 


tude and direction. Hence DV/Dt=r ry 
where r is the Lagrangian coordinate and Z 


ordinates. Fig. 3-11. Converging channel. 
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Most frequently we shall consider steady flows. This means that for the most part 
the local acceleration will be zero and that particle acceleration will be due to convective 
effects alone. 


The Momentum Equation for Frictionless Flow. In frictionless flow, there are no 
shear stresses and the normal stresses are just the pressure which is isotropic. Since 
we have defined the normal stresses (o,,» %) and o,,) as positive if they are tensions, we 
now set 


»( S + us) = -2iB, (3.34) 
or in component form 
pS + we + oS + wh) = -2 + B 
(2 a ue a Pe + we) = “= + By (3.35) 
plop tag t Oa + woe) ~ —P + B. 


These equations are known as the Euler equations for frictionless flow. If the flow 
is incompressible, the density is constant and the three Euler equations plus the con- 
tinuity equation constitute four equations in four unknowns, u,v, w,andp. The solu- 
tion is often difficult, however, because the convective acceleration terms make the 
equations nonlinear. 


In general vector form the Euler equations are 


2 
p| © + v (5) - ¥xvxv| = -Vp +B (3.36) 
An important first integral of the equation of motion can be obtained by integrating 
(3.386) between two points along a streamline. Let ds be an element of length along a 


streamline. Then 


oV 2 
p| Seas + ¥. (F) "dse— Vx) x Vids | = —(Vp+pVy):ds (3.37) 
Since V is parallel to ds, the term (V X V XV) is perpendicular to ds and 
(VxVxV):-ds = 0 
Hence we obtain for frictionless flow, 
2 2 = 2 
ov Vay fb dip 
CEE i Sel de S exe — = 38 
ore ds + 5 a0) irra nen e vy 0 (3.38) 


Usually this equation is written for steady state and the gravitational potential y is gz 
(where z is the elevation above an arbitrary datum), so that the force of gravity is 
—pgz where 2 is a unit vector pointing vertically). Then (3.38) becomes 


Wee ~. 1 ) 
1p 


which is called the generalized Bernoulli or Euler equation. For incompressible flow, 
2 2 
Vv, a V5, kis P,— P, 


3 oles 21) = 0 (3.40) 
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which is the Bernoulli equation, a very important integral form of the equation of 
motion. Remember, (3.40) is based on steady, frictionless, incompressible flow with 
gravity being the only body force, and it holds along a streamline. 


If we wish to integrate (3.37) between any two points in the flow field (between 
different streamlines), we can only get the Euler or Bernoulli equation if VY xV=0. 
This term is known as the rotation of the fluid, and if VY x V=0 the flow is said to be 
irrotational. The criterion for irrotationality will be discussed in Chapter 6. 


It is interesting to note that (3.40) is identical with (3.22c) derived from energy 
considerations. By comparing (3.40) to (3.22b) and (3.22c) we can see that (u2—%-—q) 
must be a loss term, and in fact (3.22b) and (3.22c) can be derived from the momentum 
equation. (3.22b) including ws may be derived by integrating the generalized form of 
(3.36), taking into account the viscous terms (which gives rise to Hi) and assuming B to 
have a non-conservative part (which gives rise to ws). This generalized form of the 
momentum equation will be given by equation (3.48) in part (e) where we discuss the 
Navier-Stokes equations. We will not carry out the integration here, since it is much 
simpler to use the integral approach to obtain (3.22b) as we have already done. 


Let us now turn to frictional flow, but first a word about stress and strain rates in 
fluids. 


Stress-Strain Rate Relationships in Fluids. If we wish to extend our study to viscous 
fluids, we must first discuss stress and strain rates in more detail. 


In a fluid the rate of deformation tensor is written as dui/dx;. The symmetrical 
part of this tensor is the strain rate tensor, and the antisymmetrical part is the rotation 
tensor, which is related to VY x V. We denote the strain rate tensor as e;; and the rota- 
tion tensor as WO; The deformation rate tensor then may be written 


OU; yi 
OL; x a 


é., = OF (3.41) 


In Chapter 6 we will show that the terms of the rotation tensor are related to the 
angular velocity ©, of an infinitesimal fluid particle by 


Oh = w@ =H) RL = ®ig = Osi» Q, Qe == =a) (3.42) 


In vector form, the following important relationship may be written 
= ay V (3.43) 


The physical angular velocity of the fluid is equal to one-half of the curl of the velocity 
vector. 


The diagonal (normal) components of the strain rate tensor may be identified di- 
rectly with the true normal strain rate. However, the off-diagonal terms (shear rate 
components) ¢€;, 7~ 7, are equal to one-half the true rate of shear strain components, 
which we denote as y,,_ The one-half factor is necessary in order to make e; a true 
tensor. We can write them ¢,=y, and ¢,=y, (¢#7). The cartesian components 
of the strain tensor and rotation tensor are listed below. (For a more complete listing 
see reference 5, page 47.) 


ou 1/ou. ov 
oan = Ca Ge aa a te 


an > 
UU ear oy ? UR ar cU tas 2 az oy (3.44) 
Z — aw . (7 =e — a8 ow -+- = 
zz a2” xz fh. ome 2 an az 
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Q =o, = -o = 5(2-2) 


eu ve O\ay az 
uv ay Tl feu 

Q, = Or con Weer —- i ae oe 

Osa = —-w aa I a) 
rene wu  2\ax ay 


Now, for a Newtonian fluid, it is assumed that the stress tensor and strain rate 
tensor are linearly related. The most general relationship can be shown to be of the 
following form (in cartesian tensor notation) 

o,, = —ps,, SIs oj; = — ps; i: 2ue,; et 8, Ad (3.45) 


Wy 


where ¢ is the fluid dilatation defined as Y°V which is zero for an incompressible 
fluid. 8. ,, 18 the Kronecker delta. . is a second coefficient of viscosity. Another second 
coefficient of viscosity is defined as £= +2, and is zero for a monatomic gas. Equa- 
tion (3.45) may be written out as 

Oui 4 ij OUk 


OUk 
3a) Page 38,5") a Cou (3.46) 


i as Cy ie Beet 


The reader is referred to the references, page 47, for a complete derivation of this 
expression. 


Now this expression for o,, may be substituted into the momentum equation to yield 
the full equation of motion for a viscous fluid. These are known as the Navier-Stokes 
equations of motion. 


The Navier-Stokes Equations. The Navier-Stokes equations are the complete equa- 
tions of motion for a viscous Newtonian fluid. Using (3.46), (3.33) becomes 


OUi SOU SEs GIS O70 Al (= a 9) Fi) (< au 
at = cry Te) VED; a as ax; \ aa; Fj Ox; i 02K a 02: (3.47) 


or in general vector form, 


Dea Fev V2\ _ 
De fee aos ) Vxvxv| 


= -Vp+B+ VX[MVXV)] + VU(E+su)V-V] (3.48) 


Usually, the viscosity may be removed from the derivatives with negligible error. For 
an incompressible fluid (VY: V=0) these equations reduce to 


DV 

fo Dt 

which is a very important equation and should become quite familiar to the fluid 

dynamicist. It is most important to remember that D/Dt and VY? are vector operators 

and may not be applied to the velocity components except in cartesian coordinates. 

Rather, the operations must first be performed, then components taken. The com- 

ponents of this equation in various coordinates are listed in the Appendix and in 
reference 5, page 47. 


= -yp + B+ »zV?V (3.49) 


Now we can compare the complete Navier-Stokes equations with the Euler equations 
for frictionless flow. The differences are the additional terms involving the viscosity. 
If the fluid is incompressible these are all of the form dui/dx; (¢~7). Thus for an in- 
compressible fluid; even if » is not zero, the viscous terms are negligible if derivatives 
of the form du;/dx; are small, and the equations reduce to the Euler equations. 
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(f) The Energy Equation. The energy equation will 
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Therefore the Navier-Stokes equations reduce to Euler’s equations if the viscosity 
is small or the derivatives of velocities with respect to directions other than the velocity 
direction are small. The latter approximation is very important in fluid mechanics. 
It is assumed that for many flows there are two regions: one close to a solid surface 
where the viscous terms are important (where Navier-Stokes equations must be used), 
and a region away from the surface where Euler’s equations are a good approximation. 
These two distinct regions are the subjects of two later chapters: “Boundary Layer 
Flow” (Chapter 5) and “Potential Flow” (Chapter 6). The manner of treating these 
two subjects is entirely different as a result of the different forms of the equations. 


be derived by considering the balance on a control 
volume, and then formally obtaining the differential 
form in a purely mathematical manner. We begin 
in a manner similar to the integral derivations 
earlier in this chapter, but we may now consider 
a control volume immediately without looking at a 
moving system. Consider the control shown in 
Fig. 3-12. 

We assume the velocity vector V and rate of 
heat flux vector q as shown at a point on the sur- 
face. q is a vector and represents the rate of heat 
flux by conduction and radiation. The total rate 
of heat flow into the control volume dQ/dt would 


Fig. 3-12. The control volume for 
be -{ q:'dA = =|) q,daA,. 
CS. GIS 


the energy balance. 
Work done by the fluid in the volume may be again divided into two parts, reversible 
work done by the pressure at the control surface and irreversible work done by the 
shear stresses on the surface. In terms of the stress tensor, the rate of total work done 
by the fluid in the control volume is (in cartesian tensor form) 


dW i 
si Ti 


Now we can say that the net rate of increase of total energy (including kinetic, internal 
and potential) in the control volume is equal to the rate at which heat flows into the 
control volume, plus the rate of internal heat generation, minus the rate at which the 
fluid does work on its surroundings. Hence we have 


a urna i it yr 
at \ pe a ih Pau SCS sae C.S. UAE Ss C.S. uo, dA, af q’”’ dU 


C.V. 


Remember that e, the total energy per unit mass, is given by e = V?/2+u+y where v 
is the gravitational potential denoted as gz in the integral development earlier. q’”’ is 
the internal heat generation rate per unit volume. The stress tensor may be divided 
into a pressure part and a shear part as o,, = —ps,,+o/. By using Gauss’ theorem the 
energy equation then becomes 
d d 0 Fe. Oe Oe, = 
1 | 5p (re) a aa, rem) + an% + VU + a (pu) 35 (0) | du = 0 

Since the volume is arbitrary, the integrand itself must be zero. By expanding the 
terms and combining with the continuity equation, we get 

De F) Oui ap do% 


iss bata ee AS) ROT PLE A eae ae gt yr 
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where © = o/ du,/ox, is the dissipation function! and is the rate at which the shear 
stresses do irreversible work on the fluid. It is given in terms of ui in the Appendix. 
The material derivative here operates on a scalar and we need not be concerned about 
its vector properties as we were in the equation of motion. The forms of D/Dt in various 
coordinate systems are listed in the Appendix. Physically the derivative is the rate 
of change of a property. or parameter that one would see if one were riding along with 
the fluid. If instead of considering a control volume we were to consider a particular 
fixed particle of fluid, we would use 0/dt instead. The form of D/Dt comes about 
because we are really writing a balance, instantaneously on a system of fluid (in the 
control volume) but in Eulerian coordinates. 


This equation is useful, but it has hidden in it the momentum equation which may 
be subtracted out to simplify it. We notice that on the left side are the rates of increase 
of kinetic and potential energy, and on the right side the third and fourth terms are 
the rate at which the stresses (including pressure) do work. By taking the vector dot 
product of V with the equation of motion (3.33), assuming the body force B; is the con- 
servative gravitational force —p dv/dx;i, we obtain 


DALe ye Te re ae Rete 
Sa meee TEC OU) mac Me a agen as ee a, a 


which is the mechanical energy equation. Since wv is constant in time we may add 
p Ov/dt to the left side (since it is zero) and obtain 


2 op dof, 
rae Y /2 + wp) = me =P Uae, 
which may be subtracted out of the energy equation (3.50) to yield 
Du Oui Ogi i, 
which is the final form of the energy equation. wu here is the internal energy per unit 


mass. 


Various simplifications of (3.52) may be effected. Let us introduce Fourier’s law of 
heat conduction, q=-—xVZ, and assume constant thermal conductivity and a perfect 
gas (du=c,dT). Also, du/dui= V°V, and VY: VT=V?T, so that we can write 
finally 


Peo DE Sith vieVakie x Vel Tamia? ae te aie ® (3.53) 


where q; is the radiation heat flux vector. It should be noted that c, may be a function 
of temperature and even then occurs outside (not inside) the derivative. 


Equation (3.53) may be put into other forms. If we introduce the enthalpy 
h=u+p/p, the equation may be written 


Dh _ Dp 


ae as MPR SAAC OU Hear a 5 
ge Ties PRietae wee Tea, at (3.54) 
and for a perfect gas it becomes 

DT Dp 2 wh 

—— = 7 = Ot ak + ® a50 


An incompressible fluid, we must remember, is not a perfect gas and h depends on 
T and p. It is best then to start with (3.52) and set VY: V=0. Then we can set 
du =c,dT and obtain 


1Sometimes the dissipation term is written as y, and & then is different from ours by a factor x. 
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DT 

fe De 

Sometimes it is useful to use the total equation (3.50), particularly for frictionless 

fluids. Then (3.50) becomes (setting y= gz, using Fourier’s law, and introducing the 
enthalpy): 


= KV?T —- V°q + Gf ae a (3.56) 


AD. 2 +i op 2 — _ mr 
ppp (Vi/2 + 92 + h) = ae t KWL V°qr + @ 
pay (V2 +ge+u) = —pyeV — Vivp + «VT = Veg + OO (3,57) 


Usually q, is negligible and q’” is zero except for cases involving such things as 
resistive heating. It is seldom in fluid dynamics that q, and q’’” must be considered, 
but we have included them for completeness. 

It is interesting to refer back now to the comparison of equations (3.22b), (3.22c) 
and (3.40). Equation (3.22b) is a true energy equation. But now we know that since 
the total energy equation [(3.50) or (3.57)] has momentum hidden in it, equation (3.22c) 
is actually the momentum equation and is identical in meaning to equation (3.40), the 
Bernoulli equation. 


(g) The Second Law of Thermodynamics and Entropy Production. We can make equa- 
tion (3.23) into an equality by introducing the concept of entropy production rate per 
unit volume, 6. We find, introducing the heat flux vector q, 


a, sie f fi 
ile 6avVU afee T dA = ap pom psdU + Pa psV dA (3.58) 
Using Gauss’ law and the continuity equation, we obtain 
a Ds 
@- Vit) = pF, (3.59) 
By introducing the energy equation and-using the basic thermodynamic relationship 
Du Ds 
Pet = pl He == FV OM (3.60) 
which is the Eulerian coordinate form of 
Cie tee a(t) p) 
Equation (3.59) can be put into the form (assuming Fourier’s law holds, and neglecting 
radiation) A ® (v Ty 
bak QsQ sha 
En Pain  uneaan Pa ea (8.61) 


which shows the entropy production rate in terms of the coupled irreversibilities of 
heat currents and viscous dissipation. 


3.4 SUMMARY, APPLICATIONS AND PROBLEMS 


The derivations of the equations of this chapter have been long and tedious. These 
equations cannot be treated as “handy formulae”. The shotgun approach of picking several 
equations, plugging in numbers and praying that one will yield the desired result may and 
probably will be disastrous. Understanding of the meaning of the equations and the 
limitations or restrictions of the special forms of the equations is of the utmost importance. 


The procedure of this chapter was to start with the basic laws, write the corresponding 
system equations, derive the control volume integral equations, derive the differential equa- 
tions, and then present some simplified or working forms of these equations. This is 
summarized in the following: 
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_ Integral (Control Differential 


Basic Laws System E ti : : 
ea: Ta Volume) Equations °" Equations 


. Continuity EPO) = 1. Eq. (8.25) 


. Momentum ; = ; 5 (Gs 2. Eq. (3.32), 
(linear) (3.84), (3.48) 


. Momentum . th ; 5G ‘ — 
(angular) 


. Energy : = ; 4. Eq. (3.58), 
(3.54) 


. Second Law : g : 5. Eq. (8.58), 
of Thermo- (3.61) 
dynamics 


(a) Integral Equations. All four integral equations for the control volume have the form 


External effects = a EodU + i EoV-dA (3.62) 
dt Joy. CS: 


‘ 


where 


Continuity 


Linear Momentum 


Angular Momentum 


Energy 


We can readily see the similarities in these equations by summarizing them in this 
manner. Also, we can look back and observe that the methods of deriving the control 
volume equations were essentially the same. 


(b) Special Forms of Integral Equations 
1. Continuity — one-dimensional steady flow: 
PAV, = pA,V, (3.4) 
2. Momentum — one-dimensional steady flow with the density and velocity uniform over 
entrance and exit areas: 
Fy, = M(Vo2—Viz), Fy = M(Vay—Vu), Fe = m(Voz—Viz) 


3. Angular momentum — velocity uniform over A; and Ag, steady flow through a rotor: 
T, = 0,9, (72Vi2 — T1V 1) (3.14) 


4, Energy — one-dimensional, steady flow: 
q— ws = (P,/p,—D,/p,) + (Wva—m) + (V2—Vi)/2 + g(z2—%1) (8.22a) 
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(c) Differential Equations 


(d) 


1. Continuity: 


= 825 
pre RAEN 0 (3.25) 
which for incompressible flow is 
Vie) (3.27) 
2. Momentum: 
DV : 
Pr aVP TBS Vv Ay SV Vie ey (3.48) 
For constant density and viscosity the momentum equation is 
ad = —Vp+B+ 1zV’V (3.49) 
38. Energy equation: 
SS eV WV ta KN Sd Ne Ge he (3.53) 


ui 
For more detailed equations in other coordinate systems see the Appendix and reference 
5, page 47. 


Approach to Solving Problems. In this chapter we have developed some of the general 
and important equations of fluid mechanics. After one has attained an understanding 
of these equations, the next step is to be able to apply them in solving physical problems. 
While there is no substitute for experience in working problems, a few general guide- 
lines at this point should be helpful. 


Let us consider the possible BRL u es in dealing with real physical problems. In 
general, there are three: 


1. Integral equations — gross effects 
2. Differential equations — distributions 


8. Start with basic laws and develop equations appropriate to the particular 
situation. 


The integral equations are usually appropriate when one desires to determine the gross 
effects, e.g. the total force of a flowing fluid on a pipe wall or a rotor vane. The dif- 
ferential equations are usually appropriate when the distributive conditions are desired, 
e.g. the velocity and pressure distribution (field) around an aerodynamic body. The 
possibility of developing the equations from basic laws for any particular problem 
should never be precluded (but could always be obtained from the basic integral or 
differential equations under the appropriate assumptions). We will find this method 
particularly appropriate in the development of the boundary layer equations. 


The equations of this chapter are the tools which we will use to solve real physical 
problems (or perhaps to better understand nature). The starting point is the physical 
problem. And the solution is never (or rarely) an exact description of the real physical 
situation, but rather an approximation whose accuracy depends on the accuracy of the 
mathematical model. For example, the procedure for solution may be outlined as 
follows: 


(1) Specific physical problem. 
(2) Physical model representation — we represent the real physical problem with 
a new but simplified problem. For example, we may assume one-dimensional 


flow, steady flow, fluid obeys ideal gas equation of state, etc. Thus the 
assumptions make up the model. 
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(3) Mathematical model—we set down the equations corresponding to the 
physical model. ; 


(4) Solution —a solution of the equations is obtained for the desired quantities. 


(5) Experiment —the final step is to determine the correctness of the model by 
experiment., This step is very important in fluid mechanics. Experiment 
will lead to improvements in the model. 
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Solved Problems 


Consider the steady flow of a compressible fluid through a pipe bend as shown in 
Fig. 3-13. Determine the force of the fluid on the pipe between sections 1 and 2. 


Fig. 3-13 


First, choose a control volume for the fluid as shown by the dotted line. Equation (2.9) for 
steady flow is 
F, + {| Bey = f VpV-dA 
ave OHS, 


It will be assumed that the pressures and velocities are uniform over the areas A, and A». The sur- 
face forces for the x and y directions respectively are 


F 
F 


sx p14, — PeAy cose + Ie 


sy pA, sin 6 ae ee 


where p is the pressure and F’,, and F,, are the unknown forces of the pipe wall on the fluid. The 
only body force is due to gravity and is equal to the weight of the fluid between sections 1 and 2. 
For many problems the weight is negligible compared to other forces, particularly for gases; it will 
be neglected here. The momentum flux terms become 


ip V,pV°dA = poAoV> cos6@ — pyA,V2 
lee VypVi-dA = p9AoV3 sin @ 
Then the equations become 
Fox = PoA_cos@ — pyA;y + peAnVa cos 6 — mAiVe 
Foy = PA, sine + p2AgV3 sin ¢ 


The components of the force of the fluid on the pipe, say, R, and R,, would be opposite F,, and F,,, 
and therefore we have 
R, = pyA; — peAg cos@ + pyA1V\(Vy — Vo cos 8) 


Ry, = —PoAg sine — poAoV3 sine 


Consider the steady flow of a water jet impinging on a stationary vane as shown in 
Fig. 3-14 below. Determine the force required to hold the vane in place. Assuming 
the jet follows the surface of the vane in a smooth manner and has the same shape 
and area at the exit, then the momentum equation can be written for the control 
volume shown in Fig. 3-14. 

The jet will be exposed to atmospheric pressure over the entire surface plus an additional force 
where the jet makes contact with the vane. This additional force is precisely the force required to 


turn the fluid jet. The atmospheric pressure on the jet side will be canceled by the atmospheric 
pressure on the opposite side. Thus we have 
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3.3. 


3.4. 


a pAV2 cos6 — pAV?, ie = pAV? sino 


which is also equal to the force required to hold the vane in place. 


x 


Y 
eee 


F,, Fluid velocities are 10 
F 


Control surface 


Control surface 


: moving at velocity V, 
relative to vane 


Fig. 3-14 Fig. 3-15 


In Problem 3.2 consider that the vane moves in the positive x direction at some 
velocity V» which is less than the jet velocity V;. Fig. 3-15 shows the moving vane. 
Find the force necessary to keep the vane moving at constant velocity, that is, to 
prevent it from accelerating. 

We must write the momentum equation in a frame of reference at rest with respect to the vane. 
Thus all velocities must be the velocities relative to the vane. The velocity of the fluid relative to the 
vane entering the control volume is V;—V,, and if we neglect friction of the vane Bernoulli’s equa- 
tion tells us that the velocity leaving relative to the vane is the same, V;—V, at the angle 0. 
Since the velocity is the same, the cross sectional area of flow A must be the same. The momentum 
equation gives 

f= pAV GV)" C086 — pA(Vj—V5)* F, = pA(V;—V,)? sine 
which gives the net force required to keep the vane from accelerating. Since the vane is in 


equilibrium, the force of the fluid on the vane must be —F,, and —F, and hence the reaction force 
of the vane on the fluid is simply F, and F,. 


Alternatively, we could have taken the control surface just on the inner surface of the vane so 
that it included only fluid. Then the analysis is exactly the same but we get immediately that the 
force on the fluid (exerted by the vane) is F, and F,. 


A vane shown in Fig. 3-16 moves at a constant velocity u=380fps and receives a jet 
of water which leaves a nozzle at a velocity V=100fps. The nozzle has an exit 
area of 0.04 ft?. Find the total force on the moving vane. 


may 
CLE u = 30 fps 
- = y 7a BS RSE 
V = 100 fps 
dg . Velocities relative to 


moving control volume 


& 


ontrol volume 
moving at velocity u 


Fig. 3-16 Fig. 3-17 


Take the control volume around the vane as shown in Fig. 3-17. The velocities relative to the 
control volume are —V—u=100—30=70fps in the x direction entering and V—x=170 fps 
leaving in the direction shown. Thus the force on the fluid is determined from the steady flow 
momentum equation. For the « direction we have 


F, = mV on ei Viz) 
where the mass flow rate, m, relative to the control surface is m= pA(V —u) = pA(100— 80). The 


x components of velocities entering and leaving relative to the control volume are V,,=V—wu and 
Vor = —(V — u) cos 60°. Substituting into the momentum equation, 
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F pA(V — u){—(V — u) cos 60° — (V—u)} 


= —pA(V —u)%{cos 60° +1} = —(62.4/32.2)(0.04)(100 — 30)2(cos 60° + 1) = —569 Ib, on fluid 


\| 


x 


or F', = 569 lby on vane. 
For the y direction we have Fy = m(Voy eae) 


The velocities entering and leaving in the y direction are Vy, =0 and Vy, = (V—u) sin 60°. Sub- 
stituting into the momentum equation, 


F, = pA(V—u){(V —u) sin 60° — 0} 
= pA(V—u)2 sin60° = (62.4/32.2)(100 — 30)2 sin 60° = 329 Iby on fluid 


y 


or Fy = —3829 lbs on vane. 
The magnitude of the force on the vane is F,, = 569 lby 

= (ree 
[(569)2 + (—829)2]1/2 = 658 lb, F,, = —329 lb, 


\| 


The direction of the force is tan@ = —829/569 = 
—0.578 or 6 = —380°, the negative sign indicating 
that the force acts downward. Finally, the forces 
on the vane are as shown in Fig. 3-18. Fig. 3-18 


3.5. A water jet having a velocity of 100 fps strikes a vane moving at a velocity of 40 fps 
as shown in Fig. 3-19. Determine (a) the power transmitted to the vane and (b) the 
absolute velocity of the jet leaving the vane. 


Ss 
| 
| 
| 


| | 
Pan = 
Control volume moves 
at velocity of vane, V, 


Fig. 3-19 Fig. 3-20 


(a) The power transmitted to the vane is equal to the product of force in the direction of motion of 
the vane and the velocity of the vane. Thus, 


Power = F,V, 
The force of the fluid on the vane may be determined from the momentum equation for a control 
volume that moves at a velocity equal to that of the vane as shown in Fig, 38-20. 
The momentum equation for the control volume is 
F,, = (Vor —Vi_) on fluid 
F’, here is also the force exerted on the vane by the external mounting as was explained in 
Problem 3.3. The mass flow rate relative to the control surface is m= pA(V—V,). The 


velocities for the x direction entering and leaving the control volume are V,,=V—-—V, and 
Vor = (V—V,) cos 60°. Substituting, 


Fy = pA(V—V,)((V —V,) cos 60° — (V— V,)} = pA(V —V,)*{cos60° — 13 
= (62.4/32.2)(100/12 — 40/12)2(cos 60° —1) = —6.48 lb, on fluid 
or F, = 6.48 lbp on vane. Thus the power = 6.48(40) = 259 ft-lb,/sec = 0.472 horsepower. 


(b) The velocity leaving the vane may be found by adding the velocity of the fluid relative to the 
vane to the velocity of the vane. Thus the absolute velocity of the fluid leaving the vare in the 
« direction is 


Vor = Verelative + Vy = (100—40) cos60° + 40 = 70 fps 
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The velocity of the fluid leaving the vane in the y direction is 
Voy = (100 — 40) sin60° = 51.9 fps 


The absolute velocity of the fluid leaving the 
vane is 


[V2 


(Von + Voy)!/2 
[(70)2 + (51.9)2]1/2 = 87.2 fps 


Vo, = 51.9 fps 


The direction of fluid leaving the vane is given 


by tanjoe—sole9/0r—-0(4 1 Orn 6 — 36.6. the V, = 40 fps Vor relative — 30 fps 
velocity vector diagram for the fluid leaving the 
vane is shown in Fig. 3-21. Fig. 3-21 


3.6. Determine the force of the water jet on the inclined plate as a function of the angle 6 
as shown in Fig. 3-22. 


Control 2 


surface 
mS Z 


V; = 100 fps 
eS 


A, = 1.0 in? 


Fig. 3-22 Fig. 3-23 


Consider the control volume as shown in Fig. 3-23 where the fluid is entering at section 1 and 
leaving at sections 2 and 3. The mass flow rate of the fluid entering the control volume is equal to 
the mass flow rate of the fluid leaving the control volume, giving 


pA,V; — pAgVe ae pAsV3 or A,V; = AoVe ap A3V3 


Next we write Bernoulli’s equation along a streamline between sections 1 and 2 and between sec- 
tions 1 and 3, yielding 


p/p “hs AV; = Polp =P iV 


and ; 
pile + 4Vj = Ps/p + 4V3 


where all elevation changes have been neglected. If 
it is assumed that the pressures at sections 1, 2 and 3 
are all equal to atmospheric pressure, then Bernoulli’s 
equation gives V; = V2 = V3. Using the result that 
the velocities are equal, we have from the continuity 
equation A, = A,+Az3. 


Now we write the steady flow momentum equation 
in the x direction along the plate neglecting any shear 
stress where the fluid comes in contact with the plate. 
Referring to Fig. 3-24 we have for F’,, the force of 
the plate on the fluid, 


F, = 0 = pAgV3 — pAsV3 — pA,V; cos 6 Fig. 3-24 
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which simplifies to A, cos@ = A,—As3. Now adding this equation to the expression obtained from 
continuity, we obtain 
A, = 4(1+cose@)A; and Az = $(1 —cosa)Ay 


Next, we write the momentum equation in the y direction normal to the plate. We have for 
F,, the y component of the force of the plate on the fluid, 


F, = pA,V; sine 


which for the numbers given becomes 


F, = (62.4/32.2)(1.0/144)(100)2 sing = 135 sine by 


A converging two-dimensional channel shown in Fig. 3-25 has a linear area-variation. 
The flow rate of an incompressible fluid is constant at Q = 10 ft® per sec per unit 
width of the channel. What is the acceleration as a function of the distance +? What 
is the acceleration at a point 1 ft from the beginning of the converging section? 


2 ft 1 ft 


Fig. 3-25 


We assume the flow to be quasi-one-dimensional and neglect variations across the channel. 
Then, from continuity, the flow rate Q is given by 


QF Ay — (2) — 1/5) 


where wu, the velocity in the channel, is a function of x given by the above equation since Q is a con- 
stant. Then the acceleration is given by 


OU Ou 


ee Tid anes a 


but since the flow is steady, du/dt =0, and by differentiating the expression for u we can find 
du/dx which is simply du/dx since u depends only on x. We obtain 


ee ie asta) 5Q _ (6X10)2 _ 2500 
ea ae (Ss) ieee 02 dcaae 


where « is measured in feet. At x =1ft, a, = 3.48 ft/sec?. 


In the preceding problem, suppose the flow is unsteady and increasing at a rate of 
2 ft? per sec? (per unit width of the channel). What is the acceleration now at the 
instant when Q = 10 ft? per sec per ft of channel width? 


The acceleration is given by a, = du/dt + udu/du, and udu/da is the same as in the preceding 
problem. But now du/dt is not zero. We find it as 


0Q _ Mig _ = 2 gee? 
a at (2 2/5) = 2 ft/sec2/ft 


Hence du/dt = 10/(10 — x) ft/sec?, which is 1.11 ft/sec? at « =1 ft. Then the value of a, is found 
by adding du/dt and udu/dxe to give 1.114 3.43 = 4.54 ft/sec? as the acceleration at the station 
e = 1 ft. 
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3.9. 


3.10. 


A jet engine shown in Fig. 3-26 is being tested statically on a test stand. The inlet 
velocity is 500 fps and the exhaust gases leave at.a velocity of 3500 fps. The air at the 
inlet and the exhaust gases at the exit are at atmospheric pressure. The fuel-to-air 
ratio is 1/50 and the inlet and exhaust areas are both 2 ft?.. The density of air enter- 
ing is 0.0024 slugs/ft®. Determine the force 7, required to hold the jet engine 
stationary. 


1 my 2 ; 
V; Z ahs 
SS pe rey ath yA ms 
Se tit, | f Vata + tiny 
ais | Sera ae 
8 | Avan 
pA, | ‘i : PoAs 
ee ek ee | 
% 
Fig. 3-26 Fig. 3-27 


Consider a control volume around the fluid inside the engine between sections 1 and 2 as in- 
dicated in Fig. 3-27. The steady flow momentum equation is 


ie = (1X4 = mM,)V ou ined ite, Vig 


where F', is the total external force acting on the engine and includes the pressure forces and the 
mounting stand reaction T,. m, is the mass flow rate of air and my is the mass flow rate of fuel. 
By continuity, Ma must be the same at the inlet and outlet. We will assume that the fuel has 
negligible momentum in the « direction when it enters the engine. Then we can write 


PyAy —peAg t+ T, = (mq os m4) Vow = Ma Vix 


But since the inlet and outlet areas are the same and we assume 7p, and py are both atmospheric, we 
have 

(i = (my, =n Ma)V ox ait Ma Vi, = (M,/Mq ot 1)mq Vox aa Ma V ae 
Assuming the inlet air to be at standard conditions with p, = 0.0024 slugs/ft®, the air mass flow 
rate is mq = p1;4,V, = (0.0024)(2)(500) = 2.40 slugs/sec. Then we have for T,,, 


T,, = (1/50 + 1)(2.40)(3500) — (2.40)(500) = 7800 Ib; 


The static thrust on the engine would be equal and opposite in direction to T,. 


Consider a three-stage rocket for space exploration. The first two stages will carry 
the third stage rocket to such a distance from the earth for launching that gravita- 
tional attraction will be negligible during its travel. Frictional resistance will be 
negligible also. _This third stage rocket will be launched 

from the second stage rocket just as the second stage 

rocket attains its maximum height, at which time, of 

course, its velocity with respect to the earth will be Third 
zero. The engine of the final rocket is so designed that stage 
the velocity of the exhaust jet with respect to the rocket pose 
is maintained at a constant value of Vo ft/sec. What is 
the final velocity of the third stage rocket in terms of 
relevant parameters? 


2 Control 
volume 


In Fig. 3-28 consider a control volume in the shape of a 
cylinder which extends from the earth out far beyond the third 
stage rocket. The control volume will contain the third stage 
rocket, its fuel, and all the material exhausted from the third 
stage rocket. Then the momentum of the rocket plus fuel plus 
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all exhausted material remains constant. The control volume has. no external force acting on it. 
Hence, if M = mass of third stage rocket, m = instantaneous mass of fuel in the rocket, the mass 
of fuel in the rocket is changing at a rate dm/dt which is a negative number since m is decreasing. 
If V is the velocity of the rocket, then the z component of momentum of the rocket plus fuel in the 
rocket at time t is (M+m)V and the z component of momentum of the exhausted fuel is 


t 
f = my — Vo) dt, so that the momentum balance becomes 
0 


dV 


M+my] — M(V-V) = (M+m Se + Ve 


d 
y atl dt 


where V is the absolute velocity of the rocket in the z direction. But m= m,.+(dm/dt)t where 
my is the original mass of fuel at time t = 0 when the third stage is fired, and dm/dt is assumed 
a constant which we write simply as m. Hence we have 


j= (M+ mg + mnt) + Vom 


which can be integrated from V=0 at t=0 to V =V;y when the fuel is exhausted and m= 0. 
V, is the final velocity of the third stage rocket. The fuel is finally consumed at time t = mMo/(—m). 
Remember m is negative. 


Vom M+m™ 


Vy —mo/m 
dV = -f ————— dt and We SW Ihe =a 
0 0 M+ Mo + mt 2 M 


A simplified two-dimensional boundary layer of water over one side of a flat plate is 
shown in Fig. 3-29. At the leading edge the velocity is uniform and equal to U. 
Downstream at the trailing edge the velocity profile is as shown. Find the shear 
force of the fluid on the plate by using an overall control volume approach. 


few 
— 


a Control surface A Linear velocity 
Ze a a> ori ee aes Se Pid variation 
h 
i 


| | 
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edge 


Flat plate Trailing edge 


Fig. 3-29 
We choose a rectangular control volume as shown. We write 
F = f (pV)V°dA 
C.S. 


where F is the total force on the fluid. But we assume the pressure to be uniform throughout the 
flow and if we write the momentum equation in a direction parallel to the plate (x direction), F, is 
the shear force exerted by the plate on the fluid. Across the surface 2-3 fluid flows with a small 
velocity normal to the plate and with a component parallel to the plate of nearly U. Hence F, per 
unit width of the plate is 


h 
F, = —pU2h + { (pU2y2/h2) dy + mU 
j a0 , A 
1-2 3-4 2-3 


where m is the mass flow rate per unit width through surface 2-3 and is given by m= pUh— 
pUh/2 = pUh/2. Hence 
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F, = —pU?h + pU?h/3 + pU2h/2 = —pU2h/6 


The fact that F, is negative indicates that it is a retarding force on the fluid (acting in the negative 
« direction). The force of the fluid on the plate is equal and opposite to F,. 


A centrifugal pump shown in Fig. 3-80 pumps water at a rate of 1.0 ft?/sec. The 
water enters the impeller in an axial direction. The diameter of the impeller is 10 in. 
and the vanes are 1.0 in. high and radial at the outside diameter. Determine the 
power input to the rotor which turns at 1000 rpm. 


| 


/ 


Fig. 3-30 


The power input is the product of the torque T of the shaft on the rotor and the angular 
velocity w of the rotor. Power = Tw. The angular velocity is given and the torque can be deter- 
mined from the angular momentum equation for steady flow. We have for the torque about the 
axis of rotation, 


(eS if (x X V),pV°dA 
CS. 


where the control surface is taken around the impeller as shown in Fig. 3-31 so that the torque 
appearing in the equation is the torque exerted on the rotor by the drive shaft. Assuming the 
velocities are uniform over the inlet and outlet surfaces, we have 


T, = 01Qi(%2Vitg — 71 Vt) 


where »,Q; = m is the mass rate of flow. Since the flow at the impeller inlet is in the axial direc- 
tion, the tangential component of velocity there, V;,, is zero. We need only, then, to determine the 


Fig. 3-31 
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tangential component of velocity at the exit. Assuming there is no slippage at the impeller exit, 
that is, the fluid follows exactly the contour of the vanes, then the tangential velocity at the exit is 
Vin = Tow = (10/12)(1000 X 27/60) = 87.3 ft/sec and the torque is 7, = (62.4/32.2)(1.0)(10/12)(87.3) = 
141 lb,-ft. The power required = 141(1000 x 27/60) = 14,800 ft-lb;/sec or 27 horsepower. 


Water flows horizontally out of a pipe through 
a 1/8 in. slit as shown in Fig. 3-32. The total 
flow rate is 1 ft?/sec and the velocity varies 
linearly from a maximum at one end of the 
slit to zero at the other end. Determine the 
moment about the axis of the connecting ver- 
tical pipe resulting from the flow out of the 
slit. 


First determine an expression for the velocity 
distribution. Let u,,,, be the maximum velocity at the 
inlet as shown in Fig. 3-82. Then we have 


Us Umax (1 ac x/6) 
along the pipe. The value of w,,,, can be determined 


from the continuity equation. The total flow rate Q 
is given by 


6 
Y= f udA = i Umax(1 — %/6)(4/12) da = 1 Fig. 3-32 
A 0 
and Umax — 82 ft/sec. Next the reaction moment of the connecting pipe on the horizontal pipe can 


be determined by considering the control volume as shown in Fig. 3-38. Since r is perpendicular to 
V and dA is parallel to V we have, where M is the moment exerted by the connecting pipe, 


Via f (rXV)pVedA = f (ru)pu dA 
CS es: 


and since r=2+a and u= 32(1—2/6), we have 


6 
M = (82)2p fi (2 + ~)(1 — x/6)?(4/12) da 
0 


which, when evaluated with p = 62.4/32.2 slugs/ft®, 
gives M = 145 lb-ft. This is the moment about the 
axis of the connecting pipe, which would be important 
in determining stresses in the pipe. The sign of the 
moment is positive as shown in Fig. 3-33. The mo- 
ment exerted on the vertical connecting pipe by the 
horizontal pipe is equal and opposite in sign to M. Fig. 3-33 
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3.14, 


3.15. 


3.16. 


3.17. 


3.19. 


Supplementary Problems 


One method of producing a vacuum is to discharge water. through a venturi, and connect the system 
to be evacuated with the throat of the venturi as shown in Fig. 3-34. How much water must dis- 
charge through the venturi tube to produce a vacuum of 20 inches of mercury? 


4 


Parabolic 
0.60” D velocity 


profile 
0.25” D = 
Sa 
Vacuum 
6’ 
0.70” D 
ek eS 
- -L - 
Water discharges | 
to atmosphere 
Fig. 3-34 Fig. 3-35 


A circular pipe of radius a ft and length L ft is attached to a smoothly rounded outlet of a liquid 
reservoir by means of flanges and bolts as shown in Fig. 3-35. At the flange section the velocity is 
uniform over the cross section with magnitude Vo. At the outlet, which discharges into the at- 
mosphere, the velocity profile is parabolic because of the friction in the pipe. What force must 
be supplied by the bolts to hold the pipe in place? 


In the previous problem find the upstream pressure at the flange if the shear stress (due to viscous 
friction) on the wall is 79 lb/in?. 


Determine the force of the water jet on the inclined plate of Problem 3.6 if the plate is moving at a 
velocity V, (which is less than the jet velocity) in the same direction as the water jet. 


A ship is propelled at a constant speed of 
25 mph by hydraulic jet propulsion. The 
total drag force is 8000 lb. The diameter 
of the jet exit section of the exhaust noz- 
zle is 2 ft. Calculate the absolute velocity 
of the jet. 


The water jet pump of Fig. 3-36 has a 
jet area A; = 0.05 ft? and a jet velocity 
V; = 90 ft/sec which entrains a second- 
ary stream of water having a velocity 
V, = 10 ft/sec in a constant area pipe of 
total area A = 0.6 ft®?. At section 2 the 
water is thoroughly mixed in such a way 
that the velocity is uniform. Neglect wall 
shear. Determine the pressure at section 
2. The pressure at the nozzle is 10 psi. Fig. 3-36 


A fluid is flowing steadily in a circular pipe. The velocity profile is parabolic in shape, being zero 
at the pipe wall and increasing to a maximum velocity V, along the centerline of the pipe. Radial 
and circumferential components of velocity are zero. 
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(1) In terms of V, and other appropriate quantities, find expressions for 
(a) quantity of fluid flowing 
(6) axial momentum of the fluid 
(c) kinetic energy of the fluid 
as the flow passes through any given cross-section of the pipe. 


(2) For a constant density fluid, find the error (percent) involved in using the expressions 
(a) pAV? for momentum 
(6) pAV3/2 for kinetic energy 
where p is the fluid density, A is the cross-sectional area of the pipe, and V is the mass rate of 
flow divided by the product pA. 


The velocity profile is given by the equation uw = V,{1—(v/R)?| where F is the radius of 
the pipe. ~ 


Water enters a pipe from a large reservoir and on issuing out of the pipe strikes a 90° deflector 
plate as shown in Fig. 3-37. If a horizontal thrust of 200 lb is developed on the deflector, what is the 
horsepower developed by the turbine? 


L 10°R, 

2 | | Patm = 14.7 pei 
ee = 
a8 ee ee 
Sa ~ 
oo | bras: 

in | | 
| 
Bf 

eae x D 

| 

1— gers 14 
| ie 

Fig. 3-37 Fig. 3-38 


Water flows steadily up the vertical pipe and enters the annular region between the circular plates 
as shown in Fig. 3-38. It then moves out radially, issuing out as a free sheet of water. (a) If we 
neglect friction entirely, what is the flow of water through the pipe if the pressure at A is 24.7 psi? 
(b) Determine the force in the pipe wall at section A. Neglect the weight of the pipe. 


A vehicle is moving at a velocity V = 100 ft/sec along level ground under the action of a constant 
force F = 1000 lb. At time t=0, mass begins leaving the vehicle through a hole in the bottom. 
Assuming the mass leaves the vehicle vertically at a rate of 10 lb/sec and the vehicle continues to 
move under the action of the constant force F’, determine the velocity of the vehicle after 20 sec. 
Initial mass of the vehicle is 2000 lb. 


A container for water in the form of a wagon (Fig. 3-39) is being driven along a frictionless, level 
tract by a jet of water. The jet of water has a horizontal velocity of 30 ft/sec and the cross-sectional 
area of the jet is 2 in?. The jet of water overtakes the wagon, hits the far end of it, and is deflected 


2 in? — 


ee 
V; = 30 ft/sec 
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3.28. 


3.33. 


down into the body of the wagon. No water is spilled; all of it falls down into the wagon. At time 
zero, the wagon has a velocity of 10 ft/sec and the mass of the wagon and the water which is in it 
at that instant is 100 lb. Calculate the time required for the wagon to accelerate from a velocity 
of 10 ft/sec to a velocity of 20 ft/sec. Assume that the jet of water follows the wagon and falls 
into it during all this time. 


Work Problem 5.22, page 100, using the basic principles outlined in Chapter 3. 


When water is flowing steadily through the turbine sketched in Fig. 3-40, the turbine delivers 75 
horsepower. The water flow rate is 1200 lb/sec. 


The inlet pipe to the turbine is 12 in. inside diameter and the discharge pipe is 16 in. inside 
diameter. The rest of the piping system is not shown and the inlet and outlet pressures are not 
known. The change in elevation of the piping shown is not known. 


A manometer connected across the inlet and outlet, as shown in the sketch, contains mercury. 
Calculate the difference in height, h, between the mercury columns under steady flow conditions and 
state whether the right leg or left leg of mercury is higher. 


12”T.D. 


16/7 DS 


Mercury 


Fig. 3-40 Fig. 3-41 


A pipe has a contraction as shown in Fig. 3-41. At a certain time the velocity of water entering, 
V1, is 80 ft/sec and is changing at a rate of 2 ft/sec2. Determine the pressure gradient (dp/dx) at 
* =1ft at the time when V, = 30 ft/sec, assuming the velocity is uniform over any cross-section. 


Derive the momentum equation (in terms of stresses) in cylindrical coordinates by applying the 
integral form to the appropriate elemental volume. 


Repeat Problem 8.28 for spherical coordinates. 


Go through the details of the derivation of the forms 
of the energy equation. 


In Problem 3.8 find the acceleration if the flow rate is 
decreasing instead of increasing (at the rate given). 


A cylinder with a closed top has a tube, exposed to 
atmospheric pressure, extending some distance into 
the incompressible fluid within the tank of Fig. 3-42. 
The fluid discharges from a nozzle of area A, a dis- 
tance h, from the bottom of the tube. If the cross- 
sectional area of the cylinder is Aj, find the flow rate 
Q as a function of time. 


Rework Problem 3.11 by choosing a control volume 
such that the upper surface lies on a streamline. Fig. 3-42 
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3.34. A cylinder is placed in a uniform flow of incompressible fluid of density p (Fig. 3-43). Velocity 
profiles are measured upstream and downstream as shown. Find the drag force on the cylinder per 
unit length. Hint. Take a large control volume about the cylinder. 


Downstream a distance of yu U 
ee bsched the velocity oh ale oe 
y 
uU 
——— 
U U 


Fig. 3-43 


3.35. A connecting rod bearing is to be lubricated by feeding oil of specific gravity 0.8 into the center of 
the crankshaft at atmospheric pressure. From there, the oil flows through a small drilled passage 
to the connecting rod bearing. At what minimum rpm of the crankshaft will there be positive oil 
pressure at the connecting rod bearing when the crank arm is in a vertical position as shown in 
Fig. 3-44? 


Discharge 
_—__— 


Connecting 4 Valves 


rod bearing 


\ | Connecting — Y ; a 
. rod i 
SS . Sa oy SIN Gt 
| -— Crank arm . x is the piston displacement 
il bag . about the rest position 
| Q ‘ 
+ +— Drilled oil | 
passage 
WW 
~ Crank shaft 
Fig. 3-44 Fig. 3-45 


3.36. A water pump shown in Fig. 3-45 pumps water from a reservoir up to a height H. The motion of 
the pump piston is sinusoidal. At very high piston velocities it is found in practice that the water 
cavitates in front of the piston, allowing the water to drop back to the reservoir. This is undesir- 
able and requires the pump to be primed in order to get it going again. 


Find the maximum frequency of the piston such that the cavitation does not occur when the 
piston is at bottom dead center. Cavitation is defined as the condition when the pressure in the fluid 
drops to zero absolute, or at least tends to this value. 


This maximum frequency you find then will be a limiting value, and if it is surpassed the pres- 
sure on the face of the piston tries to drop below zero absolute; the result is cavitation and separa- 
tion of the fluid. 
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NOMENCLATURE FOR CHAPTER 3 


area 
acceleration vector 

body force vector per unit volume 

substantial derivative 

total energy per unit mass (e = u+ V2/2 + gz) 
strain rate tensor 

total energy 

local acceleration of gravity 

head loss 

mass 

mass flux 

momentum vector 

pressure 

heat transfer per unit mass of flowing fluid 

heat flux vector, (directed rate of heat transfer per unit area) 
radiation heat flux vector 

internal heat generation rate per unit volume 

total heat transferred to system; volumetric flow rate 
radial coordinate 

entropy per unit mass 

entropy of system 

time 

absolute temperature 

torque about z axis 

velocity in x direction, internal energy per unit mass 
velocity in x; direction (7 = 1, 2, 3) 

internal energy for system, velocity of a free stream 
velocity in y direction 

velocity vector 

tangential velocity 

volume 

velocity in z direction 

work done by system 

work done by a unit mass of flowing fluid 
coordinates (#1, %, %3) 

coordinates — correspond to (1, X%, %3) 


= angle between normal to surface and velocity vector 


ik gS 
Kronecker delta, 6;; = 034i 


entropy production rate per unit volume 
thermal conductivity 

viscosity 

kinematic viscosity 

density 

stress tensor, oj; = shear part of stress tensor 
dissipation function 


rotation tensor 
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Chapter 4 


Dimensional Analysis and Similitude 


4.1 SIMILITUDE IN FLUID DYNAMICS 


In fluid mechanics a great many important results may be obtained from dimensional 
arguments. The relevant parameters in any physical situation may be combined into in- 
dependent dimensionless groups which characterize the flow. These dimensionless param- 
eters are often precisely defined and given names in fluid dynamics. 


These dimensionless parameters, or I1’s as they are called, may be obtained by the method 
of dimensional analysis or directly from the governing differential equations as a conse- 
quence of their being put into dimensionless form. 


Consider any fluid flow problem; for example, the flow over a solid object. The flow 
pattern and properties are determined by the geometrical shape of the object and the relevant 
fluid properties. We say that two flows are similar if they are geometrically similar and if 
all the relevant dimensionless parameters are the same for both flows. Consider a model 
(as in a wind tunnel) and a prototype. How do we relate measurements made on the model 
to the prototype? The answer is: by the methods of similitude, that is, by making the 
geometry similar and the II’s the same for both. 


The meaning of similar flow and model=prototype correlation can be understood by con- 
sidering the dimensionless form of the governing equations. Clearly, if all the relevant 
differential equations are made dimensionless, the size of the object is irrelevant if the shape 
is geometrically similar. However, the dimensionless parameters (which appear as dimen- 
sionless coefficients in the dimensionless differential equations) must be made the same for 
both flows. These parameters depend on the fluid properties and a characteristic physical 
dimension (used as a reference base) of the object. Hence in similar flows the describing 
differential equations are identical for the model and prototype. Measurements might then 
be made of any dimensionless variable, say, dimensionless pressure, on the model. The 
appropriate dimensionless pressure for the model would have the same value as for the 
prototype and by converting back to dimensional form, data taken on the model can be 
directly related to the prototype. 


In summary, two flows are similar if the dimensionless parameters and variables are all 
the same regardless of the size of the flow pattern, if geometrical similarity is maintained. 


In practice, it is not always possible to make all the dimensionless parameters the same, 
at the same time, for model and prototype. In such cases some compromise must be made; 
however, in most important flows sufficient similarity may be achieved to make the method 
useful. Often, only certain of the dimensionless parameters are important for a given flow, 
and the fact that all the parameters cannot be made the same does not matter. 


We will, in the next section, examine the basic differential equations of fluid mechanics 
and see what the dimensionless differential equations look like. But first, there is another 
method used to find the dimensionless parameters for any given problem: dimensional 
analysis. 


62 


CHAP. 4| DIMENSIONAL ANALYSIS AND SIMILITUDE 63 


Dimensional analysis, or the Buckingham Pi Theorem as it is called, is a method of 
finding the relevant dimensionless parameters without knowing the relevant differential 
equations. This method requires that one know all the relevant variables in any given 
problem. Then these variables are combined together in as many independent dimensionless 
groups or II’s as possible. A systematic method of obtaining these I’s is given in Problem 
4.8, page 70. The advantage of this system is that one need not know the governing equa- 
tions or laws for complex problems, but then one must know all the variables and only those 
relevant variables must be introduced into the problem. -Any extraneous variables or the 
omission of one relevant one will destroy the analysis. These restrictions are rather severe 
and it is usually safer to begin with the governing equations. At any rate, once these 
parameters are found, experimental data can be obtained and correlated in dimensionless 
form. 

The number of I1’s for a given problem is fixed and is usually, but not always, equal 
to the total number of variables minus the number of fundamental dimensions. In mechanics 
there are three fundamental dimensions which are independent. The actual choice is ar- 
bitrary, but the three most commonly chosen ones are mass, length and time, and in com- 
pressible flow the temperature enters so that there are four fundamental dimensions. 

A basic set of II’s must be chosen so that they are independent. Actually, many Il’s may 
be formed by multiplying or dividing other I’s, but the number of independent I’s for a 
given problem is fixed. Hence there is not a unique set of I1’s for a problem; but in fluid 
mechanics there are certain dimensionless parameters which are customarily studied and 
have physical significance. 

After a set of.I1’s is found they can be expressed in functional form, that is, any one II 
can be written as a function of all the other I’s. This functional form cannot be found by 
dimensional analysis, but only by either solving the governing equations or by experimenta- 
tion. In experimental work it is very convenient to express the results in dimensionless 
form as plots of ll’s. Hence correlations among Il’s may be determined. Aside from re- 
moving the scale of the experiment as a parameter, the dimensionless form reduces the 
number of variables by at least three. Dimensional analysis is a vital tool in all engineering 
and scientific experimentation. 


4.22 PARAMETERS OF INCOMPRESSIBLE FLOW 


In incompressible flow only the equations of motion and continuity are necessary to 
describe the flow. There are four dependent variables, the three velocity components and the 
pressure, which appear in four equations. In addition, there are the fluid properties, 
viscosity and density, and the gravitational potential which enter into the 1 formulation. 

If we introduce the following dimensionless variables, independent and dependent, (de- 
noted by asterisks), the equations may be written in dimensionless or normalized form. 
Let 

i= ppv, Nie NIV = tb —tVil nwt —wWh, yao (4.1) 
where the subscript zero indicates a characteristic value and L is a characteristic dimension. 
For example, if we were to consider the external flow over a cylinder, L could be the diameter 
and V» the free stream velocity. y is the gravitational potential. In terms of these variables 
the equation of motion in vector form is 


ov* : a 1 ae 1 
Se t VV") — VEX(VX VA) = -V8R* + EVE — Vt 42) 
and continuity is Wor, == 10 (4.3) 


Here Ne is the Reynolds number pLVo/» and F, is the Froude number Vi/gL, where p is 
the mass density and » is the absolute or dynamic viscosity. Both numbers are dimension- 
less and represent the two parameters which must be set equal in order to achieve similarity. 
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The total number of relevant Il’s for a given geometry would be the two numbers Nr and 
F,, the dimensionless independent variables r* and t* (if the problem is time independent) 
and one dependent dimensionless variable such as p* or V*. The total number of variables 
and parameters is ten (including the components of r and V and the gravitational potential 
and the viscosity) so that the total number of independent I11’s would be seven. Such is the 
case. Nr and F, together with t*, the three components of r*, and one other dimensionless 
dependent variable such as p* or one component of V* make seven. Once all these seven II’s 
are specified the others follow from the equations since the other Il’s are not independent. 


Now equations (4.2) and (4.3) are entirely dimensionless so that flow over objects of 
different sizes which are geometrically similar should have the same solutions in terms 
of these dimensionless variables if the two characteristic parameters of the fluid, the 
Reynolds number Nr and the Froude number F’,, are the same. 


These numbers have physical significance. The Reynolds number is a measure of the 
ratio of the inertia to viscous force. When the Reynolds number is small, Nr <1, the 
viscous forces dominate and when Nr > 1 the inertia forces dominate. The Froude num- 
ber F, is a measure of the ratio of inertia to the gravity force. By examining equation 
(4.2) we see that when both Nr and F,, are >1 the inertia must be balanced by the pres- 
sure forces. 


In a large class of flows the Froude number is rather large and gravity is unimportant 
and only the Reynolds number becomes of interest in modeling. One exception is in marine 
modeling of ships where gravity waves are very important. Unfortunately, in modeling of 
incompressible flow it is usually possible to make only either the Reynolds or Froude number 
the same for model and prototype. 


In modeling we can set 


A peVo ee OLY o Se (4.4) 
m b = [ = p 


where the m and p represent model and prototype respectively, or we can set 


fe ee Cae as 
Leh OLitwe 7 oly. " : 


but these two conditions cannot be satisfied simultaneously. In aerodynamics the Reynolds 
number is important and condition (4.4) can be satisfied without regard to (4.5) (since 
gravity is unimportant and F’, is very large). However, in marine ship modeling the situa- 
tion is more complex and two experiments must be run, one with the Nr numbers equal (to 
determine viscous drag) and one with the F, numbers equal (to determine the gravity wave 
drag). 

In terms of the Buckingham Pi Theorem then, we would have Ne and F, and we could 
write the dependent dimensionless variables as functions of Nr and F, and the dimensionless 
independent variables. For example, 


p* = f(Nr, F,, r*, t*) 


or any steady function of p* such as lift could be computed as a function of only Nr and F,, 
the variable r* being integrated out. As we will see, the dimensionless lift and drag on an 
object will be functions only of the Reynolds number (for a given geometry, of course). 


There is one other important point to understand now in connection with showing the 
equivalence of the Buckingham Pi Theorem method and the equation normalization method. 
In the latter we have a set of characteristic parameters, such as Nr and F,, which appear as 
coefficients in the governing equations. For a given geometry we say that any dimension- 
less dependent variable depends only on these characteristic parameters and the dimension- 
less independent variables, as we have pointed out above in the case of pressure. Now, on 
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the other hand, if we had started out from scratch without any equations and asked: for a 
given flow what variables are important and relevant in determining some aspect of the 
flow behavior over the body?, we would have had to pick all the relevant variables and 
properties of the flow (such as Vo, L, », p,r, t, etc.) and combine them into an appropriate 
set of dimensionless quantities. Even if we are able to pick all the relevant variables and 
properties, we are still faced with the task of combining them in the most convenient manner 
and then giving them physical interpretation. For example, suppose we ask again: what 
is the pressure distribution in steady flow over a body and what does it depend on? We 
would get for a given shape, 


i — f(L, Vo, TF, [Ly py» 9) (4.6) 


There are nine variables and hence they must reduce to six dimensionless ones. These are 
p*, Nr, F,,r*. r* is a vector and has three scalar components, each of which is an in- 
dependent variable. F', may of course be unimportant in the problem of interest. p* is the 
pressure above the pressure in the free stream of the flow. If we need to know the absolute 
pressure, we would have to introduce an additional parameter, the pressure po in the free 
stream and we would have as a result an additional dimensionless parameter, po/pVo. This 
is not usually necessary since we are mainly interested in the pressure excess in an aero- 
dynamic problem. 


43 PARAMETERS OF COMPRESSIBLE FLOW 


In compressible flow additional parameters enter. In addition to motion and continuity 
we need the energy equation and an equation of state. We introduce the following dimen- 
sionless variables 


pete TT Me Vila dey Vipera cr (4.7) 


in addition to those of the previous section. Here ao is the ordinary sonic speed, ® is the 
viscous dissipation function, k is the ratio of specific heats c,/cv, R is the gas constant, T is 
the absolute temperature, and v is the kinematic viscosity p/p. 


The dimensionless equations then become 


ap* 


Continuity: ate STAR (5 "dl eee (4.8) 
Motion: 
ot |S + ve yyy] 
= vr + aviv + (qrtgy.) Vive Vv) ve Ge) 
Energy: - tleoseeiyt a 
= pa at ee oP pty Wek — M2] + pV" (4.10) 
State: pe = are (4.11) 


In addition to the dimensionless coefficients Nr and F’, which have appeared already in 
the incompressible analysis, three new dimensionless groups appear. These new numbers 
are the Mach number My which is the ratio of the characteristic speed Vo to the characteris- 
tic sonic speed ao, the Prandtl number P, which is the ratio of the kinematic viscosity v to 
the thermal diffusivity «, and k. Thus 


My = Vo/dao and Pavia. = wCp/k 
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where 1 is the viscosity, cp the specific heat at constant pressure, x the thermal conductivity, 
and a is the thermal diffusivity defined as k/pCp. 

The Prandtl] number plays an important role in convective heat transfer since, physi- 
cally, the product NrP, is a measure of the ratio of heat transfer by convection to heat 
transfer by thermal conduction. For most gases P, is of order unity and for liquids P, 
may vary between 0.1 and 0.001. The value of Nr must be small if heat conduction is to 
be important in a fluid. Usually in nature Nr is quite large, much greater than unity, so 
that convection dominates. However, in some situations of engineering interest Nr may 
be less than unity and both conduction and convection become important modes of heat 
transfer. Such is the case in a thin film of lubricating oil in a bearing, for example. 


Many other combinations of the variables are possible to form other dimensionless 
groups, but they are not independent of the ones already mentioned. In certain engineer- 
ing problems it is convenient to introduce other dimensionless groups. Sometimes the term 
6* is written as «B,/NrP,&*, where B, is the Brinkman number defined as B, = iVolalio: 
Further, the ratio of B,/P, is sometimes called the Eckert number EF. Clearly then the 
form of the II’s is not independent and we can choose only one of Mo, B, or E in addition to 
Nr, P, and k (the ratio of specific heats c,/c,) in the energy equation. There is a second 
Reynolds number, Nr, based on the second coefficient of viscosity but it is not important 
except for certain problems such as sound attenuation and dispersion. 


To summarize, we model as follows for incompressible and compressible flow. 
Nr the same: viscous flow and subsonic aerodynamics. 
My and k the same: high speed compressible and supersonic flow. 
Nr and M, the same: compressible boundary layer. 
P, the same: heat conduction. 
Nr, Mo, and P, the same: compressible boundary layer with heat conduction. 
Nr and F, the same: marine ship modeling. 

Usually only one number can be held the same for model and prototype at the same 
time, so that several experiments may be necessary to model various effects of interest and 
such modeling may become rather complex and will not be discussed further here. Often, 
however, two parameters can be simultaneously made the same, as for example k and Mo. 


If air is used for the model and prototype, k is the same and by appropriate scaling Mo can 
be made the same. 


44 ADDITIONAL PARAMETERS INVOLVED IN FREE CONVECTIVE 
HEAT TRANSFER IN FLUIDS 


The equation of motion may be complicated by one other factor, the buoyancy effects. 
These effects give rise to free convection if thermal gradients exist which cause density 
gradients. We assume here that the fluid is essentially incompressible, with a temperature 
coefficient of volume expansion . 


The equation of motion is 
paV/at + (V+ V)V] = —pBg(T — To) + nW2V (4.12) 


where the compressibility effects have been neglected. In such problems there is usually 
no reference velocity and we define a new dimensionless velocity, time and temperature as 


Vi= Vip/p, t= tW/pL?, © = (T—T)M(Ti—T) (4.18) 


where 7:—To is a characteristic temperature difference of the system, so that (4.12) 


becomes 4 
aVt/att +(Vt- V*)vt = -Vv* Vt+oG, (4.14) 
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G, is the Grashof number, gpo8(T1— To) L3/p2. 


In free convection the Reynolds number is unimportant and does not enter. In the 
energy equation, dissipation is usually neglected and compressibility effects are unim- 
portant so that in dimensionless form 


Do ive: 
Dat = pv"? (4.15) 


Hence in free convection, only the Grashof and Prandtl numbers are important. 
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Solved Problems 


4.1. In incompressible time dependent flow oscillating with period + due to a body im- 
mersed in a fluid, what are the parameters which characterize the flow? 


For incompressible flow, only the Reynolds number appears as a dimensionless coefficient. If we 
solve for a dimensionless period r* defined as tV)/L, we can write 


r* = Vo/L = f(Np) 


The dimensionless number 7V,)/L is known as the Strouhal number. Such oscillations occur in the 
shedding of Karman vortices in the wake and will be discussed in Chapter 5. 


4.2. In problems involving surface tension 7;, what new parameters enter? 


The equations of motion are the same as for flow 
without surface tension effects but the boundary con- 
ditions are different. At a liquid-air interface the 
pressure force must be balanced by the surface ten- 
sion, and is not necessarily zero as it must be at a 
free surface without surface tension. A finite pres- 
sure difference, remember, can exist across an inter- 
face (if it has curvature) and be balanced by surface 
tension. Consider a two dimensional case as shown 
in Fig. 4-1. From equilibrium considerations, 


2T,(de/2) = pRde 


where R is the radius of curvature of the surface and 
sing ~ 6 for small 6. Then we can write 


Tat p*R* (po VeL) Fig. 4-1 


s 
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F Ae 2 
having introduced the dimensionless pressure and radius of curvature as p* = p/ppVo and 
R* = R/L. We define a dimensionless surface tension T, as 


f= TfosVol 


so that Yb ay ht (2 


The dimensionless parameter poVol/ T, is called the Weber number. 


In a shallow liquid, small surface disturbances propagate as shown in Fig. 4-2. On 
what parameters does the infinitesimal surface wave speed depend? What dimension- 
less groups are relevant? 


Consider a wave as shown. The speed a 
can depend on the depth A and the value of —— 
gravity g. The only dimensionless group that 
can be formed is 
Il = a4/gh h+Ah 


Here, since the number of variables is three and 

the number of fundamental units (length and 

time) are two, we have one II. Since there is only SS 
one II in the problem, we must say that it is a 
constant: 


Il = a?/gh = constant Fig. 4-2 


It happens here that the constant is unity and a=yVgh, but this result could not be determined 
from dimensional analysis. 


Another point to remember here is that the density of the fluid does not enter. However, one 
might not know this in the beginning and its introduction could lead to irrelevant II’s and possible 
incorrect conclusions. It is always a problem to know just what variables are relevant if we do not 
begin with the basic governing equations. 


When a valve is closed suddenly in a pipe with flowing water, a water hammer wave 
is set up. Such waves can generate enormous pressures causing damage to the pipe. 
Using dimensional analysis, find the maximum pressure generated by this phenomenon. 

We take as the relevant parameters: the maximum pressure Pax, the density p, the initial flow 


velocity Uy, and the bulk modulus 6 (since the wave must be a compression wave of some sort). 
There are two possible independent II’s here. We may pick them as 


Prien? and Us p/B 
Hence we can write Pinax/B = f(Usp/B) 


This is as far as we can go with dimensional analysis. Actually it turns out that p,,.,/8 = (U5 p/ B)*/2 
so that Pyax = VeB Up, but this fact cannot be obtained except by solution of the relevant dif- 
ferential equations. 


As in the previous problem, we can say something about the speed of propagation of this water 
hammer wave. The wave speed a depends on the density p and bulk modulus £ (if one is fortunate 
cnough to guess this correctly), so that the only II that can be formed is a29/8 and it must be a 
constant. Again, the actual speed is VB/p. 


In subsonic aerodynamics, how can we model lift on an airfoil? 


The lift on a body may be found by integrating the appropriate component of the normal pres- 
sure force on the body over its surface. The pressure is found from the equation of motion. In 
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4.6. 


4.7. 


steady flow the dimensionless pressure depends on the location of the body, r*, and on the Reynolds 
number; however, usually the Reynolds number dependence is slight, and if the flow is streamlined, 
as in a true airfoil, the Reynolds number dependence may be neglected. For a given geometrical 
shape the pressure may be integrated over the body to eliminate the r* dependence as we find the 
lift L. However, even for a given geometrical shape, the angle of attack 6 (the relative angle at 
which the free stream flow approaches the body) affects the lift. 


Referring to Fig. 4-3, it follows that 


¥ dA 
rites glen j 
A 
where y is a unit vector in the y direction, and P 
0 
if = aioe. = =a) p*y > dA* = iO pena cyte 
pVo Ao 


where Ay is a characteristic area of the airfoil and 
A* = A/Ay. Therefore the lift may be written 


Ln = G6) pV Ate Fig. 4-3 


where C, is known as the lift coefficient. The factor 2 is introduced by convention so that eVil2 may 
be interpreted as dynamic pressure. In experiments the lift coefficient is usually determined as a 
function of 6 for a given shape airfoil. 


In subsonic aerodynamics, how do we model drag? 


The drag is caused mainly by skin friction, although if the body is not streamlined a wake will 
occur and the low pressure in the wake will dominate the skin friction (viscous drag due to the 
boundary layer). In the flow over an airfoil there is also an induced drag which is brought about 
by the effective angle of attack changing due to the downwash. The lift, which must be at right 
angles to the local effective free stream flow, then has a component in the main free stream direction 
(that is, opposite to the direction of motion of the body through the fluid). 


The induced drag D may be formulated in terms of a pressure integral, and as for lift we can 
write : 
D = Cp pVoAo/2 
when C,(6) is the drag coefficient. 


If we consider bodies which are not streamlined and in which the major portion of drag is due 
to viscous drag and the low pressure wake, the flow is highly sensitive to the Reynolds number 
(unlike lift and induced drag) and we can write that the integrated skin friction and wake drag 
must be a function of Reynolds number (for a given geometrical shape). Of course we could still 
have an angle of attack dependence, but we assume now that the angle of attack is held constant 
as the Reynolds number is varied. Actually the angle of attack is not a useful variable then, since 
the body is not streamlined and the angle of attack is not very meaningful. A different angle of 
attack is considered a different geometry. Then the drag can be written in dimensionless form as 


2 i a 7g = ‘FNR) = Orla) 
04-0 


so that we retain the concept of drag coefficient but say that it may not be a constant for a given 
geometry but depends on Np. In the general case we can say for any airfoil with separating 


boundary layer or not, 
Cp = F(Nr; 6) 


In a pipe the pressure drop depends on the wall friction which in turn depends on 
whether the flow is laminar or turbulent. If the flow is laminar the wall friction 
depends on the viscosity. If the flow is turbulent the wall friction depends on the 
Reynolds number and the roughness of the wall. How can this pressure drop be 


modeled ? 
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The calculation of pressure drop, Ap, in a pipe of length L must be based on the equation of 
motion. Hence the dimensionless pressure drop per unit length along the pipe must depend on the 
Reynolds number and pipe roughness, which can be represented as the ratio of the mean height 
of surface asperities to the diameter, «/D. Hence 


A * 
an = h(Np, e/D) 


if we define the dimensionless length L* as L/D, where D is the pipe diameter and h is a function of 
Nr and the roughness of the pipe. In terms of pressure p, 


Ap* Ap D _ 
L* Vile h(Np, «/D) 
Now the head loss in feet is H,, (in engineering units), so that we can write 
= AB BOT VE 
L aaa po a L* Dg 
d Fe oe aeerH ae ere eee 
an iG = L WL —_— R> € —— 


The function (Np, roughness) is written as f/2 where f is the friction factor, a dimensionless num- 
ber which depends on the Reynolds number and also on roughness if the flow is turbulent. Finally, 


Experimental data for friction factors are of vital importance in pipe flow problems. 


Solve Problem 4.7 using the detailed Buckingham Pi method. Consider the flow of a 
fluid in a pipe. Determine the important II parameters for such a flow. 


First we have to guess the important physical quantities. We will assume that they are the 
following. M, L and T indicate dimensions of mass, length and time, respectively. 


Physical Quantity 


Dimension 


where e is some average height of the wall roughness and dp/dx is the pressure change per unit 
length in the flow direction. 

We have 6 physical quantities involving 3 primary dimensions and therefore there will be a 
maximum of three II terms. We will now determine the II terms taking 4 physical quantities at a 


time. 
V1 D1 pp = (LT) Ls (ML-3)4 ML-1T-1 = ML 70 


Then [by DO ese by ok Se, WE > yeh = Op DP oy SN SY) 


from which 2; =—1, +, =-—1, y,;=-—1. Thus 


u/pVD or Tl, = pVD/u 


Ty 


By the same procedure we can take 


D2 p¥2 p#2e = ML T° and V%s p¥3 Des dp/dx = ML T° 
: _ (dp/dx)D 
and obtain is, = GD. le = eae 
Then we have Iz = A(II,, Mo) and 
dp/dx)D 
eee = MpVDIu, I/D) = MNp, <D) 


where h indicates a functional relationship. 


The functional relation among these quantities is determined experimentally. These results 
are shown graphically in Chapter 5 and are called the Moody or Stanton diagram. 
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4.9. 


4.10. 


The usefulness of dimensionless quantities is readily apparent in this example. An enormous 
amount of experimental work would have been required if we were to vary each of the five physical 
quantities independently, whereas by reducing the number to three dimensionless quantities a com- 
plete experimental program can be reasonably performed. 


It is customary to write the head loss in a pipe of length L as Hy; = Ap/pg where Ap is the 
pressure drop in the pipe. Then Ap/L =dp/dx and we can write, using the results above, 


‘: Pi -3D ’ 
Hy — Flees = one = a function of (Np, -(/D) = f/2 


where f is the friction factor, defined by the above equation. In terms of f then, we can express the 
head loss as H, = (fL/D)(V2/2q). 


An airfoil of surface area 1 ft? is tested for lift L in a wind tunnel. At an angle of 
attack of 5° with standard air of density 0.0024 slugs/ft®? at a speed of 100 ft/sec, the 
lift is measured as 7.0 pounds. What is the lift coefficient C.? For a prototype wing 
of area 100 ft?, what is the lift L, at an air speed of 100 mph at the same angle of 
attack, 5°? 


C, may be computed from the data taken on the model. 


ss L a 7.0 es 
Cri, os) ~  1(0.0024)(100)2/2 oo 
Then for the prototype C, is the same and we find the lift L, as 
L, = (C_ApV 6/2)» = 0.58(100)(0.0024)(100 x 88/60)2/2 = 1500 lb 


Discuss the modeling of a pump or fan for an incompressible fluid. 


The modeling is essentially the same for a centrifugal or axial flow machine. The important 
parameters which describe the performance of a machine are the power input P, the head H 
produced across the machine, and the efficiency 7. For a given geometrical design the performance 
is characterized by the following related variables: gH, head increase across the machine; p, fluid 
density; w, angular velocity of the rotor; D, mean diameter of the rotor; u, fluid viscosity; Q, fluid 
flow rate. 


P and 7 are not independent variables, but are functions of the variables listed above. It is 
convenient to introduce the head as gH instead of H since the product gH represents the shaft work 
per unit mass of fluid and is independent of g. Hence we can write 


P = fy(, », D, Q, u, 9H) 
n = f2(e, , D, Q, u, 9H) 
We apply the Buckingham II Theorem to each equation and obtain a convenient set of II’s as 
P/pw®D® = f3(Q/wD8, pwD?/u, gH/w2D?) 
s n = f4(Q/wD8, pwD?/u, gH/w2D?) 


It is important to note here that the two II’s (P/pw8D5 and 7) are not independent and are determined 
once the other II’s are known. 
Now since the three independent primary II’s are independent, we can express one as a function 


of the others as 
9H/2D2 = f5(Q/eD8, pwD?/n) 


and hence we can write P/pw8D>5 = fe(Q/wD?, pwD?/u) 
n = f7(Q/eD%, pwD?/n) 


From experimental data it is known that viscosity and hence the Il pwD?/y is rather unim- 
portant in determining the performance of a pump or fan. Hence it can be neglected and we obtain 
finally for a given design configuration, 
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GH/«2D? = fg(Q/eD3), — P/pw®D® = fg(Q/wD3), 1 = fio(@/eD*) 


Experimental data are usually expressed as a plot of the Tl’s gH/w?D?, P/pwD® and 4 versus 
Q/wD3 for a given machine. 


Supplementary Problems 


A model of a subsonic wing is tested in a laboratory wind tunnel and the following data taken. 


Lift (pounds) 


Angle of attack, 6 


The model is tested with standard air at a speed of 100 ft/sec. The total area of the model 
wing is 1 ft?. 

Plot the lift coefficient C, vs. 6. For a prototype wing of area 100 ft?, what would be the lift 
for an air speed of 100 mi/hr and an angle of attack of 5°? 


A new type of interior finish has been developed for oil pipelines. This finish is applied to a sample 
12” I.D. pipe for testing. A 100 ft length of the sample pipe is tested with water (at room tem- 
perature) with varying flow rates. The following data were taken: 


Pressure drop across pipe (ft of water) 


Flow rate (gal/min) 


Plot the friction factor f (as defined in Problem 4.7) vs. the Reynolds number. For a real pipe of 
12” I.D., what pressure drop in psi would occur per mile of pipe for a flow rate of 5000 gal/min of 
crude oil? Convert the pressure drop into feet of oil and into feet of water. 


A model of a hemispherically shaped dome cover is to be tested in a wind tunnel for lift and the 
lift coefficient C;, determined. The real dome is subjected to 100 mph gales in the Arctic at tem- 
peratures of —40°F. If the model is to be made 1 ft in diameter and the real dome is 50 ft in 
diameter, what should be the wind tunnel speed if standard air is used? Does the speed matter? 
Could you achieve Reynolds number modeling here? 


A nonretractable streamlined landing gear for a small plane is to be modeled 4 scale for drag in a 
small wind tunnel. The wind tunnel uses standard air. The frontal projected area of the model 
is 0.5 ft?. If we wish to determine the drag on the prototype operating at 100 mph, the cruising 
speed, at what speed should the wind tunnel be operated? Operating at the proper speed, the wind 
tunnel gives a drag of 20 pounds. What would be the drag on the actual gear at the cruising speed? 
What is the drag coefficient Cp? 


barrier in an open channel and which is used for measuring 
the flow rate. The notch may be of varying shape and the 
height H of water in the notch is a measure of the flow 
rate. Show that for a triangular notch as in the figure, 
if the water is fairly deep and the effects of surface tension 
and viscosity are neglected the flow rate Q can be approxi- 
mated by Q = CVg H°/2 where C is a constant. From ex- S 
periment it has been found that C can be represented by S 


In Fig. 4-4 is shown a weir which is a notch in a dam or \e ; ~y 
AOE 


Z 
Vy Yh YY 


SS Ss 
C = 0.44 tan do. Fig. 4-4 
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4.18. 


4.19. 


4.20. 


4.21. 


4.22. 


4,23. 


The flow of a liquid through a pipe may be measured by a flat plate orifice inserted in the pipe as 
shown in Fig. 4-5. A pressure gage on each side of the plate gives the pressure drop across the 
orifice, and from this data the flow rate may be calculated for a given fluid. If we assume that 
the flow rate depends on Ap across the orifice, the fluid density p, the pipe diameter D, and the 
orifice diameter Do, show that the flow rate may be expressed as Q = CD» V2Ap/p. Is C a constant? 
Explain. 


Pi P2 


Fig. 4-5 


In astronomical and cosmological calculations where the distances and times involved are so large 
compared to our ordinary units, it is sometimes convenient to employ a special system of units. 
For one such system of units the following universal constants are taken as unity for simplicity 
in making calculations: velocity of light, c= 1; mass of the sun, M=1; Newtonian gravitational 
constant, K =1. (K is defined as follows: Two masses attract each other according to the gravita- 
tional law F = KM,M,/r?. F is usually given in dynes, the masses in grams, and r in centimeters.) 
It is desired to determine the fundamental units of M, L and T in this new system where the 
given universal constants are unity, and to relate these new units to our ordinary system of units of 
grams, cm, sec, etc. That is, how many cm make up the new astronomical unit, and how many sec 
make the new astronomical unit of time? Do the same for mass. 
Data: Mass of sun, 1.98 X 1033 grams 
Velocity of light, 101° em/sec 
Gravitational constant (K), 6.67 x 10-8 gm~! cm3 sec—2 
Note: What about the force; will it still be dynes even in the new system of units? 


Discuss the modeling of a propeller. Assume the thrust depends on the diameter D, the fluid 
density p and viscosity pu, the velocity V of the propeller through the fluid, and the angular velocity 
« of the propeller. ; 


The propeller of a. ship 800 ft long is 10 ft in diameter and rotates at 100 rpm. If a model ship 
8 ft long is to be tested in a towing tank, discuss the conditions of the propeller test in order to 
achieve meaningful modeling. 


A small ship 100 ft long is designed to move at 20 mph through fresh water. Find the kinematic 
viscosity of a liquid suitable for similitude tests with a model 5 ft long. 


Analyze a turbine using an analysis similar to that of Problem 4.10. The results are the same 
except that the terms must be interpreted in terms of the performance of a turbine instead of 


a pump. 


A pump tested at 1000 rpm delivers 5 ft#/sec of water against a head of 200 ft. The power neces- 
sary to run the pump is 200 hp. Calculate the efficiency of the pump. A geometrically similar pump 
of three times the diameter is made to run at 500 rpm. Find the flow rate, head and power for the 


same efficiency. 


A rather well-known cookbook gives the following table for turkey baking. 


Weight of turkey, lb 6-10 10-16 18-25 


Time required per pound, min/lb | 20-25 18-20 15-18 


From dimensional analysis considerations you should be able to obtain this information from just 
one bit of experimental information. That is, from only the information that a 6-10 pound turkey 
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takes 20-25 min/lb to bake, you should be able to construct the table and extrapolate to heavier 
turkeys or fill in a more complete table. 


Hint. Consider two geometrically similar turkeys, both at an initial temperature 7) and to be 
baked to a temperature T.. in an oven at temperature 7,. A dimensionless temperature may be 
defined as 0 = (!—T )/(T,— Tp), and a dimensionless time may be defined as 7 = at/L* where a 
is the thermal diffusivity of turkeys, L is the characteristic dimension, say the length, and ¢ is time. 
It can be shown (do it) that the following formula is valid: 


(baking time) X (weight of turkey)—2/2 = constant 


In experiments on heat leakage through the walls of home freezers, a test was made on a specially 
insulated box about 3 x 3 x 4 ft in size. With the box initially at 70°F an incandescent light bulb 
was used to maintain a constant flow of heat to the interior of the box. The outside surface of 
the box was maintained at 70°F. Data on the temperature rise of the inside surface over the outside 
surface are given below. 


(a) Plot the data on temperature rise versus time in terms of dimensionless groups so that it can 
be applied to other problems of a similar nature. One group should contain temperature but 
not time and the other group should contain time but not temperature. 


(b) Determine the temperature difference that should be expected at the end of 15 minutes under 
conditions exactly the same as those of the test except with a wall thickness only one-half as 
great. 


Data: 


a 
renpenwereaeracs P| | ase | ws | wo | ws | wo | a9 | 


Rate of heat flow per unit area = 6.09 BTU/hr-ft2 
Thickness of insulation = 2 in. 

Conductivity of insulation = 0.0209 BTU/ft-hr-°F 
Thermal heat capacity of insulation = 4.85 BTU/ft®-°F 


NOMENCLATURE FOR CHAPTER 4 


a = sonic speed R = gas constant 
B, = Brinkman number = uVe/kT r = position vector 
Cp = drag coefficient T = absolute temperature 
Cy, = lift coefficient t = time 
Cp = specific heat at constant pressure V = velocity vector 
Cy, = specific heat at constant volume ( )o = free stream value 
D = drag force, diameter ( )* = dimensionless variable 
E, = Eckert number = B,/P, ( )t = dimensionless variable 
f = friction factor a = thermal diffusivity = «/pc, 
F,, = Froude number = Vi/gL B = volume coefficient of 
G, = Grashof number thermal expansion 
= 9PZB(Ts — Ty) L?/u2 () = dimensionless temperature 
g = acceleration due to gravity K = thermal conductivity 
k = ratio of specific heats = c¢,/c, Ub = absolute viscosity 
L = characteristic length, lift force y = kinematic viscosity 
M = Mach number = V/a Il = dimensionless group 
Nr = Reynolds number = LV /p p = density 
P, = Prandtl number = »/a = pe,/« co = dissipation function 
p = pressure yp = gravitational potential 


Chapter 5 


Boundary Layer Flow 
and Flow in Pipes and Ducts 


5.1 INTRODUCTION 


One of the most important advances in fluid mechanics was contributed by Prandtl in 
1904. He suggested that fluid motion around objects could be divided into two regions: a thin 
region close to the object where frictional effects are important, and an outer region where 
friction may be neglected. This chapter is concerned primarily with the region where fric- 
tion is important (the boundary layer), while Chapter 6 is concerned with flows of negligible 
friction (potential flow). 

In this chapter we will look at the basic character of flow with friction. We will examine 
the methods of determining (1) the size of the boundary layer, (2) the resulting velocity 
distribution, (3) the pressure distribution, and (4) the force of a fluid on a solid surface. 

It is convenient to split the main topics in terms of “external flows” and “internal flows”’. 
External flows occur around solid objects, and internal fiows occur inside objects such as 
pipes and channels. While the differential equations describing these flows are essentially 
the same, the boundary conditions are different so that the resulting flows are entirely 
different. 

The less complicated flows will be studied first. This means that laminar flows will be 
considered first, then turbulent flows. While some space in this chapter is devoted to tur- 
bulent flow, Chapter 9 considers this subject in much greater depth. 

Before considering the details of the equations and solutions of boundary layer flows, 
we will make some general observations of engineering importance concerning the physical 
character of the boundary layer which is illustrated in Fig. 5-1. 


U, free stream 
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Fig.5-1. Velocity distribution in the boundary layer. 


There is no precise dividing line between the potential flow region where friction is 
negligible and the boundary layer, but it is customary to define the boundary layer as that 
region where the fluid velocity (parallel to the surface) is less than 99% of the free stream 
velocity which is described by potential flow theory. The thickness of the boundary layer, 8, 
grows along a surface (over which fluid is flowing) from the leading edge. At the leading 
edge of a flat plate the thickness is zero, but on the front of a blunt body such as a cylinder 
there is a finite thickness even at the stagnation point. 
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The flow within the boundary layer begins as laminar flow, but as the layer grows along 
a surface a transition region occurs and the flow in the boundary layer may become turbulent 
if the surface is long enough. The laminar-transition-turbulence sequence occurs in all 
flows, if the surface is long enough, regardless of whether the free stream is laminar or 
turbulent, but as the degree of turbulence in the free stream increases, the transition from 
laminar to turbulent flow in the boundary layer occurs earlier, that is, closer to the leading 
edge. 

It can be shown that even in flows where the pressure varies along the surface, such as 
flow over a curved surface, the pressure variation normal to the surface is negligible through 
the boundary layer. It is assumed then that the pressure distribution in the boundary 
layer is imposed by the potential flow free stream pressure gradient just outside the bound- 
ary layer. In many problems the boundary layer is so thin that the potential flow solution 
may be computed neglecting the boundary layer entirely and that solution used to find the 
pressure distribution for the boundary layer calculations. This approach is employed in 
aerodynamics to find the flow over streamlined bodies such as airfoils (see Chapter 6). 


The shape of the velocity profile and the rate of increase of the boundary layer thickness, 
8, depend on the pressure gradient, dp/dx. For example, if the pressure increases in the 
direction of flow, the boundary layer thickness increases rapidly and the velocity profiles 
will appear as shown in Fig. 5-2. If this adverse pressure gradient is large enough, then 
separation will occur followed by a region of reversed flow. (The separation point is defined 
as the point where du/dy|y=.= 0). If the pressure decreases in the direction of flow, the 
boundary layer thickness increases slowly. wu is the velocity parallel to the wall (in the x 
direction) and y is the coordinate normal] to the wall. 
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Fig.5-2. Velocity profiles for flow on a flat plate where 
dp/ax > 0. 


The effect of a pressure gradient is very important in establishing the flows in diffusers 
and nozzles and around objects. The diffuser, illustrated in Fig. 5-3, has a positive pressure 
gradient. Thus the boundary layer grows rapidly and if the diffuser angle of divergence 
is too large, separation will occur. This separation results in a diffuser of poor performance 
since the resulting pressure recovery would not be as large as that of a diffuser operating 
without separation. The design of diffusers is one of compromise of length and angle. 
If the angle is too large, separation will occur and if the angle is too small, an excessive 
length is required to obtain a given pressure, resulting in large friction losses. 


The nozzle, in contrast, involves flow with a decreasing pressure in the direction of 
flow (favorable pressure gradient). As a result, the boundary layer remains relatively small 
as shown in Fig. 5-3 below. Separation is not a problem in nozzle flows and the design 
problems for nozzles are somewhat simpler. 
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i Boundary layer edge 


Boundary layer edge 


(a) Subsonic diffuser (6) Subsonic nozzle 


Fig. 5-3. Comparison of diffuser and nozzle flows. 


The potential flow solution for the flow past an object as shown in Fig. 5-4 predicts a 
decreasing pressure over the front portion of the body and an increasing pressure over the 
rear portion. Again, there results a relatively thin boundary layer over the front portion 
and a thick boundary layer and possible separation over the rear portion. In many flows 
one finds that the boundary layer is so small over the entire body that a solution neglecting 
viscosity completely (i.e. a potential flow solu- 
tion) gives accurate results for the pressure dis- apie <0 aplax > 0 
tribution. Such is the case for flow over Flow / Boundary layer edge 
streamlined airfoils, for example. However, if ee ee 
the body is blunt in the rear and the wake 
becomes appreciable because of boundary layer 
thickening or separation, the potential flow 
solution is incorrect except over the front por- 
tion of the body where the boundary layer is Fig. 5-4. External flow effect of pressure gra- 
thin. dient of boundary layer growth. 


5.2 EXTERNAL FLOWS 
(a) Flow Over a Flat Plate 


The flow over a flat plate is characteris- 
tic of external flows in general. This flow is 
shown in Fig. 5-1. The boundary layer thick- 
ness is zero at the leading edge and increases 
with distance along the plate surface. 
The early portion of the boundary layer 
is laminar but may be followed by a transi- 
tion region where the flow changes from 
laminar to turbulent. This transition re- 
gion actually consists of bursts of turbu- 
lence which spread until they intermingle 
to result in a fully turbulent region as U 
shown in the top view of Fig. 5-5. These 
turbulence bursts do not have fixed, loca- 
tions but continually move. Thus we see 
that while the fully laminar flow region 
may be steady and two-dimensional, the 
transition region and the fully turbu- 
lent regions are unsteady and three-dimen- 
sional. Fig.5-5. Boundary layer flow over a flat plate. 
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The exact solution to the appropriate equations describing the laminar boundary layer is 
difficult and only a few simple problems can be treated easily. The solution to the flow over 
a flat plate cannot be expressed in closed form and an infinite series expression, known as 
the Blasius solution, is necessary. 

Several approximate methods for treating laminar boundary layer flow have been 
developed. Below we will discuss one, the momentum-integral method which is of great 
importance in many types of boundary layer calculations. 

The chief results of the Blasius solution and integral method for the flat plate are then 
discussed and compared. 


(b) von Karman Momentum-Integral Equation 

Consider the control volume for flow over a flat plate as shown in Fig. 5-6. We will 
write the momentum equation for this control volume for the x direction; see equation (3.9). 
We have 
Fs, = 18 pVzV°dA 


ed 
| 
| 


op 
pW s +—— (p+ re da) (8 + ds) 


tees 


(a) Forces on control volume 


(b) Mass flux 


i} 

l | 
| 

6 | | 
| | 


ee WY, 7: Y, YY 


x d 


Fig.5-6. Development of boundary layer integral equations. 
W is the width of the plate (in the z direction). 
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The surface forces are 
P., = pWe — (p+ sBdx\(a-+da)W — 7,Wax 


where W is the width of the plate, 5 is the boundary layer thickness, and r, is the shear 


0 
stress on the wall defined as T, = ». OU/dyly=o. Neglecting second order terms and simplifying, 


Before we determine the momentum flux terms, we will consider the mass flux. As shown 
in Fig. 5-6(b) there will be mass flux across three faces. The mass flux m across the top 
surface then is 


0 
a 6 
= -wi(f pu dy ) dx 


where u is the x component of velocity. The x momentum flux M; of the fluid crossing the 
top surface is 


3 r 8 
ee ieee eel pUndy ) de 
OX \ Jo 


where U is the free stream velocity (in the x direction), and the total momentum flux is 


5 F) 6 
° — 2 ee, 
af pV:V-dA wif purdy + 3 ff pu? dy ) de | 


5 
Simplifying, f pVVdA = We | § puu-U) ay | da 
C.S. ax 0 
So that finally the complete momentum equation becomes 
ap i imey 
et eran a ; pu(U — u) dy (5.1) 


If the external pressuré gradient is zero, the equation becomes 


d 5 
iio = da F pu(U —u) dy (5.2) 
An approximate boundary layer thickness may be obtained for incompressible laminar 
flow by assuming a reasonable velocity distribution and substituting into equation (5.2). Let 
us choose a third degree polynomial velocity distribution as 


ulU = 3(y/8) — ¥(y/8) (5.8) 


The coefficients are determined by satisfying the boundary conditions that uw=0 at y=0, 
u=U at y=5, and du/dy=0 at y=5. Then we determine ;, as 


= 15th. 7 ans) 

roman oY phon gt 2 ioe 
where » is the fluid viscosity. Substituting the velocity distribution of equation (5.3) into 
equation (5.2) and integrating, we have 
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SA wetteee aon 
an ~ 980°" dx 


Separating variables and integrating, 


8/x = 4.64/\/Ux/v = 4.64/VNr, (5.5) 
where » is the kinematic viscosity and Nr, is the Reynolds number based on the length x. 


Now we can combine equations (5.4) and (5.5) to obtain 


+, = 0.823pU2/\V/Nr, (5.6) 


0 


The skin friction coefficient C; is defined as C; = 1,/(4pU?), so that we find the approximate 


value of C; as 
Cy = 0.646V//Ux = 0.646/\/ Nr, 


This value of C; is based on the third degree polynomial approximation for the velocity 
profile. In the next section we will find a more exact value of C; and compare the two. 


The same procedure may be used to determine the rate of boundary layer growth for 
turbulent flow. However, in turbulent flow it is necessary to use an empirical velocity 
distribution and wall shear stress. Blasius found that for smooth surfaces, 


Uy = 0.0225pU?(v/U8)!/4 


0 
The power law velocity distribution discussed on page 82 will be used, where 
Ui) AO leae 


Substituting the above shear stress and velocity distribution into equation (5.2), 
8/x = 0.876(Ux/v)~'° = 0.376(Nr,)~ 1” 


where it is assumed that the boundary layer is turbulent from the leading edge. The shear 
stress is in terms of the distance z: 


7) = 0.0286pU%»/Ux)!/> = 0.0286pU2(Nr,)-5 


0 


(c) Prandtl Boundary Layer Equations and the Blasius Solution 


If we consider incompressible laminar flow at large Reynolds number over a flat plate, 
the Navier-Stokes equations reduce to 


ou Ou 1 op ou 
U a ae @ ay = — Es ax qe oy? (5.7) 
op op 
where ay < ae (5.8) 


and u and v are the x and y components of velocity respectively and the flow is assumed to 
be incompressible with a constant viscosity. These equations may be derived by an order 
of magnitude analysis of the complete Navier-Stokes equations. The reader may refer to 
reference 9, page 92, for the details. 


The continuity equation is 
Sat ee (5.9) 


Thus the problem reduces to two equations and two unknowns, wu and v. The pressure gra- 
dient dp/dx is determined from the flow outside the boundary layer where the viscous effects 
can be neglected. This problem is taken up in the next chapter. 
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Consider flow over a flat plate with zero pressure gradient. The equations for this 
flow are 


with boundary conditions: w=v=0 at y=0; u=U at y=~. It is assumed that the 
velocity curves at different axial locations are similar in shape (which is indeed the situation 
here) and thus may be written as 


u/U = g(y/s) 
where g(_ ) is a functional notation. 
Further, we let 
7 = yVUla, w= d/ay, v = —df/dx, yp = VvaU f(r) 

where y is known as the stream function and f is an unknown function to be found. Then 

in terms of the stream function y, the momentum equation becomes 
dy Oy dy OY 
dy dydu dxdy? —S ay 


And in terms of f we have the ordinary dif- 
ferential equation 


dn? dye 
and the boundary conditions: f=f’=0 at a 
»=090; f/=1 at »=. This equation was 
solved by Blasius [see reference 2, page 92] / 
by a series expansion. The result is shown in 
Fig. 5-7. 0.6 ; 


Since the skin friction coefficient is defined “1s 
by C;=7,/(4eU2) where 7, = »du/dyly=0 we 
find C; as 0.4 
Go oe pees 
‘ dn? |n=0 
From the Blasius solution, d?f/dy?|n=0 = 0.332 0.2 
and we have 
Cr = 0.664,/»/Ux = 0.664// Nr, 
0 
8 


Comparing this value of C; to the one obtained 
previously by the integral method, we see that n=yVU/va 

the third degree polynomial approximation 

leads to an error in Cy of only about 2.7%, Fig.5-7. Velocity distribution for laminar 
which points out the value of the approximate flow along a flat plate with zero 
methods. pressure gradient [ref. 2, page 92]. 


(d) Turbulent Boundary Layers 


There is no completely analytical solution for the mean velocity distribution in turbulent 
flows even for such simple situations as flow over a flat plate and fully-developed pipe flow. 
The purpose of this section will be to present the semi-empirical methods for describing mean 
velocity and pressure distributions in turbulent flows. In all of the methods that follow, the 
results will apply only to two-dimensional flow. 


82 


(il) 
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Power Laws 

The power laws come from Blasius’ resistance formula for smooth straight pipes. 
They apply as well, however, to other channel flows and two-dimensional boundary 
layers. We shall assume that the walls are smooth and that the pressure gradient is 
negligible. 

If we assume that the skin friction coefficient, C;, can be expressed as a power 
function of Reynolds number, (based on 8), we have 


constant 
= — 10 
Cr = “ashy S29) 
where U is the centerline velocity for pipe flow and the free stream velocity for bound- 
ary layer flow. & is the radius for pipe flow and boundary layer thickness for flow over 
a flat plate. Then from the definition of C; and equation (5.10), 


U/ue = (constant)(u,3/v)"?-™ (5.11) 


where we have introduced the friction velocity wu, defined as \/7,/p. We assume that the 
velocity, wu, at any distance from the wall, y, may be expressed by an equation similar 


to (5.11), obtaining 
u/u, = (constant)(ury/v)"/?~-™ (5.12) 


If we further assume that the mean velocity profiles are similar and combine equa- 
tions (5.11) and (5.12), we obtain 
ulU = (y/s)m/e-m (5.13) 


It is found that by taking m=4, equation (5.13) expresses the variation of fric- 
tion coefficients in pipes for 3000 < U8/v < 70,000. This then is the advantage of in- 
troducing the power law distribution. Ideally one would hope for no change in the 
exponent m. And, since it varies but weakly with Reynolds number, it is found to be 
useful in many engineering calculations. 


For pipe flow the equations become 


Cy = 0.0466(U8/v)~ 1/4 ; 
Pipe flow 
Ulu, = 8.74(ury/v)*/7 
3000 < Nr < 70,000 
ufU = (y/s)/7 


For increasing values of Reynolds number the exponent m for the above equation de- 
creases [see reference 9, page 92]. 


Law of the Wall 


If we assume that there is a region close to the wall where viscosity is important 
and that the wall shear stress is the important constraint on the flow (i.e. pressure 
gradient can be neglected), we may write the following functional relationship for the 
velocity distribution: 

i 1d Y, by p) 


By dimensional analysis we have 
ulur = f(yur/v) (5.14) 


Equation (5.14) is the expression for the “law of the wall’. It says that if one plots 
yu-/v vs. u/ur for many different flows there will be a single curve. This has been verified 
experimentally for a variety of flows. For example, the results hold well for smooth 
surfaces and moderate pressure gradients even at large distances from the wall (but 
not for the outermost portion of the boundary layer). The effect of large adverse 
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pressure gradients is to cause deviations from the law of the wall to occur closer to the 
wall. Some experimental results are shown in Fig. 5-8. 


A Klebanoff & Diehl [ref. 6, p. 92] // / Area of experimental data 


Equation (5.16) © Nikuradse [ref. 8, p. 92] 


ee 
itl 


Equation (5.17) 
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Fig.5-8. Velocity distribution for the law Fig.5-9. Velocity distribution for 
of the wall. wu, is the friction velocity defect law. 


velocity, Vro/p. 


(iii) Velocity Defect Law 


(iv) 


We now assume that the viscosity is no longer important for the outer portion of 
the boundary layer. We assume that the velocity defect (U—w) depends on the shear 
stress at the wall and the distance 8 to which the effect has diffused from the wall. 


Then Te Ge tie) 
and by dimensional analysis we have 

(U—u)/ur = g(y/8) (5.15) 
The velocity defect law is satisfied experimentally for zero pressure gradient flows for 


the outer portion of the boundary layer. It is independent of wall roughness. The 
results are shown in Fig. 5-9. 


Logarithmic Forms of Law of the Wall and Velocity Defect Law 


It has been observed that there is an intermediate region of overlap where both 
the law of the wall and the velocity defect law hold simultaneously. In this region of 
overlap where both laws are valid it can be shown that the functions f and g mentioned 
above must be logarithmic. That is, equation (5.14) becomes 


u/ur = Cyln (yur/v) + Co (5.16) 

and equation (5.15) becomes 
(U—w)/u, = Csln (y/d) + Cs (5.17) 
The constants C1, C2, C3 and C4 are determined experimentally and there are slight varia- 
tions in these quantities as reported in the literature. Clauser [ref. 3, page 92] gives 


Ct = 2.44, C2 = 4.9, C3 = —2.44, C. = 


Comparison with experiment is shown in Fig. 5-8 and 5-9. 
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(e) Drag and Lift 


Whenever an object is placed in a moving fluid (or moves through a stationary fluid) it 
will experience a force in the direction of the motion of the fluid relative to the object (drag 
force, D) and it may experience a force normal to the flow direction (lift force, L). These 


forces may be expressed as 
D = Cpn(pV?/2)A (5.18) 


L 


I| 


Ci(pV2/2)A (5.19) 


Here A is the characteristic area which is usually the surface area or the projected area 
normal to the flow direction. Equations (5.18) and (5.19) define the drag coefficient Cp and 
the lift coefficient Cr. In all except a few cases these coefficients must be experimentally 
determined and they generally depend on the Reynolds number. 


The drag and lift forces are caused by the sum of the tangential and normal forces at 
the surface of the body. The drag due to tangential stresses is called friction, skin friction 
or viscous drag. This kind of drag is most important where the surface area parallel to 
the flow direction is large compared to the projected area normal to the flow. For example, 
skin friction drag accounts for all of the drag on a flat plate aligned with the flow. 


The drag due to normal stresses is called form or pressure drag. Pressure drag is more 
important and often dominant for bluff bodies. In Chapter 6 it is seen that if the fluid 
passing the object were frictionless, and thus there were no boundary layer, the drag force 
would be zero. However, the fluid is not frictionless and a boundary layer exists. The 
boundary layer grows more rapidly for an adverse pressure gradient and if the pressure 
gradient is large enough, separation may occur. The large boundary layer or wake over the 
rear portion of the body results in a lower pressure than would be obtained for frictionless 
flow. This reduced pressure on the rear portion of the body, then, results in a net force in 
the direction of flow. This is shown in Fig. 5-10. 
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Fig.5-10. Effect of boundary layer on pressure distribution 
along the surface of an object. 


We see that in order to reduce pressure drag it is necessary to reduce the magnitude 
of the adverse pressure gradient over the rear portion of the body and to prevent separation 
if possible. This means that there should be a long gradual taper over the rear portion of 
the body. However, if the body is too long, the gain by reducing the pressure drag may be 
offset by the increase in skin friction drag. The problem of the design of a body for mini- 
mum drag is one of compromise between skin friction drag and pressure drag. 
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Table 5.1. Drag Coefficients 


Reynolds No. Characteristic Characteristic 
Range Length Area 


Flat Plate 


(Tangential) laminar 


Plate 
surface 


—_ 
pee r Jas Np < 107 area 


Flat Plate 
(Normal) 


Plate 
surface 
area 


Circular Disk 
(Normal) 


rai 
d 
= 


Projected 
area 


103 < Nz < 3X 105 


Hollow Hemisphere 
104 < Np < 108 


é Projected 


d 
area 
. dl 42° 104 < Np < 108 


eel: 


104 < Np < 106 
Projected 
area 
104 < Np < 108 


103 < Np < 105 


Projected 
area 


Projected 


3.5(10)4 eae 
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Drag coefficients for bodies of given shapes depend primarily on the Reynolds number. 
And, although the free stream turbulence intensity and surface roughness usually have only 
minor effects on drag, under certain conditions they may be very important. Table 5.1 
above gives the drag coefficients for several different body shapes. For a more complete 
listing of drag coefficients the reader may refer to Hoerner [ref. 5, page 92]. 


Lift is explained, in principle, by the frictionless flow analysis of Chapter 6. 


We will consider the flow past a circular cylinder in order to demonstrate some of the 
ideas previously expressed concerning the causes of drag. The drag coefficient for a circular 
cylinder is shown in Fig. 5-11. The flow is shown in Fig. 5-12. 
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Fig.5-11. Drag coefficients for circular cylinders. 
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(a) Low Reynolds no. flow (Np < 1.0) (c) Separated flow — Laminar boundary layer 
(Np < 5(10)5) 


—____ i ~ 
= 2 


(6) Flow with Karman vortices (Np > 1.0) (d) Separated flow — Turbulent boundary 
layer (Np > 5(10)5) 


Fig.5-12. Flow past a circular cylinder. 
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The character of the flow is determined by the Reynolds number. For example, for a 
very low Reynolds number (Nr <1) the flow does not separate and skin friction is im- 
portant. For the very low Reynolds number the drag is proportional to the velocity and the 
drag coefficient decreases as the Reynolds number increases. As the Reynolds number is 
increased, the flow will tend to separate. The separation takes place in a periodic way in 
the form of shedding of Karman vorticies. A further increase in Reynolds number will 
result in a fully separated flow. The laminar boundary layer over the front portion of the 
cylinder is thin because of the favorable pressure gradient. As a result the pressure dis- 
tribution can be accurately determined from a frictionless flow analysis (Chapter 6). How- 
ever, an adverse pressure gradient exists over the rear portion, resulting in a rapid growth 
of the boundary layer and separation. Pressure drag is much greater than skin friction 
and the drag coefficient is relatively constant for this case. 


The boundary layer becomes turbulent at a certain Reynolds number. As a result, there 
is a sudden decrease in drag coefficient because the point of separation is delayed, resulting 
in a lower pressure drag and thus lower total drag. 


d.3 INTERNAL FLOW 
(a) Entrance Flows 


Internal flows differ from external flows in that in the entry region of an internal 
flow there is a boundary layer and a uniform free stream which accelerates according to the 
rate of growth of the boundary layer. A second, and more important, difference exists when 
the flow becomes fully developed. Here the velocity varies over the entire channel and there 
is no free stream or well defined boundary layer. 


Consider laminar flow in the entry region of a tube as shown in Fig. 5-18. The velocity 
is uniform at the entrance. The boundary layer grows with distance from the entrance until 
the flow becomes fully developed. From the continuity equation it is seen that the friction- 
less core must. accelerate. Then by writing Bernoulli’s equation along a streamline in this 
free stream region it is seen that the pressure must decrease. The laminar development 
length X, for the flow to become fully developed was found by Boussinesq to be 


Xz, = 0.083NrD 


Potential core Boundary layer 


Fully developed flow 
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Fig. 5-13. Flow in the entry region of a pipe for laminar flow. 
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Fig. 5-14. Flow in the entry region of a pipe for turbulent flow. 


Fig. 5-14 shows the flow in the entry region for the case where the Reynolds number is 
large enough for the flow to be turbulent (Nr > 2300). There are several ways of setting 
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criteria for fully developed flow. For example, one may define.fully developed flow on the 
basis of pressure drop, mean velocity distribution or turbulence quantities. The actual 
lengths for these are substantially different. The pressure gradient generally takes. on the 
fully developed value after three or four diameters of entrance length. The mean velocity 
requires from 30 to 60 diameters of entrance length before it becomes fully developed. And 
the turbulence quantities require a much greater length. Strictly speaking, the criterion 
for establishing fully developed flow should be that the rate of change of all mean quantities 
(except pressure) with respect to the coordinate in the flow direction is zero. However, 
the criterion used most frequently in the literature is the point where the mean velocity 
profiles are not changing with distance in the flow direction. 


(b) Fully Developed Flows 
(i) Transition 
Flow in a pipe may be well ordered and smooth (laminar) or it may assume a chaotic 

fluctuating motion (turbulent) superimposed on the mean flow. The character of the 
flow is determined by wall roughness and Reynolds number. This is demonstrated by 
the classic Reynolds experiment. A stream of dye is introduced into the flow in a 
glass tube. For small values of flow rate the dye forms a smooth line. As the flow 
is increased, a point is reached at which the dye breaks up into jagged pattern in- 
dicating turbulent motion. The Reynolds number for the transition from laminar to 
turbulent flow is approximately 2300. However, for special conditions transition has 
been known to occur at Reynolds numbers as high as 40,000. 


(ii) Laminar Flow 
Consider fully developed laminar flow between parallel walls as shown in Fig. 5-15. 


The velocity will be a maximum at the center and zero at the walls. Also, the velocity 
distribution will be symmetric about the y axis. 


The equation of motion for the x direction for this case becomes 
0 = =dp/da +> u(d?u/dy?) 
Integrating once gives u(du/dy) = (dp/dx)y + Cy 


and using the condition that at y=0, du/dy=0, we have C,=0. Since dp/dx = 
constant for fully developed flow and 7 = p(du/dy), we have 


TS (dp/dx)y 


Thus the shear stress is a linear function of y. This result applies for turbulent flow 


also. 
If we integrate again and apply the condition that uw=0 at y=h, we have 
1 dp 
— — (y? — h2 IAG, 
Fide (y ) (5.20) 
eee 
y h 
7 * 2 : = = 
h 
| 
Fig.5-15. Fully developed laminar flow Fig.5-16. Fully developed laminar flow 
between parallel walls. in a pipe. 


Next consider fully developed laminar flow in a circular tube as shown in Fig. 5-16. 
Such flow is known as Poiseuille flow. Again by applying the equation of motion and 
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boundary conditions and integrating directly, we obtain 
(Ie) (5.21) 


(ili) Friction Factor and Head Loss 


Pressure losses will occur in internal flows as a result of friction. These losses, 
which are important to the engineer, may occur in straight pipes or ducts (major losses) 
or in sudden expansions, valves, elbows, etc. (minor losses). 


The energy equation for a control volume between two points in a flow channel is 
V;/2 + Dilp + OzZt-=— V3/2 + polp + g%2+U2—- U1 — g 
or Vi/29 + pi/pg + #1 = V3/29 + po/pg + 22 + Hr (5.22) 


where Hi = (u2—uU:1—4q)/g is the head loss and wu here is the specific internal energy. 
This Hz, term actually represents the decrease (loss) in mechanical energy between 
points 1 and 2 and in general contains both major and minor losses. 


We will now consider the methods of determining the losses. There is no way of 
determining the losses for turbulent flow by a purely analytical method. Thus the 
results are highly empirical in nature. 


First, let us look at the method of determining the major losses. Our analysis will 
be restricted to fully-developed, incompressible turbulent flow in a constant diameter 
tube. 

By observing equation (5.22) we see that pressure changes result from velocity 
changes, elevation changes and friction losses. For the constant area, incompressible 
case being considered, we have Vi = V2 and we assume 2:= 22. Thus equation (5.22) 
becomes Az = (pi — p2)/pg. 


The pressure change is known to depend on (1) pipe diameter D, (2) average 
velocity V, (3) length L, (4) viscosity », (5) density p, and (6) wall roughness «. Thus 


(MO) = F(D, Vel, pe Ps €) 
From dimensional analysis we get four dimensionless parameters, or, 


Ap 


oy? = G(pVD/n, /D, L/D) 
p 


Experiments show that two of the parameters may be combined to give 


A D 
EvilT) = feVDIn, dD) 
é L\ V? 
or hg a fey Fs Gok (5.23) 


where f = friction factor. The friction factor has been determined experimentally and 
the results are shown in Fig. 5-17 below. Note that for Reynolds numbers below 2000 
there is a single curve because the flow is laminar. The friction factor for laminar 
flow is determined analytically as (see Problem 5.6) 


f = 64/Nr (5.24) 


Next we will consider minor losses. In accounting for losses in elbows, valves and 
expansions one must resort to experiment. It is customary to write such losses in the 


form 
Hat KV2/2¢ (5.25) 
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Friction factor, f 


Relative roughness, «/D 


Nr = Reynolds number = UD/y 


Fig.5-17. Friction factors for flow in pipes. 


where K is a friction loss coefficient for various types of minor losses and is given for 
commercial pipe fittings in handbooks. Table 5.2 lists some approximate K values. 


Table 5.2. Head Loss Coefficients for Minor Losses, K 


Valves, Fittings and Piping 


Globe valve (wide open) 10.0 

Gate valve (wide open) ~ 0.19 
90° elbow 0.90 
45° elbow 0.42 
Sharp-edged entrance to circular pipe 0.50 


Rounded entrance to circular pipe 0.25 


Sudden expansion (lL "A,/A.)* 


*A, = upstream area, A, = downstream area 


(iv) Velocity Distributions for Turbulent Flow 


Typical velocity distributions for fully developed flow in a pipe are shown in Fig. 5-18 
below. The velocity is approximated by the power law velocity as was previously used 


for a flat plate. We have 
Ul Wines SHU / hy (5.26) 


where y is the distance from the pipe wall measured toward the center. 


The exponent 1/n varies weakly with Reynolds number from 1/6 to 1/10 for Reynolds 
number ranging from 4x 10° to 3x 10°, 


The logarithmic form of the law of the wall may be used to approximate the velocity 
distribution except for the region not close to the centerline. Here we have 


ulfuz = 2.44 1n (yu-/v) + 4.9 (5.27) 
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Laminar flow 
Nr = 4(10)8 

Nr = 1.1(10)* 
Nr = 1.1(10)8 
Nr = 3.2(10)8 


y/R 


Fig.5-18. Velocity distribution for fully developed flow in 
smooth pipes [ref. 8, page 92]. 


5.4 SUMMARY 


In this chapter we have looked at flow with friction. It was convenient to divide the 
discussion into external flows and internal flows. The former was concerned with flow 
around objects and the latter with flow in pipes and ducts. 


For external flows we obtained expressions for boundary layer growth on a flat plate, 
equation (5.5), and wall shear stress, equation (5.6). These were obtained from the control 
volume momentum integral equation where a velocity distribution was assumed. 


The Blasius velocity distribution for laminar flow on a flat plate with zero pressure gra- 
dient was presented. Also the methods of describing turbulent velocity distributions were 
discussed. These were 


VO YoY are (Power law) (5.18) 
ult, = 2.44 In (yur/v) + 4.9 (Log form of law of wall) (5.16) 
(U—u)/uz = —2.441n (y/8) + 2.5 (Log form of velocity defect law) (5.17) 


Methods of describing drag and lift were presented. There are two kinds of drag; one 
is skin friction drag which depends on the tangential stresses and the second is form drag 
which depends on the pressure distribution. 

The pressure drag is strongly influenced by separation which may occur at some point 
on the rear portion on the body. The location of the point of separation is determined 
largely by the rate of growth of the boundary layer which in turn is determined by the 
external pressure gradient. Turbulence tends to delay separation and reduce the pressure 
drag. 
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Internal flows were considered in terms of entry flows and fully developed flows. The 
velocity distributions for fully developed laminar flow between parallel walls and in a cir- 
cular pipe were derived. 

Transition from laminar to turbulent flow in a circular tube occurs at a Reynolds num- 
ber of 2300 nominally, although much higher values have been measured under special 
conditions. The shear stress for both fully developed laminar and turbulent flow was found 
to be a linear function of distance from the centerline. 


The pressure changes for internal flow were presented in a highly empirical manner in 
terms of “head” or “friction loss’. For flow in constant diameter pipes the results were 
given in terms of friction factor which depends on Reynolds number and wall roughness. 
For other types of losses (elbows, valves, etc.) the losses were given in terms of an empirical 
loss coefficient. 
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5.1. 


5.2. 


5.3. 


Solved Problems 


Air at 70°F, 14.7 psi and 50 fps free stream velocity, flows over a flat plate. Determine 
the boundary layer thickness at a point 5 ft from the leading edge. 


The kinematic viscosity for air at these conditions is » = 1.8 X 10~4 ft2/sec. The Reynolds num- 
ber based on the plate length is 


Nr, = Ua/y = 50(5)/(1.8 X 10-4) = 1.89 x 108 
Now we will determine the boundary layer thickness assuming the boundary layer is laminar. 
Using equation (5.5), 
S/a = 4.64//Npg,, 6/5 = 4.64/(1.89 x 108)1/2, 8 = 0,0197 ft = 0.236 in. 
If we assume the boundary layer is turbulent from the leading edge, 
Vig = 0.376/(NR,)1/%, 8/5 = 0.376/(18.9 x 105)1/5, Sz Osuna = L383 aia, 


We can see that there is a large difference in the answer depending on whether we assume laminar 
or turbulent flow. And neither answer is correct since the boundary layer is neither completely 
laminar or turbulent over the entire length. The length for transition to occur has been found 
experimentally and is given approximately when N ia 3.2 X 105. Thus the transition length X7 
for this problem is 

Ca (xX/U) Np, = ([(1.8 x 10>4)/50](3.2 x 105) = 1.15 ft 


Thus the answer assuming a turbulent boundary layer would be closer to the correct value. 


Work Problem 5.1 taking into account that part of the boundary layer is laminar and 
the rest is turbulent. 
The boundary layer thickness at the point of transition is 
_ 1.15(4.64) 


Stransition = [3.2 x 105]1/2 = 0.00944 ft = 0.118 in. 


At this point the turbulent boundary layer starts. If the boundary layer were turbulent from the 
leading edge to this point, the length X required would be given as 


S$... 0.876 By 2 ae 
YUN = =r oge 
so that 
8 5/4 U 1/4 0.944 x 10-2 5/4 50 1/4 a 
ae (os) ee = 0.376 Ga) = este 


This means that the total length of the equivalent turbulent boundary layer would be 
xX = (5.0—1.15) + 0.28 = 4.08 ft 


4.08(0.376) 2 1.53 


= ——_ = Sz =:«SOCO00942 ft = 1.18 in. 
~ [50(4.08)/(1.8 X 10-4)]1/5 [11.3 x 105]1/5 


and r) 


Determine the total drag force for Problem 5.1. 


Assuming that the boundary layer is laminar, from equation (5.6) we have 


2 2 ~—1/2 
sic 0.323pU2__—_-0.823(0.00237)(50)? « = (8.62 x 10-8)n-1/2 
Y (U/v)1/2 1/2 [50/(1.8 X 10-4)]1/2 
5 
The drag is D = f T7dA = wf T) dx 
A 0 


5 
so that ” = 3.62 10-8 f e-V/2dy = 0.0163 lb,/ft 
0 
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Assuming that the flow is turbulent, 


©  0.0286pU2, 0.0286(0.00287)(50)2 a— 1/5 pe 
7 (Uf) ails [50/(1.8 x 10-4) ]1/5 
D = : -1/5 = Ibe /f 
and Wea 0.0139 x dx = 0.0627 lb,/ft 
0 


How would the boundary layer thickness 
be affected in Problem 5.1 if the plate were 
curved as shown in Fig. 5-19? 


Along the top surface there would be an ad- 
verse pressure gradient. This means that the 
boundary layer would grow more rapidly than for 
the flat plate case where the pressure gradient is 
zero. The opposite is true along the bottom sur- 
face; here we have a favorable pressure gradient 
and a more slowly growing boundary layer. Thus 


Stop = (onat plate — 1:18 in: 


S bottom < Sflat plate = 1.13 in. 


0.0139 #—1/5 


Fig. 5-19 


[CHAP. 5 


Determine the total force exerted by an 80 mph wind on a 10 ft x 40 ft billboard. The 


wind is blowing at right angles to the billboard. 


Assume standard air with » = 1.8 X 10-4 ft?/sec and p = 0.002387 slug/ft®, so that 


Np = UW/» = 117(10)/(1.8 X 10-4) = 6.50 x 108 
where W is the width, 10 ft, and the velocity of the air is 80 mi/hr = 117 ft/sec. 


page 85, we find Cp = 1.2 and (5.18) gives 
D = Cp(4pU?)A = 1:2(4)(0.00237)(117)? (400) = 


7850 lbs 


From Table 5.1, 


Derive an expression for the friction factor for fully developed flow in a circular 


tube of length L where the Reynolds number is less than 2000. 


The velocity distribution as given by equation (5.21), page 89, for laminar flow is 


SOD ig ae 
Au dx ie) 
R 
The volume flow rate, Q, is Q = | udA = f 2rur dr 
0 
4 
Integrating, Q = - 
and if V,, is the average velocity, 
Ve Er OO Rg aes ene dp 
BY A rR2 8u dx 
dp des Ap: he 8u Vay 
Then om Co R2 
From equation (5.23), page 89, we h 
q (5.28), page e have , = ap AR 
L p Vay 
8uVay 4R | 64 


dh = ~ (pVay D/u) 
and hence f Ribs Ve pk Vay (eVay D/u) 


64 
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Air at 70°F and 14.7 psi enters a 1.0 in. diameter pipe (Fig. 5-20) with a uniform 
velocity and a Reynolds number of 1000. Determine the decrease in pressure in going 


from the entrance to 100 in. downstream from the entrance. 


L. is given by L-/D = 0.0288 Nr. 


For air under the given conditions, » = 1.8 x 10~4 ft2/sec, p = 0.00237 slug/ft?. 


Uy y, Y 


100” 


WY LEI. 


Vises VUsssMUHtsisa 

1 2 3 

———s ate fa -j 
Fig. 5-20 


The entrance length L, is 
L,. = 0.030(1000)(1.0) 


The uniform velocity at the entrance is 


30 in. 


Uy) = 1000x/D = 1000(1.8 x 10~4)/(1.0/12) = 2.16 ft/sec 


From Problem 5.6 we see that the average velocity is 


Uo a Vey Sven ps 


and the maximum velocity for fully developed flow is (r = 0) 


_ BR? dp 
4u dx 


ay = 


Thus Up =" 2 Un = mee) 


4.32 ft/sec 


The entrance length 


We note that in going from section 1 to section 2 along the centerline the flow is frictionless. Thus 


we can apply Bernoulli’s equation to determine the pressure difference between those two points. 


P1— P2 = 40(Ummax— Uj) = 4(0.00287)[(4.82)2 — (2.16)?] 


From Problem 5.6 we have (between points 2 and 3) 


8uU,L 81.8 X 10-4) (0.00237) (2.16)(70/12) 


— SA = = 
Po — Ps e R? (0.5/12)2 


Then the total pressure drop is 


Pi — Ps = (P1— Po) + (P2—ps) = 0.0166 + 0.0250 = 


Determine the flow rate for the system shown in 
Fig. 5-21. The fluid is water and the pipe is 
hydrodynamically smooth. Neglect all losses ex- 
cept through the pipe. 


First we write the energy equation (5.22), page 89, 
between points 1 and 2. 


V2/29 + p,/og + 21 = V3/29 + Polpg + 2 + Hy 
where H, = f(L/D)(V2/29) 
Since V,; = Vy and 2; = 2, we have 
(p1— P2)/pg = f(L/D)(V?/29) = Hy 


Next we write Bernoulli’s equation between the free sur- 
face and point 1 along the dotted line as shown. 


0.0416 Ib,/ft2 


20 ft 


0.0166 lb,/ft2 


0.0250 Ib,/ft2 


15 ft 


r 


Fig. 5-21 


[ 4 in. diameter 


@2 
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ps/pg + Vs/2g + 2g = dilog + Vi/2g + 24 
We note also that po = Patm = Ps. Then we can combine the two equations to obtain 
f(LID)\(Vi/29) = Hy = (#s— 2) — Vi/29 


y = 29(@g5— 2) 64.4(20) 7 1290 
1 f(L/D) +1 ~~ f[15/(1/48)} + 1 (720) +1 


The friction factor depends on the Reynolds number which depends on the velocity. Thus we must 
solve the problem by trial and error. The Reynolds number Np is given by 


Nr = V,D/y = V,(1/48)/(1 X 10-5) = 2080V, 


The table below shows the trial and error solution. We assume a value for V; and then calculate V,. 


2.08(10)4 
1.46(10)4 
1.64(10)4 


Thus V, = 7.92 ft/sec and Q= AV =AYV, = 47D?V, = 47(1/48)?(7.92) = 0.00270 ft/sec. 


Determine the flow rate for the system shown in Fig. 5-22. The fluid is water and 
the pipe is hydrodynamically smooth. First find the flow rate neglecting minor losses, 
then find the flow rate with the minor losses included. 


First we write Bernoulli’s equation between points 


iande2: 
Py Vi Po V5 
=r GES AML ee ee ae 
pg = ag PY —s PG 
Po — Pi V3 4.0 in, 
or SS Ue ee) a i 
09 1 2 29 ( ) diameter 
Bernoulli’s equation between points 3 and 4 gives 
2 
Peel sa tS Bet Dee IVA, 
ge te) | la Ge genes : 
2 
P3 — P4 V3 
r ——— = _ (4,—= 25) — —— b ig. 5- 
0 a (4-*%) — 5 (®) Fig. 5-22 
Next write the energy equation between 2 and 3 where head losses occur 
2 2 
Po Va P3 3 
Se Pa ea wal 
pg og po ee, P e 
: nee 2) fL V2 
which becomes ae ee (CRE) eee 
og ( 3 2) D 29 (c) 


where V,;=V3;=V and p; = P4 = Patm- Combining equations (a) and (b) gives 
Po — Ps 

See eC Ta) Sr 
og (21 — 2g (24 — %g) 


Now combining this equation with equation (c) yields 


2. 
(23 — %) + fe ‘e = (%— 2%) — (%4— 23) 
29(z1 — %4) 64.4(19) 20.4 


so that V2 = ao7 Fi] = 20/4) = ai 
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Since both f and V are unknown we must work simultaneously with the friction factor diagram to 
obtain a solution. Np = VD/» = 3.33(10)4 VV. We use the method of the previous problem: 


3.33(10)5 
1.33(10)8 
1.43(10)8 


and we arrive at V = 43.0 ft/sec and Q = 417D?V = 3.75 ft?/sec, where we have neglected minor 

losses. Minor losses would occur at the entrance and exit of the straight pipe. This would have 

the effect of altering the pressures as indicated by Bernoulli’s equation in the previous calculations. 
We may account for these losses by modifying equation (c) as follows: 

P2 — Ps 

eg D 2g 


D 29 oF a Ke 29 @, — &4 
on y = 29(%1—%4) 64.4(19) ele) 
~ FL/D+K,+K, ~ £(20/4) +05 + 1.0 (60) + 1.5 


where K, = entrance loss coefficient = 0.50 and Ky, = exit loss coefficient = 1.0, obtained from 
Table 5.2, page 90. Then by trial and error we determine f and V as before. 


V (calculated) 


V (assumed) 


10 3.33(10)® : 22.8 
8.0(10)° : 23.4 
7.76(10)> : 23.4 


We find V = 23.4 ft/sec and Q = 47D?V = 147(4/12)?(23.4) = 2.04 ft/sec. 


5.10. Water flows from a large reservoir and discharges into the atmosphere as shown in 
Fig. 5-23. Determine the volume flow rate. 


Standard 90° elbows 


= 


02 


150 ft \ 


6 in. diameter 
commercial steel pipe 
(e = 0.00015 ft) 


250 ft 


Rounded entrance 


Fig. 5-23 


First write Bernoulli’s equation between the free surface and the entrance. By continuity, 
Va—Ve—V.- . 
: 3 DiteePs Vi 


= —2z,)- — 
0g (25 1) 29 
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Next write the energy equation between sections 1 and 2: 


Pi— Pe _ fLVt  V? ve 

pg = (Zo— 23) + D 29 7 Ki5, + 2Keo, 
where K, = loss coefficient for rounded entrance = 0.25, Ky = loss coefficient for elbow = 0.90. 
Combining the two equations gives 

2 
({L/D + K, + 2K, + ie = (Zs — 9) 
ye = 29 (2s — 22) = 64.4(100) = 6440 

ae ~ fL/D+K,+2Ky+1 ~~ f(450/4) + 0.25 + 2(0.90) + 1 f(900) + 3.05 


Since both f and V are unknown, we must work simultaneously with the friction factor diagram to 
obtain a solution. Np is given as 


Np = VD/vy = V(4)/(1 Xx 10-5) = (5X 104)V ss and_~—se/D _= 0.00015/4 = 0.00030 
V (assumed V (caleulated) 
10 5(10)5 361 


370 1.85(10)? 390 
1.95(10)? 390 


We find V = 390 ft/sec and Q = AV = 47D2V = 47(4)*(390) = 76.6 ft?/sec. 


Discuss the fully developed viscous laminar flow between two parallel plates, one of 
which is in motion as shown in Fig. 5-24. Such flow is known as Couette flow. The 
top plate has velocity U with respect to the bottom plate. The pressure at the inlet 
of the flow region is ~2 and the pressure at the outlet is 1. 


Yy Yi, 
Fig. 5-24 


We assume that the length L of the plate is much larger than the spacing h, so that the 
entrance or development effects may be neglected. The flow is essentially one dimensional then, 
with variations in velocity only in the y direction across the channel. A coordinate system is at- 
tached to the top plate which is moving. The plates are assumed to be very long in the z direction so 
that flow in that direction may be neglected. Assuming incompressible flow, the equations of motion 
may be obtained directly from the general equation of motion (the Navier-Stokes equation) or one 
may take a small element of fluid and write a momentum balance. The equations of motion become: 


where wu is the fluid viscosity, and uw and v are respectively the a and y components of velocity 
measured relative to the top plate. The coordinate system is attached to and moves with the top 
plate, but the origin is made to coincide with the bottom plate for convenience. Then, relative to 
the top plate and coordinate system the bottom surface has velocity — U. 


Since there is no variation in the x direction, the continuity equation du/dx+dv/dy = 0 tells 
us that the y component of velocity, v, must be zero and hence dp/dy must be zero and the pressure 
must be only a function of x. Integration of the equations of motion along with the boundary con- 
ditions that uw = —U at y=0 and u=0 at y=A gives 
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5.12. 


1d 
= 30a, Why) + Ul/h) — 1] 


Since the pressure p is a function only of x, and wu is only a function of y, the total flow rate 
h 


On f udy may be evaluated and the pressure drop found as 
0 


Q _ Fe dp _ Uh 
12u dx 2 
12Ly [Uh 

DISD LS as at (ER +9 | 


The above equations tell us that the pressure gradient is a constant and relates the pressure drop 
to the flow rate Q, which is the flow rate relative to the top plate since our coordinate system is 
attached to that plate. A positive flow is a flow in the positive x direction. If the pressure gra- 
dient is zero, the velocity profile is linear and we have a simple shear flow. 


We could just as well have taken the origin on the moving plate and let the y axis point down- 
ward. Then the differential equations would have been the same, but the boundary conditions 
would have been: y=0, U=0; y=h, u=—U. The velocities are again measured with respect 
to the top plate and again we find Q as above. 


The lubrication of bearings is a problem in fluid mechanics. The oil or lubricant 
between the bearing and slider is a viscous fluid and the determination of the pressure 
distribution, load capacity, friction, etc., may be accomplished by studying the laminar 
viscous flow of the lubricant. Most bearings operate in the laminar range, with a 
very small Reynolds number. The spacing between the bearing and slider (the flow 
gap) is much smaller than the length of the slider so that the flow becomes fully 
developed throughout most of the gap. Because the Reynolds number is so small, the 
inertia of the fiuid is negligible compared to the pressure and viscous forces. The 
treatment of a lubrication problem is similar to the Couette flow problem, Problem 
Opiae 

Consider a step bearing as shown in Fig. 5-25. The spacings ii and he are much 
less than L; and Ls, and the width of the bearing in the z direction is assumed to be 
very large so that leakage in the z direction may be neglected. For a slider velocity 
U and a fluid of viscosity u, find the pressure distribution in the bearing. 


Ps 


p=0 


p=0 
a L, ——-+————_ ed 


The bearing The pressure distribution 


Fig. 5-25 


Each section, the L, and Lz sections, may be treated just as the Couette problem. We attach a 
coordinate system to the slider as shown and let the stationary bearing move with velocity U in the 
negative x direction with respect to the slider. In each section then at y=0, w=0 and at 
y =h, «=—U. The pressure at the inlet, x, = Ly, and at the outlet, x, =0, is zero gage. The 
pressure at the step, x, = L, or #%,=0, is unknown and must be found by using the continuity 
condition that Q, = Q»y. If we use the expressions developed in the previous problem we have 


100 


5.13. 


5.15. 


5.22. 


BOUNDARY LAYER FLOW AND FLOW IN PIPES AND DUCTS [CHAP. 5 


The pressure in each section varies linearly with x and the pressure distribution forms a triangle 
as shown in the figure. The peak pressure p, is found by equating Q, to Qo, and the result is 


i 6uU (hg — hy) 
Po ~ (IL) + (BL) 


which completely specifies the pressure as a function of x. The total load carrying capacity is 
simply the area under the pressure distribution curve. The load capacity W per unit z width is 


W = (p,/2)(Ly + Lp) 
Physically, if the load were changed the spacing h, and h, would change, the slider rising or sink- 
ing as the load is decreased or increased respectively. 


Once the velocity is known throughout the flow film, the friction can be found by integrating 
the shear stress along either the slider or the bearing. Do this calculation as an exercise. You will 
find that the shear stresses along the top and bottom surfaces are not quite equal, but if the pressure 
force against the step is included in the calculation of the friction of the top plate or slider, the two 
calculations give the same result. 


Supplementary Problems 


Determine the boundary layer thickness 10 ft from the leading edge of a flat plate for the flow of 
air (70°F and 14.7 psi) where the free stream velocity is 60 fps. Assume laminar flow. 


Determine the shear stress 10 ft from the leading edge for the conditions of Problem 5.13. 
Determine the total drag force and drag coefficient for Problem 5.13 if the plate width is 3.0 ft. 
Work Problem 5.13 assuming that the boundary layer is turbulent. 

Work Problem 5.14 assuming that the boundary layer is turbulent. 

Work Problem 5.15 assuming that the boundary layer is turbulent. 


Derive an expression for the drag coefficient for flow over a flat plate. Express the results in terms 
of a Reynolds number based on the length of the plate. 


A truck hauling 5 ft diameter 30 ft long thin wall tubing is traveling at 60 mph. Determine the 
power (hp), resulting from the drag, required for a single tube which is well above the cab of the 
truck. 


What is the boundary layer thickness at the point where the air is leaving the tubing in Problem 
5.20? 


Air flows between two parallel walls as shown in Fig. 5-26. The velocity V, is uniform and equal to 
100 fps at the entrance (section 1) and in the core region. Downstream a distance of 900 in. the 
velocity varies over the entire width. The velocity varies in the houndary layer region according to 
V =V,(y/8)1/7 where § = 0.1V% and 8 and x are measured in inches. Determine the acceleration 
on the axis of symmetry for 0 = « = 900 in. Evaluate the acceleration at « = 100 in. 


Sa Ss ES 
ea Gass come ~ Gin: 
is ac hse | ae (EES ee 
ewes ea Sree ae 24 
jssare:.| Sass eae, 
Ux ue ry, 8 Cay, 
ae ea, Boundary layer [7 
za es Bez 
? a 7, 


L, = 900 in. 
Fig. 5-26 
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5.23. 


5.25. 


5.27. 


Assume a laminar flow over a flat plate given by 
oy = ly sore UO Sy 
ak = 10 for y > 8 
where § =0.1V¥% and «& = distance from the leading edge of the plate and y is the distance meas- 


ured perpendicular to the plate. All dimensions are measured in feet. If the plate is 1 ft wide and 
25 ft long, find the drag force. 


Air is flowing between the parallel flat plates as shown in Fig. 5-27. The velocity is uniform at 
the entrance, having a magnitude of 10 fps. The boundary layer thickness is 8 = AV«. The 
width of the plates, W, is much larger than the distance between the plates, h, and therefore end 
effects may be neglected. The velocity distribution in the boundary layer is given by u/U = (y/8)? 
where U is the core velocity and y is the coordinate measured from the wall of either plate. Deter- 
mine the pressure at a point 25 ft from the entrance. § and x are measured in feet. 


Fig. 5-27 


In Problem 5.24 find the pressure at a position downstream located at twice the distance required 
for the flow to become fully developed. 


In Problem 5.24 determine the total force of the fluid on the walls between the entrance and the 
position where the flow becomes fully developed. 


Work Problem 5.24 for a pipe rather than parallel plates. 
Work Problem 5.26 for a pipe rather than parallel plates. 


It has been stated that a ball with a roughened surface will travel greater distances than a ball 
with a smooth surface, for the same initial velocity. Explain. 


Determine an approximate value for the initial velocity of a golf ball which travels 250 yards on the 
fly. Assume that the ball has a velocity of 20 fps when it hits the ground. 


Determine the total force on a } in. diameter 4 ft car radio antenna if the car is traveling at a 
speed of 60 mph. 


Determine the power required as a result of the force on the antenna in Problem 5.31. 


A cubical weight of 5 lb falls between two parallel walls, as shown in Fig. 5-28, at a velocity of 
4 fps. Determine the viscosity of the oil. 


Oil film between cube and 
side walls is 0.01” thick 


Fig. 5-28 
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5.40. 


5.41. 


BOUNDARY LAYER FLOW AND FLOW IN PIPES AND DUCTS [CHAP. 5 


A rotating sleeve bearing, between the shaft and the bearing housing, is used in a turbosuper- 
charger in order to minimize the relative velocity between moving parts. 

The dimensions of the turbosupercharger bearing are shown in inches on the sketch, Fig. 5-29. 
The shaft rotates at a speed of 60,000 revolutions per minute. The oil used in this bearing has a 
viscosity of « = 1X 10~¢ lb-sec/ft2. Calculate the angular speed of the sleeve bearing. The various 
clearances C,, Co, Cs; between the sleeve bearing and the housing and the shaft are indicated in 
the figure. 


Consider only those 
shear forces on 
front face of disk 


Rotating sleeve bearing 


Bearing housing 
Cp = 0.004” 


a 
6.0” 


Fig. 5-29 Fig. 5-30 


In Fig. 5-30 is shown a fan drive designed such that there is relative motion between the drive 
shaft and disk assembly “A”, and the housing and fan assembly “B”. The angular velocities are 
®, and ws respectively (w; > 9). Torque 7 is transmitted between the two parts by means of a 
fluid having viscosity ». Determine the clearance a required for the given conditions. Express a 
in terms of 4, wo, uw, 71, Tg and T. 


Water that is at 60°F (»y = 1.217 X | 

10-5 ft2/sec) is flowing through a 

4 inch inside diameter smooth tube te | —— 
as shown in Fig. 5-31. Considering 0.5 ft qe sete | 
friction losses between sections 1 4 ft 2 
and 2 only, find the velocity at the Saree 

outlet (section 2). 1 Fig. 5-31 


Air is flowing in a galvanized iron pipe (e = .0005 ft) having a 3.5 ft diameter at a rate of 
12,000 ft?/min. The length of the pipe is 800 ft. The air temperature is 60°F. What is the dif- 
ference in elevation between inlet and outlet if the static pressure change is zero? 


Calculate the average velocity of water at 70°F for the pipe as shown in Fig. 5-82. 


1s" > 
Py 6.0” diameter Po 
——p- 
220’ 
200’ 


2 —-€ = 0.00015 ft 
2” diameter 
t | Discharge to , - 
Pia atmosphere iy 


Fig. 5-32 Fig. 5-33 


Determine the length of pipe which will produce the maximum flow rate in Problem 5.38. 


Two water reservoirs are connected by 100 ft of 2 in. diameter smooth pipe. What is the flow rate 
when the difference in elevation is 25 ft? 


Consider air flowing at an average velocity of 100 fps in a 6 in. smooth pipe between the two 
plenum chambers as shown in Fig. 5-33. Determine the difference in pressure, p,;— po, assuming no 
minor losses. The air temperature is 70°F. 
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5.42. 


5.43. 


5.44. 


5.45. 


Determine the pressure difference in Problem 5.41 if the minor losses are included. 


A straight-sided open glass tank for washing photographic prints has a siphon tube in one side 
which drains off the water. The operation is as follows. Referring to Fig. 5-34 a stream of water 
flows into the tank until the water reaches the top of the siphon tube, then it is cut off. The water 
that has filled the tank runs through the siphon until the end of the siphon is uncovered, then the 
cycle begins again with more fresh water flowing into the tank. How long does the drainage part 
of the cycle take? 


7300’ 


Cross sectional area of tank is A ~ 


Water 


ho Prints inlet 
Siphon cross sectional area is a 
Discharge 


Fig. 5-34 Fig. 5-35 


Water is flowing in the piping system shown in Fig. 5-35. For a flow rate in the 8 in. pipe of 
4.0 ft?/sec up to the reservoir, calculate the flow rates in the other pipes and the necessary pump 
horsepower. The friction factors f, pipe lengths and reservoir elevations are given. 


The 200 inch Mt. Palomar telescope is mounted on a yoke mechanism which allows the lens to be 
focused on a desired star or nebula. The yoke can be preset so that it will track a star if its path 
is known. 


Due to the exceptionally heavy construction of the supporting frame and yoke, the bearing 
design was extremely important. The total weight of the telescope is in excess of 1,000,000 pounds. 
This weight is supported by two sets of bearings at the north and south ends of the main rotating 
frame. The semicircular horseshoe shaped yoke is supported by four pad type hydrostatic bearings. 
Each pad must sustain a load of 164,000 lb under conditions of zero velocity. Hence the oil must 
be forced into the pads under pressure. 


Oil flows over the surfaces surrounding the recesses. 
The surface mates to the yoke with 0.005” clearance. 


Recess 


28” 


L 28” i 


Pad detail 


Fig. 5-36 Fig. 5-37 


Fig. 5-36 and Fig. 5-37 show the yoke and pad detail. Each pad is 28 in. square and has four 
deep recessed regions 7 in. square. The oil is forced up through small tubes into the center of these 
recessed regions, the pressure over each recess being constant at the inlet value. The oil then flows 
slowly through the thin gap between the pad surface and the yoke surface, out to a reservoir at 
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atmospheric pressure where it is recirculated through the pump. Assume that the oil film in the 
flow gap is 0.005 in. Find the following quantities: 


. Necessary oil flow rate 
. Oil inlet pressure 
. Capacity of the oil pump 


. Coefficient of friction between the yoke and bearing 


a fF WO DO 


. The necessary motor capacity to rotate the yoke at a rate of one revolution per 24 hours for 
tracking purposes. 


For the purpose of this calculation assume the oil to be SAE 20 which has a specific gravity of about 
0.8 and a viscosity of about 3.85 x 10—§ lb-sec/in2, 

A hydraulic dashpot or damper shown in Fig. 5-38 consists of an outer cylinder of inside diameter 
D, into which is placed a solid cylinder of diameter D which is nearly equal to D,. The ends of the 
outer casing cylinder are closed except for a small hole which allows the shaft to be attached to the 
solid inner cylinder or plunger. The casing is filled with oil and the shaft is sealed so that oil 
cannot leak out around it. The outer casing may be fastened rigidly to a mounting and the shaft 
fastened to a machine member which is to be damped. Automobile shock absorbers work on this 
principle. 


The small clearance between the two cylinders impedes the flow of oil from the front of the 
plunger to the rear, or vice versa, so that the plunger can only move very slowly. As the plunger 
moves, the oil must flow around it through the small passage:created by the clearance. 


Find the resisting force of the dashpot as a function of the relevant parameters and the velocity 
V at which the plunger is moved. 


Hint. Neglect the inertia of the fluid in the clearance space. Treat the flow in this region as a 
lubrication type film. The pressure difference between the front and rear of the plunger determines 
the flow rate between the two regions. The force on the plunger is the sum of the pressure forces 
and the viscous shear, 


Cylindrical casing shown 
in cross section 


Fig. 5-38 


CHAP. 5] 


BOUNDARY LAYER FLOW AND FLOW IN PIPES AND DUCTS 


NOMENCLATURE FOR CHAPTER 5 


area 


= drag coefficient 


= skin friction coefficient 
= lift coefficient 


= drag force and diameter 


friction factor, functional notation 


surface force 


= surface force in the x direction 


= distance or half distance between parallel plates 


head loss 

loss coefficient for minor losses 

length 

exponent for power law velocity distribution, mass 


mass flux 


= momentum flux 


exponent for power law velocity distribution 


Reynolds number 


= length Reynolds number = Uz/y 


pressure 
heat transfer per unit mass of flowing fluid 
volume flow rate 


radial coordinate 


= radius of pipe 


velocity in x direction, internal energy per unit mass 


= wall friction velocity, Vr9/p 


free stream or maximum velocity 
velocity in r direction or y direction 
velocity 

velocity vector 

velocity in x direction 

width 

coordinate 


entrance length for the flow to become fully developed 


= coordinate 


elevation 

boundary layer thickness 
average roughness height 
similarity parameter 
viscosity 

kinematic viscosity 
density 

shear stress 

shear stress at the wall 


stream function 
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Chapter 6 


Incompressible Potential Flow 


6.1 POTENTIAL FLOW THEORY 


In Chapter 1 we mentioned that outside the boundary layer the flow is frictionless and 
irrotational and hence is known as potential flow. By potential flow we mean that the 
velocity is derivable from a scalar velocity potential ¢ as 


V = -V¢ (6.1) 


In this chapter we will be concerned with incompressible two-dimensional potential flow 
theory which is valid for subsonic flow where the Mach number M is less than about 0.3. 
In Chapter 8 we will discuss potential compressible flow where M approaches unity or 
exceeds unity for supersonic flow. If the flow is incompressible, simplifications are possible 
which allow the use of complex variable theory to “map” the flow by means of conformal 
transformations. 

Remember, from Chapter 3, that the rotation » (or vorticity as it is often called) in a 
fluid is defined as 


© = VXV (6.2) 
and the angular velocity of an infinitesimal element of fluid © is related to the vorticity as 
e = 20 (6.3) 


We can illustrate this concept geometrically by examining Fig. 6-1. Restricting the analysis 
to one cartesian component for simplicity, the z component of V X V is 


Say <V)) = 


z 


and from Fig. 6-1 we see that , is twice the average value of the z component of the angular 
velocity of the element Ax Ay. The Aw line has angular velocity (v|r+a2 — v|z)/Ax and the 
Ay line has angular velocity —(uly+ay — u|y)/Ay which when averaged gives 3(dv/dx — du/dy), 
the average angular velocity of the square Ax Ay. 


pe 0 


Fig.6-1. Rotation of a fluid element. Fig.6-2. Rotation and circulation. (x, y) 
may exist throughout the area 
and is related to the line integral 


f va 


If we now consider any two-dimensional flow (in the zy plane so that only wo, exists), we 
can use Stokes’ theorem to relate the rotation to a line integral as follows (see Fig. 6-2). 
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fo oda z fovxveda 7 §vea (6.4) 


which states that the area sum of the rotation over a given area is equal to the integral of 
the velocity (along the curve) integrated around the curve bounding the area. This line 
integral is called circulation, which is denoted as r. For any closed curve, then, the circula- 


tion is given by 
TA § veal = f oda (6.5) 


We can obtain a physical picture of rotation in AY 
a fluid as follows. Imagine a tiny straw floating 
on a fluid surface (see Fig. 6-3). If the fluid is 
truly irrotational, the straw moves along always 
parallel to itself since the fluid nowhere has any 
angular velocity. In actuality, of course, the straw 
has finite length and so may actually begin to ro- 
tate even though the fluid is irrotational. How- 
ever, in the limit as the length of the test straw 
becomes infinitesimal it would not rotate in an ir- 
rotational flow. In contrast to this behavior, 
imagine a straw floating in a viscous shear flow 
which has rotation. Obviously the straw rotates 
as it moves along with the fluid, since the shearing 
behavior of the fluid tends to move the ends of 
the straw with different velocities. Fig. 6-3. The potential vortex. 


Vo — C/r 


Concentric 
streamlines 


A floating straw remains parallel to 
itself since the flow is irrotational 


A simple example of irrotational flow is the potential vortex, of which the common whirl- 
pool or tornado is a close approximation. In the potential vortex the velocity (which has only 
an angular component v,) is given by 

Oey (6.6) 


and hence the velocity potential ¢ is 
ham OO (6.7) 


so that —V ¢ is (C/r) @ where C is a constant 


and @ is a unit vector in the @ direction. 
The flow is irrotational since 


VxVvV = to (9-5) — 0 


However, at r=0 there is a singularity. 
The circulation Tr about any contour not en- 
closing the origin is zero, but if the contour 
encloses the origin there is a finite value of 
T which is due to the rotation at the origin. 
Referring to Fig. 6-4, let us form T; about 
contour C;. 


hie Fig. 6-4. Contours of integration about 
ty f V|r=vbd@ = AnC the potential vortex. 
0 


Any other contour such as C2 enclosing the origin also gives 27C for the circulation. The 
velocity potential can be written then as ¢ = —T6/27. Any contour such as C3 will give zero 
circulation. The constant C =TI/2z7 is known as the strength of the vortex. In reality a 
vortex cannot have infinite velocity at its center and the central core of the vortex rotates 
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as a rigid body of diameter a and angular velocity 9. From Stokes’ theorem then, 
4an2 =27C. In nature, the tropical hurricane or typhoon is an example of a vortex. The 
eye of the hurricane is a central core of comparative calm where the fluid rotates ap- 
proximately as a rigid body. 


6.2 THE BERNOULLI THEOREM 

In Chapter 3 we derived the Bernoulli equation by integrating the inviscid equation of 
motion along a streamline. We also obtained the same relationship by integrating the 
energy equation for frictionless flow. Since we are now concerned only with incompressible 
flow, the energy equation is unnecessary, complete information being obtainable from the 
equation of motion and the continuity equation. 

In irrotational flow with conservative body forces (derivable from a potential as 
B=-—vVv), the Bernoulli equation holds between any two points in the flow (not necessarily 
on the same streamline). Let dr be an element of distance in the flow field. Then for 
steady incompressible irrotational flow, 


ae V(V/2)cdr, = Ali Vp: dr — rf Vi-dr (6.8) 


so that V?/2 + p/p + = constant (6.9) 


throughout the flow. We can further show that if a fluid is frictionless and the body forces 
are irrotational (conservative), then the flow is necessarily irrotational (except perhaps at 
singular points as in the potential vortex). By forming the scalar product of V and the 
equation of motion, we obtain 


pP (V2) + V+(VP + p Vy) a6 


which in steady state is (Ve VIV72 + p/p + ¥) =70 (6.10) 


which means physically that (V?/2+p/p+w) is a constant throughout the flow field. 
However, by comparing (6.10) and (6.8) we see that V X V=o=0 is a necessary condition 
for (6.8) to yield (6.9) which must be valid for inviscid flow. 

We conclude that inviscid steady flow must be irrotational (except at singular points) 
under the action of irrotational body forces. 


6.3 THE KELVIN VORTEX THEOREM AND VORTEX MOTION 


The circulation T about any contour always composed of the same fluid particles (a 
fluid line) is constant in an inviscid fluid with only conservative body forces. Although the 
vorticity under such conditions is generally zero, circulation can exist because of local 
regions of vorticity or singular points of vorticity. 


By multiplying the equation of motion by dl and integrating around a contour, we obtain 


A D 2, D DV 
(remembering that ap dl) = V pt (@) si al-Fe) 


Dt 
DT _ Ge = EAs 2D 
ow = $ave) = + Vy) dl + $v 5 (al) 
; D 
But since dl=dr and V-7;(dr) = V-dv = d(V%/2), 
Dr 


a § [—dp/p — dy — d(V2/2)) = 0 
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since the terms in the integrand are single valued. Hence 


Dr 
Dt 
which means physically that © about any fluid line contour remains constant in time as 


we move along with the fluid, a very important result. Note that (6.11) is valid for both 
incompressible or compressible fluids. 


= No (6.11) 


Consider a three-dimensional vortex, such as a tornado, whose core forms a line of 
perhaps irregular configuration. This line, which is the continuous locus of the centers 
of the two-dimensional vortices, is called a vortex line. More precisely, a vortex line is a 
line in the fluid such that the tangent to it at each point is in the direction of the vorticity 
vector at that point. In a rotational fluid an infinite set of vortex lines exist, but only a 
single line exists along the centers of the potential vortices if the vorticity is due to potential 
vortex motion. 


A vortex tube is a tube which is the locus of vortex lines drawn through every point of a 
closed curve. 


A vortex filament is a vortex tube of infinitesimal 
cross sectional area. We can think of the solid core of 
a tornado as being a vortex tube, and as the core becomes 
smaller the tube becomes infinitesimal in cross sectional 
area and becomes a vortex line. See Fig. 6-5. 


A vortex filament and a vortex line are identical ex- 
cept that we associate strength with the filament. The filament 
vortex tube or filament can be associated with strength 


defined as the integral f o*dA over the cross section. 


This strength must be constant along the vortex tube. 
For a filament, »:dA is an intensity, vorticity per unit 
area, and must be constant along the filament. Hence 
filaments must form closed rings (vortex rings), like a 
smoke ring, or end at the fluid boundaries. A vortex 
filament cannot just end in the fluid unless viscosity is 


present to dissipate the vorticity. Fig. 6-5. A vortex filament associated 


Cc . with a potential vortex in a 
Our discussion has not been confined to steady state Auitaiactneienu 


and we must remember that all these lines and filaments is of finite dimensions, en- 
move along with the fluid. closed in a vortex tube. 


6.4 THE VELOCITY POTENTIAL AND STREAM FUNCTION 
The condition of irrotationality is a necessary and sufficient one for the velocity to be 
derivable from a scalar velocity potential ¢ as 
V=--+-V?¢ (6.12) 
which in cartesian coordinates is 


u = —d¢/dz, v = —dd/dy, w = —d4/d2 


A velocity potential may be defined for general three-dimensional flow of a compressible 
fluid. However, we will reserve such a general discussion for Chapter 8 and confine our 
study here to two-dimensional steady incompressible flow. The assumption of incompres- 
sible flow is valid for subsonic aerodynamics (Mach number M < 0.3, approximately) and 
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the restriction to two dimensions allows a tractable mathematical analysis, although we can 
discuss, at least qualitatively here, three-dimensional effects. Although the velocity potential 
can be defined for any irrotational flow, the term “potential flow” is often taken to mean 
two-dimensional incompressible flow unless otherwise indicated. 


Under the conditions of incompressibility, the velocity in terms of the potential ¢ may 
be substituted into the continuity equation Y-V=0 to yield the condition that ¢ is har- 
monic (satisfies Laplace’s equation): 

W251 40 (6.18) 


which in cartesian coordinates is 
ay e2 02 
p 4 $ ig p 


oa) awigyie oz) 


Another important function, the stream 
function y, may be defined for any two-dimen- ie constant 
sional flow field regardless of whether the 
flow is irrotational or not, and incompressible 
or compressible, although we will restrict our- 
selves here to steady incompressible flow. In 
a two-dimensional flow, the lines of constant 
wv are the streamlines, and the difference be- 
tween the numerical values of two streamlines 
is equal to the flow rate between the stream- 
lines. The physical significance of the stream 
function may be seen by referring to Fig. 6-6. 
Going along a path from yj, to y,, the flow is 
considered positive from right to left. yw is 
defined in terms of V in cartesian coordinates Fig.6-6. The streamlines and stream function y. 
as 


Flow positive 


¥, constant 


MU = =04/ dy. 0 = VOus/ox (6.14) 


The flow rate between y, and y, (positive from right to left) is 


Q, = Sf (wae ~ ua = f (Hae + May) = fa Sober ee eae 


The integral is independent of the path so long as it connects the two streamlines. Physi- 
cally, we insist that y be single-valued so that § di =0 about any closed contour unless 


the contour encloses a singularity such as a source or sink, in which case » may not be 
single-valued unless we restrict its domain to, say, 0 < 6 < 2z. 


For two-dimensional flow, then, we have from the condition of irrotationality, V x V=0 
or dv/dx — du/dy = 0, which combined with the definition of ¥ gives for any steady two- 
dimensional incompressible potential flow, 


ov ae 
on? Oy? * 


so that ¥ is harmonic and in any coordinate system 


Viv = (0 (6.16) 
2) Sb} ono ts igst 2 Peak ¢ 19%, 
Further, “= FI bo ay” v= cpu Be: (6.17) 


which are known as the Cauchy-Riemann conditions. 
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In polar coordinates r and 6, we can write the fundamental relationships as 


re ee a OY Be BOER BE OY 
Vr aa or = x” 00 i UV, ae a r 06 = or (6.18) 


and of course we obtain V7¢ = Vv = 0. 


An important consequence of the fact that ¢ and y are harmonic and satisfy the Cauchy- 
Riemann conditions is that lines of constant ¢ and y are orthogonal. We can easily demon- 
strate this fact by proving that 


dy _ _d& 
dx @ = constant dy w = constant 
Along a constant ¢ line, 
_ 96 Op = 
dp = ay Oe a ay UY = 0 
= -udx — vdy 
and along a constant y line, 
_ oy oy us 
dy = ay Oe ae ay OY = 0 
= vdx — udy 


so that from d$=0 we obtain dy/dx = —u/v and from dJ=0 we have dy/dx=v/u, 
and thus 
dy a dx 


dx o = constant dy w = constant 


which is the mathematical statement that constant ¢ lines and constant y lines form an 
orthogonal network. Since these lines are perpendicular and satisfy the same differential 
equations, the role of ¢ and y may be interchanged to represent different flows. 


The lines of constant ¢ and constant » form a mesh or network of so-called curvilinear 
squares. In a uniform flow the. lines are all straight, but in general the streamlines and 
potential lines are curved. Since no fluid crosses constant y lines, they may be taken as 
solid boundaries. That is, a solid boundary may replace a streamline (¥ line) without chang- 
ing the flow pattern. 


Since the equations V7¢ = V7y = 0 are linear, we may superpose solutions for different 
flows and add directly the values of ¢ and wv at every point in space to obtain the new values 
of ¢ and ¥, which represent physically the direct superposition of the various flows. 


For example, we may superpose the flows created by a source, or sink, or potential vortex 
onto a uniform flow. In the next section we will discuss some simple two-dimensional flow 
patterns and some of the methods of superposing these simple flows to create more complex 
flow fields. 


After the ¢ and y lines are determined for a given flow, the velocity components are then 
known and the pressure may be found from Bernoulli’s equation. 


65 SOME SIMPLE FLOW PATTERNS 


In this section we will discuss some simple flows and their ¢ and y functions. In the 
next section we will outline some methods of solutions. However, once the simple flows are 
understood, many more complicated flows can be synthesized merely by superposing these 
simple solutions. 
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(a) Uniform Flow. 
Assume the flow fills all space and is uniform; the velocity is Uox parallel to the x axis, 
where & is a unit vector in the x direction. The only velocity component is wu, so that 


—d¢/dax = Uo = constant. Hence ¢ = -f Urdx + f(y) = —Uox+C; since v is zero and 
¢ must be independent of y. The constant C; is arbitrary and we take it as zero. The 
stream function is found from Uo = —éy/dy so that by similar reasoning, 


y = —Uoy+C2 = —Uoy 
The flow rate between any two lines of constant y (y= constant) is given then by 
h-hh = Ye aers = Q, = —U,¥.—4;) 


a negative number for positive flow from right to left, since the flow here is of course from 
left to right. Hence for uniform flow Uz parallel to the x axis, 


¢ = —Uox, y = —Uoy (6.19) 


The ¢ and y lines are shown in Fig. 6-7. 


Fig. 6-7. Uniform flow parallel to the x axis. 


(b) Sources and Sinks. 


A point source or sink is a singularity from which the y lines radiate and about 
which the ¢ lines form concentric circles. For a source of flow rate Q, the radial velocity 
v, is Q/2rr and the angular velocity v, 1s zero. Q is the source strength and is physically the 


total flow rate per unit depth of fluid. Hence since v, = — 2 = : s 
Sygew a! 
YE 5 0s Moh ere ately (6.20) 


For a sink (6.20) is still valid but Q is negative, so that v, is negative and the flow is inward. 
Of course any arbitrary constant may be added to ¢ or » without changing the velocities. 


CHAP. 6] INCOMPRESSIBLE POTENTIAL FLOW 113 


The flow pattern is shown in Fig. 6-8. At the origin, of course, ¢7>2 as r>0, which 
is no surprise since, in reality, we must always have a finite area, not a point, into which 
the fluid flows. 


Sink Source 


Flow in aa Flow out 


Fig. 6-8. The source and sink. If at 6 = 27 wesay y = —Q, 
then Q is a positive number for a source and nega- 
tive for a sink. 


(c) Potential Vortex. 
We have discussed the potential vortex earlier; now we can discuss it in terms of ¢ 
and y. For the vortex, we can integrate v, = C/r=T1/2zr to find ¢ and y. We obtain 


i iP 
Dd re on mire M (6.21) 


We may note that the role of ¢ and y here are interchanged from the source and the sink. 
And, indeed, in Fig. 6-9 we see that the constant ¢ and y lines form a similar pattern of 
radial lines and concentric circles. The term I/2z is known as the strength of the vortex. 


y = constant 


= constant 


€ 


Fig. 6-10. The flow over a Rankine oval. 
The oval is the dividing stream- 
line between the fluid flowing 
between the source and sink 
and the fluid in the free stream. 


Fig. 6-9. The potential vortex and its ¢ 
and y lines. 


(d) Superposition. 

As an example of the superposition of two or more potential flows let us examine the 
flow shown in Fig. 6-10, the Rankine oval. A source and sink of equal strength are spaced 
equidistant from the origin on the x axis in a uniform flow Uox. All of the fluid from the 
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source is absorbed by the sink, and there is a definite dividing streamline between the fluid 
of the uniform stream and the fluid transferring from the source to the sink. This dividing 
streamline may be considered as the surface of the cross section of an oval-shaped cylinder. 
The superposition of these flows, then, will give us the external flow around an oval cylinder. 
By combining many sources and sinks we could obtain the approximate flow about an 
arbitrarily-shaped cylinder, symmetrical about the 2 axis. And, by using a distributed 
source along the x axis we can find the exact flow about such a body; however, the strength 
distribution function may be difficult to calculate in general, and involves the solution to an 
integral equation. Such methods are useful in aerodynamics. 


Returning to the Rankine oval, we have 


¢ = —Uox — Q/2xInn + Q/2r In re 
(6.22) 
yY = —Uoy — (Q/2:7)61 + (Q/27)62 
which may be written as 
Q, («tayPr+y 
Ce Us rt 
4nr  (x—ay?+y (6.23) 
MB it a ey ee ee ee ) 
eer Uoy 5 ( tan om tan at, 


(e) The Method of Images. 

As we have stated, a streamline may be considered as a solid boundary. If we can find 
a flow such that a constant y line coincides with a boundary, we can specify the flow along 
that boundary. For flow over an object, the surface of the object is a line of constant vy. 

Often it is possible by superposing flow patterns to create a constant y line coincident 
with a wall or boundary. One useful example of this method is the method of images. 
Consider two identical flows separated by a midplane; the midplane must have no flow 
across it and hence can be thought of as a solid boundary. 

By the method of images we superpose flows by reflecting about a solid boundary across 
which there is no flow. Many rather complex flows can be synthesized. by this method. 


For example, consider the flow from a source (or sink) near a wall (the x axis) as shown 
in Fig. 6-11. We construct the flow due to a source at y=a and an image source at 


y 


Source 


Wale aus et ‘ 
a. 


Image flow 
fory <0 
Image source 


Fig. 6-11. The method of images used to create the flow from 
a source near a wall. 


CHAP. 6] INCOMPRESSIBLE POTENTIAL FLOW 115 


y =-—a. The two flows buck each other along the x axis which is a dividing streamline or 
wall. The functions ¢ and wv are, obviously, 
d = -2 yey Ora aye | 
(6.24) 
Eee ee Ue _yta 
Y, = 5 (tan semen tan ees) 


such that at y= 0 the component of velocity normal to the wall, v(y=0), is zero. 


6.6 THE COMPLEX POTENTIAL 


In general, problems in potential flow involve the solution of the Laplace equations 
V’=90 and V*v =0 subject to the appropriate boundary conditions, which are usually 
that at infinity the flow is uniform or zero and that the fluid does not cross solid bodies over 
which the fluid flows. However, except for certain simple geometries for which ¢ and v 
may be easily found either by solving the harmonic equation or by direct integration of 
V=-—V¢?¢ if the velocity is known such as in the simple examples of the preceding section, 
the determination of ¢ and y is best accomplished by the use of complex variable theory 
and conformal] transformations. 


(a) The Complex Function F(z). 
In two dimensions, the fact that ¢ and ¥ are harmonic and satisfy the Cauchy-Riemann 
equations is necessary and sufficient for the definition of a complex function F (called the 


complex potential) as 
FS 6 +o — F(Z) (6.25) 


where 2 = V-1 and z=x+iy. Inthe complex 
(p+) plane, ¢ and y form a rectangular co- 
ordinate grid. We consider ¢ and y to be func- 
tions of z, the complex variable, instead of x and 
y. The wy plane represents the physical flow 
plane. 

In general, 


z= x+ty = re® = r(cosé +7sin 6) 


See Fig. 6-12. zis a complex number with real 
part x and imaginary part y. F' may be written 
as a function of z; then the real part of F is 
(x, y) and the imaginary part of F is u(x, y). Fig. 6-12. The complex z plane. 


Together, the Cauchy-Reimann conditions with the conditions that ¢ and y be single- 
valued and all partial derivatives of ¢ and y be continuous, imply that F is analytic (or holo- 
morphic). An analytic function F(z) is one which (1) is finite and single-valued within a 
closed contour C and (2) all derivatives exist and are single-valued. The real and imaginary 
parts of an analytic function of z are called conjugate functions and are harmonic. ¢ and y 
are conjugate functions and we know that V’¢ = V*y = 0. 

Referring to Fig. 6-12, dF/dz may be evaluated for an arbitrary Az. If we take Az 
parallel to the x axis, we have Az = Az and 


dF _ d¢ , dy 
go es 

and if we take Az parallel to the y axis we have Az =iAy and 
die 5.06 Fe oy 


de) ay * ey 
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Hence either expression is appropriate and both must be equal, so that we obtain the Cauchy- 
Riemann conditions by equating real and imaginary parts: 


oe 2 ee oy ee oe 
ox ay ane ox ——t—é‘<iét YY 


(b) The Complex Velocity. 
By differentiating the complex potential F’, we get 


dF _ 6 | a0 
a Ee 
dF 3 
or PAE PY We Se (6.26) 


and —dF/dz=u-—iv is called the complex velocity. The conjugate potential F = (¢-— ty) 
may also be differentiated with respect to 2, (x —vty) the complex conjugate variable, to give 


—dF/dz=u+iv. Then " 
dF aF 
dz dz 

which is the square of the velocity in the fluid. It is often useful to find V? once F(z) is 

known, without further calculation. To illustrate the meaning of F, suppose F = z+ i2?, 
then F=2-i2. If F=z+a?/z, F=2+ 2/2. F(2) means that all explicit i are changed 
in sign and all z are changed to z. Alternatively, 


WO = ae (6.270) 


(6.27) 


since |V| is the modulus of (u— iv). 
Once V? is known, the Bernoulli equation may be used to find the pressure in the flow. 


A stagnation point where u=v=0 is found by setting dF/dz = 0. 


(c) Conformal Mapping. 


The physical plane where motion takes place is the z or (w, y) plane where y = constant 
lines are curved and represent streamlines. In the F plane ¢ and y form a rectangular 
network. Now it is possible to pass from the z plane to another plane, say the (=7+2é 
plane by a transformation which preserves the orthogonal nature of ¢ and y. Such a 
transformation is known as a mapping function of the form 


€ = f(z) (6.28) 


It can be shown that an infinitesimal triangle in the z plane maps into a similar infinitesimal 
triangle in the ¢ plane with preservation of the angles and similarity. Such transformations 
are used in map making; the Mercator projection is a conformal mapping of the Earth onto 
a flat surface. By choosing appropriate functions of the form (6.28), we can construct flow 
patterns about complex shapes if we know the flow pattern F(z) for a simple shape. Then 
by (6.28) we can arrive at F(¢) which allows description in the ¢ plane of a more complex 
flow. : 

For example, consider the mapping shown in Fig. 6-13 below. The upper half of the ¢ 
plane may be mapped into the sector shown in the z plane by the transformation 


¢ = 2 (6.29) 
where the origin 0-> 0’ is excluded. 
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(a) ¢ plane (b) zplane 
Fig. 6-13. Conformal mapping of the upper half of the ¢ plane 


into the sector z/a in the z plane. 


If we were to consider a uniform flow from left to right in the Z plane, 
F = -U,€ = —U,n—iw,é = ¢+% (6.30) 
then this flow would be f= —-U Gre Ue (6.31) 


in the z plane and be as shown in Fig. 6-18(b), representing flow in a corner. 


6.7 THE COMPLEX POTENTIAL FOR SOME SIMPLE FLOWS 


The method of complex variables is one of the most powerful tools in potential flow 
theory and forms the basis of subsonic aerodynamics. By successive transformations from 
a simple flow pattern into a more complex one it is often possible to construct the flow 
around objects such as cylinders, airfoils, etc. In this section we list a few important com- 
plex potentials and describe their flow patterns. Furthermore, complex potentials can be 
superposed, just as ¢ and wv were, to generate various patterns. 


(a) The Uniform Flow Field. 
As we have previously stated, 
Fu= -Uoz = -Uop(a+y) = ot (6.32) 


is the complex potential for a uniform flow Uo parallel to the x axis. Equating real and 
imaginary parts, ¢=—Uox and » =—Uoy, which we have already learned previously and 
which has been shown in Fig. 6-7. 


(b) Sources and Sinks. 
For a source of strength Q, the complex potential is 
F = —(Q/2r) nz =——(Q/27) Inre® (6.33) 
It is convenient to represent z as re’ here so that we can separate F into real and imaginary 
parts: F = —(Q/27)(Inr +i). Hence we obtain ¢=—(Q/27)Inr and y= —(Q/2z7)0 as 


shown in Fig. 6-8. A sink is identical except that Q is negative, or if we define Q as the 


strength of the sink, 
F = (Q/2zx) Inz (6.34) 


(c) Potential Vortex. 
For a potential vortex, as shown in Fig. 6-9, 


F = it2inz = iz Inve’ (6.35) 
> Qn 
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so that $= —(I/27)6 and »=I/2rlnr, where 1/27 is the strength of the vortex and Tr 
is the circulation. 


(d) The Dipole or Doublet. 


Consider a source of strength Q at point A and a sink of strength —Q at point B. Let 
point A be located at z = ae and B at —ae’“ as shown in Fig. 6-14. The complex potential 
for the superposed flow is then 


| a ons eu In (2—ae®): + ee In (2 + ae”) (6.36) 


Qn 


The streamlines are circles passing through A 
and B. 


Now as the points A and B approach each 
other, the limiting flow as A>B (a0) is 
known as a doublet or dipole. The complex po- 
tential for this flow (as a> 0 and A and B coin- 
cide) is 

me 


k= = (6.37) 


where m = Qa/z = constant, evenas a>0. As 
0G) > and lim Qa/x =m, the strength 


of the dipole. The flow patterns are nested cir- 
cles for streamlines and velocity potential as 
shown in Fig. 6-15. These patterns are similar 
to the electrostatic dipole field configuration of 
a positive and a negative charge, and to the ra- 
diation pattern from a dipole radio antenna. Fig. 6-14. A source and sink. 


wy 


y = constant 


¢ = constant 


= constant 


Fig. 6-15. The dipole flow. 
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Separating (6.37) into ¢ and y, we get 


_ Mx cosat+ y sina) _ mx sina — y COS a) 
oe (x? oe 2) ? = 24 472 
y (x? + y?) 
which represent circles tangent to the origin. 


If «a=0 we get 


(6.38a) 


ee MX a my 
p bins x2 + y?? w am et? (6.38b) 


(e) Streaming Motion Past A Circular Cylinder. 

Referring to Fig. 6-16, a uniform flow U» flows in the positive x direction. A cylinder of 
radius a is located at the origin. The complex potential for flow about the cylinder is 
given by 
F = —Uo(z + a?/z) (6.39) 


Uy 


Fig. 6-16. 


Flow around a circular cylinder. The figure is sym- 
metric about the x axis. 


The stream function is obtained from (6.39) as 


2 
= —Uoy(1 — a2/r?) eioy 


: OP. 
Y= —Uo(r sin @ — © sino ) SUE se ty? (6.40) 
which shows that the flow over a cylinder is represented as the superposition of a uniform 
flow over a dipole of strength —a?Uo. 
source and sink in Fig. 6-15.) 


(The negative sign merely interchanges the role of 
The velocity potential ¢ is given by 


ines tc SU AUS) 
At r=a, the contour of the cylinder must coincide with a streamline. 
at r=a, y=0. . 


The velocity field may be 
coordinate form, 


(6.41) 
And indeed, 


found from —dF/dz=u-—iv which may be put into polar 
Uva? 


2 


dF 
a = WU + 


2-210 
—Uo + oes 


2 


a? rae 

Uo (S cos 26 — 1) + iUo- sin 20 
, r 

so that the cartesian velocity components are 


a CA 
Te asl Uf (S cos 20 r= 1) ; v= Uon sin 26 (6.42) 
and the polar coordinate velocity components v, and v, are then 
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vr = Uo(1 — a2/r?) cos 6, v = —Vo(1 + a?/r’) sin é (6.43) 
and hence 
dF dF 5 at 207 | 
2 = 2 meet _ = ae ae 29-— 2 
Vo US eet eS A Oe Paar Ce Uo ee ee (sin? 6 — cos? 6) 


The pressure around the cylinder can now be found from Bernoulli’s equation 


y? A 
P+> = constant = 2 + ee i 

Pp 2 p 2 p 
where > is the stagnation pressure at any point in the flow where V is zero and p,, is the 
free stream pressure where the velocity is Uo. On the surface of the cylinder, at r= a, 


P|, = D)/p — 2U9(1 + sin? 6 — cos? 6) 


The maximum velocity is 2U and occurs on the top and bottom of the cylinder 
(9 = 7/2, 37/2), and there the pressure is a minimum. Since the pressure is symmetrical 
about the x and y axes, there is no net force on the cylinder. In actuality, of course, separa- 
tion would occur on the rear of the cylinder and drag would be present. However, if the 
cylinder is deformed so that the rear is drawn out to a point, separation may be prevented 
and the potential flow solution is quite good except for the boundary layer which gives rise 
to skin friction. In the next section we will discuss airfoil theory where potential flow 
theory gives good results for the velocity and pressure distribution over a streamlined body. 


6.8 CIRCULATION AND THE JOUKOWSKI THEOREM 


In this section we will discuss the superposition of a potential vortex flow (of finite 
circulation) on the uniform flow over a cylinder. The resultant pressure distribution gives 
rise to a lift on the cylinder, and forms the basis for aerodynamic theory. 


(a) The Circulation about a Circular Cylinder. 


Consider the uniform flow over a circular cylinder with circulation. The circulation 
could be brought about by rotation of the cylinder such that if there were no uniform flow, 
the peripheral velocity of the cylinder of radius a would be the corresponding tangential 
velocity of the potential vortex at radius a. The total complex potential is then 


F = -Uv(z+a?/z) + is-In z/a (6.44) 


so that the cylinder is part of the line »=0. To determine the form of the streamlines 
(J = constant) we find the complex velocity —dF/dz. 


LEE Asie eee 


dz Qe 
and the stagnation points are given by solving for z the equation 
ak 
2 — = = 
Uo (a / z 1) + are 0 


se real ane 
so that Zoje c= a(igty * il Canal, (6.45) 


There are three cases: I? <(4raUo)?, IT? = (4raUo)”, T? >(4raUo)?. In Fig. 6-17 below we 
plot the flow for each case. 


There is a lift L on the cylinder, and we develop below a general formula for this lift 
and show that it is L = —ipUoI; that is, it is a force in the y direction of —pUor. 
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iy 


(a) T2 < (47aU))2. The two stagnation (b) [2 = (47aU))2. One stagnation point 
points lie on bottom of the cylinder. lies on the bottom center. 


wy 
x 
(c) T2 > (47aU)?. The single stagnation point moves down. 


Fig. 6-17. The streamlines for flow with circulation over a circular cylinder. 


The value of Fr here depends on the rotary speed of the cylinder, and that is why a base- 
ball, golf ball, or ping-pong ball curves when it has spin. For the flow shown in Fig. 6-17 
the value of Tr is negative and the lift is in the +y direction. 


(b) The Blasius Theorem and the Theorem of Kutta and Joukowski. 


We will derive now the general forces and moments acting on a cylinder in potential flow 
and will apply the results to the calculation of lift on an airfoil. Referring to Fig. 6-18, 
we integrate the pressure around the cylinder to find the total complex force X +7Y and 
moment M acting on the cylinder (per unit length). From Bernoulli’s equation, p = po —4pV? 
where po is a constant. Then, 


dz 


ip Ax 


a. 
iyi @ —phy 
ee Direction of integration 


Fig. 6-18. Flow over a cylinder with lift and drag indicated. 
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dF dF 


= Pe pV Dia ers 


and the integral of »» around the cylinder makes no contribution. On the cylinder, 
wv = constant, so that dF =dF. We have, referring to Fig. 6-18, 


Resi a -$ Given ae -§ rae 
~ i dF dF = eer § (EY a (6.46) 
— § “8s de ("ee 0 ade 
The moment M is given by 
M = § ve de + ydy) = Re § pz dz (6.47) 
_ Le DE a 
= Re > —3P ay gg % a2 = Re {te f 2( Se az| 


where Re indicates the real part. 


Once we know F(z), then the lift and moment can be found immediately. Further, by 
expanding F(z), explicit expressions for X, Y and M may be found. These are given by the 
theorem of Kutta and Joukowski for flow of a uniform stream over a cylinder of arbitrary 
shape. 


The complex function dF/dz may be expanded (for |z| sufficiently large) as 
——— = Use? +. A/e + B/2 +.+=- (6.48) 


because clearly as z> ~~, —dF/dz, the complex velocity, becomes Uy which is the free stream 
value of the velocity which in general makes an angle » with the x axis as shown in Fig. 6-18. 
Then F' may be determined as 


BS =, —Uses@?z — Aline +<B/254> »<: (6.49) 


We see that the second term is exactly the complex potential due to circulation. Hence 
A=-1Ir/27. Thus 


CEN] gs eee Poe! T= Se BU © 
=e i. up : Te Anz? Ki 
and from the Blasius theorem and the theory of complex integration we obtain 
—ig ; 
Dany Retna ah [ 2x (i) = iT Uye-'? (6.50) 
Tv 


which is the Kutta-Joukowski theorem. It states that the net force (lift) on the cylinder 
is directed perpendicular to the free stream velocity and equal to —pUol. In general we 
can.conclude: 


1. The force is always perpendicular to the free stream velocity (and is hence designated 
as a lift force). 


2. The lift is positive if T is negative (for a positive Uy in the x direction). There is no 
lift without circulation. The lift depends only on T (which may depend on the 
profile). 


3. There is no force parallel to the direction of Uo (drag force). Drag can only be 
produced by skin friction in the boundary layer if the flow is potential around the 
body and there is no separation. 


4. In real flows the above results are accurate and form the foundation of subsonic 
aerodynamics, so long as the cylinder is streamlined. If separation occurs, a drag 
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force due to a pressure decrease in the wake occurs but is not predicted by potential 
flow. Flow over a circular cylinder always separates (except in very slow viscous 
flow) and the potential flow is not very accurate there. 


In summary, then, lift is —pUoT, and the Ee gf 
task that remains is to determine r for a given 
cylinder such as an airfoil, Fig. 6-19. The 
angle of attack a is the angle between the free 
stream velocity and a fixed chord line on the 
profile. It is defined so that L and hence Lr are Uy 
zero for a=0. The value of I tends to in- 
crease for certain shapes as a is increased until 
is ee ee coer uObaoc curse len yarthhs av aioy Vite Don ectinacemeheommelec: ae 

rastic reduction in lift suddenly occurs as tack is. When «=0, L=0, by def- 
drops. inition of a. 


+I (r is negative for positive L) 


6.9 AIRFOIL THEORY 


We will now apply the results of the previous section to the calculation of lift for some 
simple shapes. In particular, we are interested in the airfoil shape and the physical cause 
of circulation. As we pointed out, a rotating circular cylinder generates circulation; but 
what about an airfoil which certainly isn’t rotating? The cause of circulation there is 
explained by the Joukowski hypothesis which very simply states that infinite velocities are 
inadmissible in real flows. 


(a) The Airfoil. 

As we have seen, lift is due to circulation; and there is, indeed, circulation about an 
airfoil. Referring to Fig. 6-20, the Kutta-Joukowski hypothesis states that the singular 
point at the trailing edge, where the velocity must be infinite by potential flow theory, is 
impossible in a real flow and the flow will adjust itself so that the stagnation point moves 
to the trailing edge and hence removes the singular point. The value of circulation, I, 
about the airfoil is just that amount necessary to shift the stagnation point to the trailing 
edge. Clearly r must be negative to effect this transfer, and hence the lift L = —pUoT is 
positive as shown. 


eee: ; 
= = GS Ge 


(a) (b) (c) 


Fig. 6-20. Circulation and its formation about an airfoil. The 
stagnation point moves to the rear as the flow pro- 
gresses and this transfer determines I. Fig. (a), 
(b) and (c) show successive stages in the startup of 
the airfoil. 


As the flow starts up, the potential flow is as shown in Fig. 6-20(a). The stagnation 
point moves to the rear and a small vortex is formed which sheds off and is lost downstream. 
By Kelvin’s theorem the total circulation in the fluid must be constant in time and 
hence a fr equal but of opposite sign to the shed vortex is created about the airfoil. The total 
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circulation in the fluid remains zero but the value about 


the airfoil is a negative number. The shed vortex falis 
far behind and gets left on the airfield. (A large con- \ 
trol contour including the airfoil and the airfield gives 
zero circulation.) G 
The formation of this trailing vortex can easily be 


seen by dragging a spoon through a cup of coffee. ; r - 

Draw the spoon, inclined at an angle of attack through BLEUE ao na % Penn hee 
the coffee and you will see the trailing vortex form and The curved spoon approxi- 
shed off. (See Fig. 6-21.) mates a cambered airfoil. 


(b) Calculation of the Potential Flow and Lift. 

The flow around any given airfoil may be described by the appropriate complex potential 
F. The simplest airfoil is the Joukowski airfoil which may be obtained from the flow about 
a circular cylinder by a single conformal transformation. Referring to Fig. 6-22, flow about 
the cylinder in the ¢ plane maps into the flow in the z plane by the Joukowski transforma- 
tion. The transformation from ¢ to z here is 


2= C+P/¢ (6.51) 


and the flow about the displaced cylinder (center at C) for flow at an apparent angle of 
attack ¢ is 


; a? 
— Ss _ id —ig =e ee ; 
F Us (c belo? + ered (6.52) 
If 6 =0 (C at the origin) the Joukowski transformation maps the cylinder into an ellipse 
centered at the origin with major axis along the x axis. The point ¢=1 transforms into 
z= 21 and is the trailing edge where dF/dz has a singularity which must be removed by 
circulation. 


one 
see ¢ plane z plane 


Fig. 6-22. The Joukowski transformation. The apparent angle 
of attack is y. Lis 1 to Uy. The absolute angle of 
attack is a (to be determined), When a=0,L=0 
by definition of a. 


To equation (6.52) we must add the complex potential due to circulation, so that the 
velocity at the trailing edge can be made finite. The total F(¢) about the cylinder must then 
be 


2pip Ssh AY) 
FQ 205 [ e-#(¢— ber) + pees ie ix in(4 we )| (6.53) 
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The complex velocity in the z plane at point T, the trailing edge, is 


dF dF de 
dz T dg dz point T 
and dz/df=1—l?/@=0 at the trailing edge. Hence the value of dF/dZ must be zero at 
Z= —2l for dF/dz to be finite there, and this condition determines the value of P and hence 
the lift on the airfoil. 
From (6.53) we find dF/dé=0 as 
aF , ae? i af 
——— Oe = —_————— a 
a Uo(e oe +g pay (6.54) 


and from Fig. 6-22, (¢ — be) = [£ —1 + ae“"-®] so that at ¢=1, (6.54) gives 


= — p—2itr—B) + 21 7-2 p—ilr— i — 
Up ye ved Wai tae Oey ame () (6.55) 
which may be solved for Tr. We can equate either the real or imaginary parts of (6.55) and 
get the same answer for I. 


T = 4raUy sin(r-—B—y) = —4zraUo sin (6 + ¢) (6.56) 


and we see that Tr is a negative number which depends on the free stream velocity, apparent 
angle of attack ¢, and the parameters a and @ which determine the size and camber of the 
airfoil. Since ZL =—pUoT is perpendicular to the free stream, L is a positive number for 
values of (@+¢) positive. We call the angle (8+ y) the absolute angle of attack a. By 
definition, when a= 0, the lift L is zero. 


In aerodynamics, the term angle of attack usually refers to the angle a, not ¢. 
The lift coefficient Cz. is defined by 
L 


Cr = CpU2/2 (6.57) 
where L is the lift per unit length of the airfoil and ¢ is the chord length or width of the 
airfoil. For a Joukowski airfoil c ~ 4a and we get for C1, 

pUo(4raUo) sina 


CL = 4apU?/2 == 2Qra (6.58) 


In practice C, increases with a linearly as (6.58) shows for small a, then drops off rapidly 
when the stall angle a, is reached as separation occurs and the circulation is lost. The stall 
angle and exact C. versus a curves are best determined experimentally. 


(c) Three-dimensional Effects. 

The lift on an airfoil is due to the line vortex 
which moves with the airfoil (the bound vortices). 
As we showed earlier, these line vortices cannot 
just end at the tip of the wing, but must continue 
into the free fluid (until dissipated by viscosity). 
If the circulation were uniform along the wing 
the vortices would be shed off the tips and pass 
downstream in the trailing vortices, as shown in 
Fig. 6-23. This simple “horseshoe” vortex sys- 
tem is not quite correct, however, because the Fig. 6-23. A simple horseshoe vortex pattern 
value of T generally varies along the wing. As Corde nese dimensionalaering. 
a consequence, vorticity is shed off the trailing The top view of the wing is shown. 
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edge all along the wing, generating a vortex sheet made of a superposition of “horseshoe” 
vortex systems of various strength, as shown in Fig. 6-24. Alternatively, a physical picture 
of the vortex sheet can be obtained by imagining a plane of ball bearings extending down- 
stream behind the wing; the air on top tends to flow inward, and the air on the bottom tends 
to flow outward. This difference in flow direction of the wind coming off the trailing edge 
generates the vortex layer or sheet. The reason for the skewing of the flow is readily under- 
stood by remembering that there is pressure differential between the top and bottom of the 
wing and from the center to the tips. 
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Fig. 6-24. The vortex sheet behind a wing. 


Ultimately, a few wing lengths or less behind the wing, the vortex sheet forms two dis- 
tinct vortex lines as shown in Fig. 6-25. This phenomenon may be observed in multi-jet 
aircraft (where the nacelles are wing suspended). The jet vapor trails may be seen to 
coalesce to form two distinct trails, one from the left wing and one from the right wing. 
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Fig. 6-25. The vortex sheet rolls up into two distinct vortices, 
spaced at somewhat less than the wing span. 


One last point to mention is the induced drag. Because of the vortex sheet, there is an 
induced “downwash” which, in effect, changes the angle of attack of the wing and causes 
the lift vector to point at a slight angle (to the rear) to the free stream velocity. Hence the 
lift vector has a component parallel to the flight direction. This component is a drag force, 
called the “induced” drag. The remainder of the drag, the “profile” drag, is made of the 
skin friction drag of the boundary layer and a “form” drag due to the shedding of the 
Karman vortices in the vortex sheet (i.e. the wake). 


We cannot pursue the subject here, but potential flow theory and boundary layer theory 
together constitute the foundation of subsonic aerodynamics. 
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Solved Problems 


A tornado may be idealized as a potential vortex with a rotational “eye” or core which 
behaves approximately as a solid body. A rough rule of thumb is that the radius of 
the eye is of the order of 100 ft. How does the pressure vary along the ground 
around the “eye”? For a tornado with a maximum wind velocity of 100 mi/hr, what 
is the maximum drop in pressure? This underpressure is partly responsible for the 
lifting of roofs and much of the damage inflicted by tornados. 


The velocity vg is T/27r and hence 
T = 2rrvg = 27(100 ft)(100 X 5280/3600 ft/sec) = 9.2 x 104 ft?/sec 


From Bernoulli’s equation (assuming standard air at pressure 7p), 


be Z I _ (9.2 X 104)2(0.0028) _ _ 2.4 x 105 
Cee 8h en get tee ee eee 


The negative sign indicates that the pressure is lower than the atmospheric pressure far from the 
tornado. At »=100ft (which is the smallest r where we can apply potential flow theory) the 
pressure is reduced by 24.6 psf (which is about 1.7 psi) below atmospheric. 


In Fig. 6-26 a source is located at a 
distance a from a wall. What is the 
total pressure -force on the wall? 
Behind the wall («> 0) the pressure 
is Yo, the stagnation pressure. 


The flow is given by assuming an image 
source at «=a when we place the real 
source at x =-—a as shown in the figure. 
The complex potential for the total flow is 


& 
Image source 


a ~ 2 fin (2 +a) + In(z— @)| 
and 


d 
/ 


1h 2 in @t+a) +n@—a)] 


T 


and we find Fig. 6-26 
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Pe dF dF _ @f 1 1 ier Aaa | 
~ dz d& ~ 492| (+a) (¢—a) || (@+a) G@-—a@) 
which may be simplified to the following (since z=a+iy and 2=%-—vwWy): 
y = Q?(x? + y?) 


72[(w@2 + y2)2 — 2a?(a2 — y2) + a 


and from Bernoulli’s equation p?/p + 4V? = po/p we find the pressure difference across the wall as 

P— Po = —$V%p, and the total force per unit length of the wall (out of the paper) on the wall 
(positive to the right) is 

+ 00 + 0 D) +0 2 Q2 

Force = if (p — Po)ln—o dy — —to f V2|,,-9 dy — — Q28 aE 


—o 


(y? ot a?)2 4ra 


—na 


The negative result indicates that the net force is to the left and the wall is sucked towards the 
source. 


Rework Problem 6.2 except that the source is replaced by a sink. 


The complex potential is identical except that Q is now a negative number. However, in the 
solution for the force on the wall, Q appears squared so that the sign is irrelevant. Hence we con- 
clude that the net force on the wall is the same for a source or a sink. The wall tends to be sucked 
towards the source or sink. 

The result might seem surprising, but in each case the velocity increase near the wall causes a 
pressure defect and the result is the same. 


Wind flows down a hill and over a rise, in 
the shape of a sector of a circle of radius b, 
and out onto the plains. Map the flow. 
Find ¢ and y explicitly. This flow is shown 
in Fig. 6-27. ill 

We begin with flow over a circular cylinder, 
then map it into an angle with the transformation 
of equation (6.29). 

VA 
b 


In the ¢ plane, referring to Fig. 6-28, 


F() = —Up(t + o/s) ZR 
so that from {= z® we have Plains 
F(z) = —Uo(z* + a2/z%) Fig. 6-27 


as the complex potential in the physical z plane. a is given by z/a = 8. It is important to note that 
the free stream velocity Vo in the z plane is not uniform but varies with r and 6. Up) does not map 
directly from the ¢ to the z plane as it did for the Joukowsky airfoil transformation. Furthermore, 
the radius a of the circle in the ¢ plane is not the same as the radius b of the sector in the z plane. 


Vo 


a 
@ 


Fig. 6-28 
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6.5. 


We have 2% = rer? = r%(cos as + 7 sin a6) 
and F = —U,([r%(cos a6 + isin ae) + (a2/r%)(cos ag — 7 sin aé)| 
so that @ = ReF = —Upr?l[cos ag + a*r—2% cos a6] 
y = ImF = —Upr(sin ae — a?r~2 gin ao] 


The behavior of the free stream velocity may be seen by finding the radial velocity v,, given by 


—d¢/dr. 
0, = aUgr® *|cos ad a*r-2 cos.a6| 


so that for 6 =7/a (along the wall), we have 
Vlg =n = aU o[re-1 — ar +0) 


For large r, and a >1, ,|9 = ./2 becomes large and is approximately — aU r(*-!). The negative 
sign indicates flow inward from infinity. 


The radius b can be related to the radius a. The radius b is given by setting v,=0. Thus 


Dee ie oO) from which ba al’@ 


The transformation 
2= Cié+drA("1)/, 1 0=A=$1, 0=C 


transforms a circle with unit radius in the ¢ plane to an ellipse in the z plane which is 
shown in Fig. 6-29. 


Uo 
a 
—_—_—_—_—_—_————_ 3 7 


z plane 


Fig. 6-29 


(a) Making use of this transformation, find the complex potential F(z) for the steady 
flow past an elliptic cylinder with semi-axes a and b as shown in Fig. 6-29. The 
undisturbed velocity at the infinity has magnitude Uy and makes an angle a with 
respect to the x axis. 


(b) Let z=kcoshy where k is a real constant and y=é+%. Then constant é lines 
are a family of ellipses in the z plane and constant 7 lines are a family of confocal 
hyperbolas orthogonal to the ellipses. The resulting grid of constant é and 7 lines 
in the z plane are referred to as elliptic coordinates. Using these elliptic co- 
ordinates and denoting the magnitude of the velocity of the fluid on the surface of 
the elliptic cylinder described in part (a) by V, express V in terms of 7 when a= 0. 


(a) Let us first examine the {—z transformation, z= C(g§+)s~1). Let (= e® for a circle of unit 
radius and z=«+1ty. Then 
z = C(e+ re”) = C(1 +d) cose + iC(1—A) sine 


: x2 y2 
and «= C(1+A)cos@, y=C(1—A) sing so that CXL)? af Cl Fae = 1. Hence 


a=C(1+r), b=C(—-A);| C=(at+b)/2, 4c? = a%— b2 (1) 
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= ey 


y plane f plane 
Fig. 6-30 


Now for flow over a unit circle in a y plane shown in Fig. 6-30, 


FY) = Ay 7 *) 
Then ¢ = ye'® so that BI (\ Al (G6 matt Game) 


From the given transformation z= C({+¢—1) we obtain 


i 
= — ste ae 2 
& aC (z 22 — 4C2) ) 
We take (+) here so that the domain outside of the circle in the ¢ plane, Fig. 6-30, is trans- 
formed to the domain outside of the ellipse in the z plane. Then 


rity ee CS eis ere cae | 2 
@) ae : (2 + V22 —4C2r) 2) 


= Ujem'* hence 


Now = =e but _< 


AiG =U, (3) 


Using values of C, \ and A obtained by equations (1) and (3), equation (2) becomes 


Bo WE = (CP Oe a= a 


[ 
= — 
F(z) 1U,(a + b) \ sh F ry (4) 
We are given <=kcoshy, y=£+i%in and we can write 
x + iy = keosh(é+%) = k(coshé cosy +7 sinh¢é sin 7) 


we. 2 2 2 
ie Y =a eee ESS ee 
k? cosh2¢ ~ k? sinh? ¢ : k2 cos?n ~—s ok? sin? n 


Hence 


Let = represent the ellipse with semi-axes a and b in the z plane; then k coshtp) =a 
and k sinhé) = 6, or 
k? = a? — 62, ‘tanht) = 6/a 


e2%o e— 28 ep! (5) 


(a+b)2 ~ (a—b)2 kz 


Equation (4) becomes (with a= 0) 


F a ae pa ee A ce 
(y) 4Uy(a + b) Va2— b ares 


FQ) = —Uo(a+b) VB ( st —) 


atb a-—b 
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dF dF Us e2é ern e2in e—2in \ 
Vj. = : =- —! ip pene ty iil Rental | Yes] LLL Eee sap Mk elle LE SR Mc 
UO ane fa oe ZT Oe ato? abe. 8) (A b| 
Equation (5) gives 
Vile = 1U3(a+ b)2{2 — 2 cos2n} = U2 (a+ b)? sin? y 
2 Vy le=ey sfatb sin? 7 
y2 = Vv, eo = Tae — Up ° . 
f=£o \dz/dy|z—¢, a — b/ \ sin? + sinh? & 


where {) = tanh! b/a. 


6.6. Find the complex potential for a source located in the midplane of a two-dimensional 
channel as shown in Fig. 6-381. 


Ww 
Source 
ZA 
a/2 
‘ x 
a/2 
Fig. 6-31 


By the method of images we set up an infinite array as shown in Fig. 6-32. 


Ay 
To infinity 


9 


d 
pe me c++ i 
. d 
es Z jd Z, Zz) 
d = x 
Real source ——_—"_ 
> > 7 , 7 
P d 
d 
Image sources 9 ie d 
| aes ala 
| To infinity 
Fig. 6-32 
The complex potential then is found by summing over all the images: 
2) (oo) + 
F=5 SG ad) +3 ee In(z—ind) = DADe ie = ee sinh 7% 
n=07 27 n=1 °° 27 yea Ar 20 d 


By evaluating F for —d/2 < y < d/2, we have the flow between the walls at +d/2. 


We can find ¢ and y as 


ne _Q THe TY is eel TH  . TY 
eg = on In sinh | cos— > y = On In cosh = sin—— 
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A cylinder of 1 in. diameter, shown in Fig. 6-33, rotates L 
as indicated at 3600 rpm in standard air which is flow- 

ing over the cylinder at 100 ft/sec. Estimate the lift 

on the cylinder (per unit length). 


Use L=-—pU Il, where IT here may be estimated by as- 
suming Uo 
. 27 <> 
_— f Wohl = i —(rQ)(r de) = —27r7r2o 
‘ 0 
= —27(1/24 ft)?(3600 x 27/60 rad/sec) = —4.1 ft?/sec 


Thus L = —pU)l = —(0.0028 slug/ft?)(100 ft/sec)(—4.1 ft?/sec) = 


0.94 lb/ft. Fig..6-33 


The flow over a two-dimensional cylinder (symmetrical about the x axis) may be deter- 
mined for any arbitrary shape f(x) by the appropriate distribution, q(x), of sources 
along the x axis as indicated in Fig. 6-34. For a given shape y=f(x), determine 
q(x). We assume the nose of the body to be at the origin. 


Fig. 6-34 


The body surface +f(x) is a streamline, and clearly the distribution q(x) must change sign 
along the « axis and no fluid crosses the body boundary, + f(x). 


For any elemental source q(x) dx the complex potential is 


Fe en ea aes 
27 


where we use the primes on x to indicate a variable of integration as opposed to x in z=2+1Uy, 
the position where F' is evaluated. Then 


L Ge 
i it = UW) 1 (2 — 0’) de! 
0 


But the imaginary part of F is y, and y(x,y) = arbitrary constant = 0 is the same as y = f(x). 
Taking the imaginary part of F’, we have 


L te 
nh == hy SS f eee) tan-1 —2— = ab! 
0 2 A ty 
and on the surface, y = f(x) and y =0 so that 
L , 
0 = f = q(x’) tan~1 f(a) , da’ 
fy 2a fa te 


which is an integral equation to be solved for g(x). In general, the solution is not simple. The flow 
over the Rankine oval (Fig. 6-10) was a special, simple example of this method. 


This technique is useful for flow calculations over airships and ship hulls. 
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6.9. 


6.10. 


6.13. 


6.14. 


6.15. 


6.16. 


6.19. 


6.20. 


6.21. 


6.22. 


6.23. 


6.24. 


Supplementary Problems 


Can a vortex tube terminate in the fluid or must it form a ring? 


In a tornado, can you define a vortex filament or only a tube? Suppose the core is of uniform 
cross section. 


In a viscous shear flow, can a vortex filament be defined? Can a vortex tube be defined? In Poiseuille 
flow, what do the vortex lines look like? 


Why does the air over the top of a wing flow inward towards the center of the wing and outward 
towards the wing tips on the bottom of the wing? 


An arctic quonset hut experiences a lift due to 
wind blowing over it. Its shape is approximately 
semicircular. For a wind of 80 mph and air 
temperature of 0°F, what is the lift per unit 
length on a 10 ft diameter hut shown in Fig. 
6-35? 


Wind 


In the preceding problem, does it matter where 
the door is located in determining the lift when 
the door is left open? What determines the 
pressure inside the hut? Fig. 6-35 


Discuss the flow z= CcoshF. Show that 
«x = Ceosh¢ cosy, y = Csinh¢ siny 
and the streamlines (y = constant) are confocal hyperbolas and this pattern might represent flow 


through an aperture. 


Calculate the force on a wall due to a’ dipole of strength m located a distance a from the wall. 
Assume the wall is parallel to the x axis and the dipole is aligned parallel to the x axis. 


In the preceding problem, what is the force if the dipole is inclined at an angle a to the wall? 


What happens in Problems 6.16 and 6.17 if we take the dipole strength as —m? Does the force on 
the wall have a different sign? 


Discuss the motion F' = 22—1. 


Find F, ¢, and y and plot the streamlines for 
flow due to a source in the wall of a channel of 
width d shown in Fig. 6-36. (Hint. Set up an 
infinite array of images and sum up.) 


Discuss the flow F = Az?. 
Discuss the flow 22 = F°. Fig. 6-36 


Find F and draw the streamlines for flow through a channel with two sources located opposite each 
other as shown in Fig. 6-37. 


7 


Fig. 6-37 Fig. 6-38 


A potential vortex is located a distance d from a wall. Discuss the flow. See Fig. 6-38. 
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6.25. 


6.26. 


6.28. 


6.29. 


6.36. 


6.31. 


6.32. 


6.33. 


6.34. 
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D 
Discuss the flow about a circular cylinder near a 
wall, Fig. 6-39, assuming d > D. ea Pete 
Uo 
In Problem 6.25 the cylinder rotates about its axis SSS d 
with angular speed 2. Discuss the flow. - 7 - 
Discuss the force on the cylinder in Problem 6.26. Fig. 6-39 


A light piece of cardboard with a pin stuck through 
it and inserted up through a spool, is shown in Fig. 
6-40. If one blows air lightly down through the 
spool the cardboard disk is held up and does not 


fall. Why? Actually the air is deflected radially 
and the flow between the cardboard and spool is 
similar to a potential source flow. What would the Groen section 
pressure distribution be along the surface of the of spool 
disk. Does this explain the lift? 

If one blows very hard, the disk falls. Why? cate 
What about the momentum of the air rushing down disk 


through the spool? The air must change its direc- 
tion if it begins to flow radially. Does this help you 
explain it? Fig. 6-40 


Air 


A source is located at position z, and a sink at position z). For general strengths, what is F, ¢ and y? 


For a source and sink of equal strength lying along a line z= e'* and equidistant, a, from the 
origin, and submerged in a uniform flow along the «x axis, plot the streamlines. 


A source is located as shown in Fig. 6-41 between a right angle. What is the complex potential? 
Find the complex velocity. 


Fig. 6-41 Fig. 6-42 


A source is located midway between a 45° angle wall, at a distance a from the origin. Find F and 
describe the flow. See Fig. 6-42. 


A tornado of circulation Tf has a solid core of diameter a. Calculate the pressure distribution in the 
tornado. Do you think this low pressure might contribute to the devastating effect of a tornado? 


An ocean whirlpool is shown in Fig. 6-48. The 

pressure along any line A-A decreases from the 

hydrostatic value pgh at large radii to zero h 
(gage) at point P. From potential vortex theory ; 

estimate the equation of the free surface of the A A 
whirlpool. What happens in the center at suf- 
ficient depths? Can the whirlpool just stop, or 
must it go all the way to the ocean floor? Can 


you explain why objects caught in a whirlpool VIL ILPDA GALT SI KIL 


tend to get sucked down? Fig. 6-43 
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NOMENCLATURE FOR CHAPTER 6 


complex potential 

denotes imaginary part 

lift 

moment 

pressure 

stagnation pressure 

free stream pressure, where V = Uy 
volumetric flow rate 

denotes real part 


free stream velocity 


= 2x component of velocity 


velocity vector 
y component of velocity 
r component of velocity 


6 component of velocity 


= z component of velocity 


= x component of force 


y component of force 


(~ + ty) = complex variable — 


circulation 


density 
velocity potential 
stream function, gravitational potential 


angular velocity vector 


= vorticity or rotation vector 


denotes complex conjugate 
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Chapter 7 


One-Dimensional Compressible Flow 


7.1 INTRODUCTION 


For many physical flows the assumptions of “frictionless” and “incompressible” lead 
to a reasonably accurate model representation (Chapter 6). In other flows the viscosity 
was seen to be important (Chapter 5). In this chapter we consider one-dimensional flows 
where the density variations are of major importance in determining the character of the 
flow. Although the restriction of one-dimensional flow may seem rather severe, this 
physical model is found to be a good approximation to many actual flows. 


This chapter is restricted exclusively to internal flows. In applying the one-dimensional 
assumption, it is assumed that the quantities (pressure, temperature, velocity, etc.) are 
uniform over any cross section of the channel.! 


Internal flows (flow in pipes, channels, and ducts) may involve property changes along 
the channel resulting from area change, heating and friction. And, indeed, all of these do 
take place in real flows. However, we will investigate these effects by looking at them one 
at atime. This is done for two reasons: first, there are many flows where only one effect 
is actually important; second, this leads to a better understanding of the role of these 
effects in more general flows. 


(a) Ideal Gas Approximation. 

The ideal gas approximation is valid for low and moderate density gases. This ap- 
proximation yields property relations which are convenient in making up the total mathe- 
matical model. For example, if we assume the fluid is an ideal gas, we have 


je Tig le (7.2) 
where p is absolute pressure, v is specific volume, FR is the gas constant, and T the absolute 
temperature. In addition, if it is assumed that the specific heats at constant volume and 


constant pressure do not vary with temperature, we have between two states 1 and 2 the 
following additional property relationships 


Co(T2 — T1) (7.2) 
Roa hy = Cp(T2 oa T:) (7.3) 


where w is the specific internal energy, h is specific enthalpy, and c, and c, are the specific 
heats at constant volume and constant pressure respectively. Further, if the flow is as- 
sumed to be frictionless and adiabatic (and thus isentropic) and follows the ideal gas 
equation of state, then we have the following equation describing the process 


l| 


UstaUt 


por = constant (7.4) 
where k is the ratio of specific heats, ¢p/¢v. 


1Strictly speaking, one-dimensional flow is defined as a flow where only one spatial coordinate is required 
for description. This could be realized by fully developed pipe flow. However, we are concerned only with 
the flows of uniform conditions at each cross section. 
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(b) Propagation of an Infinitesimal Disturbance. 


A disturbance in a fluid will propagate through the fluid at a well-defined velocity which 
depends on the properties of the fluid. The velocity of propagation depends on the magni- 
tude of the disturbance. If the disturbance is very small, then the velocity of propagation 
of the disturbance is called the velocity of sound or acoustic velocity. This velocity is itself 
a property of the fluid—a very important property in compressible flow. 


The velocity of sound may be determined 


by considering a fluid in a long tube as shown a 


in Fig. 7-1. An infinitesimal disturbance has : De sees 
occurred and the wave front is moving at ve- : — — m8 re 
locity a. We will fix our coordinate system to 2 ! Pe: 
the wave so that the undisturbed fluid is mov- b cre epeete 
ing relative to the wave with velocity a. é AGEL GE 
The momentum equation for the control Fig. 7-1. Propagation of a sound wave. 


volume of cross sectional area A shown is 
Alp —(» +dp)] = pAal(a+aV) ~ a] 
which gives Op) =" pa ay 


where p is the density and a is the speed of the sound wave and is known as the sonic 
speed. The continuity equation for the control volume is 


pAa = (p +dp)(a+dV)A 


Simplifying and neglecting higher order terms we have 


dp _ _aV 
me a 


Combining the momentum and continuity equations, 

dpldp = a 
This equation is often written 

(dp/dp)s = a? (7.5) 
since the disturbance is infinitesimal and thus the process is reversible and adiabatic and 
hence isentropic as the subscript s on the derivative indicates. 


For an ideal gas we may use equation (7.4) to show that 
Greet ere. (7.6) 


(c) The Mach Cone. 
A small disturbance at a point in a stationary 
fluid will be propagated radially in all directions, 
with the wave fronts for different times forming 
concentric spheres as shown in Fig. 7-2. Next, if 
we allow the disturbance source to move at veloc- ye 
ity V, which is less than a, we have again spheres 
depicting the wave fronts for different times, but 
these are no longer concentric. This is shown in 
Fig. 7-3 below. For the case where V >a, i.e. 
the velocity of the disturbance is greater than the 
acoustic velocity, a conical surface is formed 
where the flow is undisturbed on one side and Fig. 7-2. Stationary infinitesimal disturbance. 
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has felt the effect of the wave on the other. The half angle of the cone is «= sin~'(a/V) = 
sin~1(1/M) as shown in Fig. 7-4. Here M is the Mach number V/a. 


Initial position 


Fig. 7-3. Infinitesimal disturbance Fig. 7-4. Infinitesimal disturbance having 
having V <a. V>a.:-a=sin—1(1/M). 


We can imagine the disturbances of Fig. 7-3 and Fig. 7-4 as being stationary and the 
fluid having velocity V from right to left and obtain the same pictures. These figures 
demonstrate the basic difference in subsonic and supersonic flow. In subsonic flow, 
M <1, an infinitesimal disturbance will be felt throughout the entire flow. In supersonic 
flow, M>1, a disturbance is felt only over a portion of the flow. This leads to some 
interesting and important differences in the behavior of subsonic and supersonic flows. 


7.2 ISENTROPIC FLOW 

Many flows may be described with reasonable accuracy by assuming that they are 
isentropic. This assumption implies they are frictionless and adiabatic with no discon- 
tinuities in the flow properties. Examples of such flows are (1) external flows in regions 
of small velocity and temperature gradients and (2) internal flows such as in nozzles and 
diffusers where the area change is the predominant cause of change of flow conditions. 


(a) Effect of Area Change. 
The energy equation for steady, one-dimensional, adiabatic flow of an ideal gas with 
no shaft work is 
V7/2.+ eof = “constant 


Using equation (7.6) for the acoustic velocity, we have 


kp 
2 aa — 
Ve eae al Ase constant 
Differentiation gives d 
Vdav+a@— "= = 0 Gea 
p 
The one-dimensional steady flow continuity equation may be differentiated to give 
dp dA Cis 
F + aA “- es 0 (7.8) 
Equations (7.7) and (7.8) are combined to give 
dA dV 
ae ee Oe (7.9) 


A V 
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Equation (7.9) yields some surprising results. We see that for M <1 an increase in 
area produces a decrease in velocity. However, for M>1 just the opposite is true and an 
increase in area produces an increase in velocity. Now we see once again the importance 
of the Mach number as a parameter in describing the flow. 


(b) Converging Nozzle Flow. 

Let us investigate the flow in a converging 
passage such as shown in Fig. 7-5. We will 
assume that the fluid is an ideal gas, the flow 
is one-dimensional, steady, adiabatic and fric- 
tionless. The continuity equation is 


m = A2V2/v2 (7.10) 


where m is the mass rate of flow and v is the 
specific volume, 1/p. The energy equation in 
terms of enthalpy h is 


4(V3 = Vi) = h—he (7.11) Fig. 7-5. Converging nozzle. 


If we assume that Vi < Vo, the equation (7.11) may be written as (using isentropic and 
property relationships) 


Qe 1/2 
Ve = { PE pelt — (orp } (7.12) 


Equations (7.10) and (7.12), along with the isentropic relationship p,v' = p,v$, are com- 
bined to give 
2k P1 


1/2 
al a [(p2/1)2/* =i (oalpsy*>" (7.18) 


mA = | 


If we take the inlet conditions as fixed, then the mass flow change takes place as a result of 
a change in p, only. This result is shown in Fig. 7-6 as plotted from equation (7.13). Also, 
the actual mass flow results are shown in a plot of m versus p,/p, where p, is the receiver 
pressure. 


Equation (7.13) 3 Actual 


0 Pr/Py 1.0 
Fig. 7-6. Mass flow in a converging nozzle. 


There is obviously some discrepancy between the actual and predicted results. The 
actual results and those predicted by the equation are in good agreement from the point where 
p,/P, = 1.0 down to the value of receiver pressure where the mass flow reaches a maximum. 
We see that a further reduction in receiver pressure yields no change in the mass flow rate. 
We also observe that experimentally the throat pressure p, is never less than the value for 
maximum mass flow. This minimum throat pressure is called the critical pressure p. and 
is found by differentiating equation (7.13) and setting the result equal to zero. For this 


we obtain 
()2/P1)maxtiow = Pel D1 = [2/(k + 1)|*/*-” (7.14) 


140 ONE-DIMENSIONAL COMPRESSIBLE FLOW (CHAP. 7 


By combining equations (7.12) and (7.14), the Mach number is found to be equal to unity 
where the pressure is critical. These results are not surprising, then, in light of the results 
of the previous section. We see that in order to increase the Mach number above unity, a 
diverging section extension would need to be added. 


(c) Converging-diverging Nozzle. 

We saw that in a converging nozzle 
the maximum Mach number was unity. 
And from equation (7.9) we saw that in 
order to increase the Mach number above 
unity, the area must increase. Thusin *°” 
order to make supersonic flow possible, 
the flow passage must be a section of de- 
creasing area followed by a section of 
increasing area as shown in Fig. 7-7. 

If the receiver pressure is slightly 
reduced (a, b), there is flow from left to 
right. The flow is subsonic throughout, 
with the converging portion functioning 
as a nozzle and the diverging portion as p/ Do 
a diffuser. If the receiver pressure is 
further reduced (c) the pressure at the 
throat reaches a minimum (critical) and 
the velocity there will equal the sonic 
velocity. The flow in the diverging sec- Fig. 7-7. Flow regimes of a converging-diverging nozzle. 
tion is subsonic. 

If the receiver pressure is further reduced (d,e), then the flow following the throat for 
a short distance will be supersonic. This is followed by a discontinuity in pressure (normal 
shock) and the flow will be subsonic for the remaining distance to the exit. Condition (e) 
is just that where the shock has moved to the nozzle exit. 

There is only one receiver pressure (f) where the flow can be isentropic for supersonic 
flow. If the pressure of the receiver is between e and f, then the nozzle is said to be over- 
expanded. Here shock patterns occur outside the nozzle where the pressure adjusts from 
a lower to a higher value. If the receiver pressure is below f, then the nozzle is said to be 
underexpanded. For this case a series of expansion waves and oblique shock waves occur 
outside the nozzle, with the pressure going from a higher to a lower value. 

The important assumptions of this section are one-dimensional, steady adiabatic flow 
of an ideal gas. Now, in most real flows these assumptions are not fully satisfied. However, 
this model gives predicted results (say, of exit velocity or thrust) which are within a few 
percent of the experimental results for many flows. 

In some problems the designer would like not to be even a few percent off in the pre- 
dictions. Then the fact that the flow is not actually one-dimensional, that there is a bound- 
ary layer, that there is some heat transfer, and that the gas is not an ideal gas must be 
taken into account. 


Receiver 


or Throat 
. ; p va Ve 
ee 7 


= uh iets —§>— Subsonic 


ie Supersonic — Subsonic at exit 
e 


f— Supersonic — Supersonic at exit 
(only isentropic path) 
x 


(d) Isentropic Equations. 
If the flow is one-dimensional, steady, adiabatic and the fluid is an ideal gas, the energy 


AO pT + V2 = ep Ts + V2/2 
Writing the velocity in terms of Mach number and using c,—c,=R, the energy equation 
becomes a 1+ 4(k-DM? : 


stk vise 7.15 
T 1+ 4(k—1)M2 ee) 
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If the isentropic relationship between pressure and temperature for an ideal gas is 
used, we have 


iis 1 + 4(k—-1)M2 k/(k—1) ae 
Pi 1+ d(k—1)M2 
The mass flow can be determined from 
m = pAV 
or in terms of Mach number, we have 
m/A = \/k/RT pM (717) 


7.3 NORMAL SHOCKS 


We saw that there was a discontinuity in pressure (density and temperature) in a con- 
verging-diverging nozzle when the exit pressure was within a certain range of values. 
This discontinuity is called a normal shock. In this section we are going to (1) show that 
such a discontinuity may occur and (2) develop equations describing the change in condi- 
tions across a shock. 

Let us assume that the normal shock illus- 


trated in Fig. 7-8 can be represented by the 
following model: 


1. Area is constant through the shock. 
(The channel area may vary but not 
appreciably through the shock thick- 
ness.) 

Ideal gas 

Steady flow 

One-dimensional flow 

Adiabatic 


Normal shock 


hi tect So 


Fig. 7-8. Flow model for normal shock. 


It is important to realize that the flow through a shock is irreversible and hence the isen- 


tropic equations cannot be used. The control volume forms of energy, momentum and con- 
tinuity become (see previous section) 


Ts 1+ 4(k—-1)Mj 
fe : 7.15 
Every y: ‘ih 1+3(k—-D)M i758) 
5 A T> M, 
2 cs UY calles 
Continuity: p/P, 4 T. Mo (7.18) 
Momentum: (p1—p2)A = m(V>2— V1) 
po _ L+kM; 7.19) 
which becomes pe = biein ye ; 


The equation of state combined with the thermodynamic expression for entropy change 
gives 
So — 81 = ¢Cpln(T2/T1) — FR In (pe/pi) (7.20) 


Equations (7.15), (7.18) and (7.19) involve three unknowns (T2, 2, Mz) and may be com- 


bined to give ; 
be Mi(e—1) +2 
au ie NOME ea 


1/2 


(7.21) 
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ht 


Equations (7.15), (7.19) and (7.21) completely describe the conditions behind a shock in 
terms of the upstream conditions.* 

The question we have not answered is: when can a normal shock occur? Let us assume 
that all of the conditions of the model are satisfied except the momentum equation. Then 
equations (7.15), (7.18) and (7.20) (i.e. energy, continuity and equation of state) define a 
curve on the enthalpy-entropy diagram which passes through the initial state 1, as shown in 
Fig. 7-9. This curve is called the Fanno line. 


Now if all of the conditions of the model 1 
are satisfied except the energy equation, we 
have another curve on the enthalpy-entropy 
diagram. This curve is called the Rayleigh 
line. h 

In order that all the conditions of the model 
be satisfied, the equilibrium states of the Fanno / 
and Rayleigh lines must be satisfied simul- 
taneously. Since there are two intersections 
of the curves, two states will satisfy the condi- ae 
tions and all other states are not allowed. We : 
note also that the allowed states have finite Fig. 7-9. Fanno and Rayleigh lines. 
differences in properties. 

Thus if the flow has conditions of state 1, it would be possible for a discontinuity to 
occur and the flow to take on conditions of state 2. Would it be possible for the flow con- 
ditions to go from state 2 to state 1? The answer is no because this would involve an 
entropy decrease and would be a violation of the second law of thermodynamics. The flow 
for the intersection on the lower portion of the curves is supersonic, while the intersection 
on the upper portion is subsonic flow. Thus we have shown that a discontinuity may occur 
if the flow is supersonic and cannot occur if the flow is subsonic. 


Rayleigh line 


Fanno line 


— ie 


* 


74 ADIABATIC CONSTANT AREA FLOW (FANNO LINE) 


Consider adiabatic, one-dimensional, steady flow of an ideal gas in a constant area 
duct. The equations describing this flow are (where the subscript 1 denotes a reference 
upstream state): 


Energy: hi t+ V2?/2 = h+V?/2 = ho 

where ho is the stagnation enthalpy defined by the above equation. 
Momentum: (p,—p)A —7,LC = A(pV?—p,V?) 

where ;, = wall shear stress, L = length and C = circumferential distance. 
Continuity: Viiv, = Viv or Vie, = Ve 
Equation of state: 910i/T;1 = pv/T 


Property relation: s —s: = ¢,In(h/hi) + R In(v/v1) 
Combining the energy and continuity equations gives 
h = ho — 4(V1/01)?v? 
Further, by combining this equation with the property relation, we obtain the Fanno line 


curve of Fig. 7-9. This curve represents the possible conditions for the fixed upstream con- 


*The property variations across a normal shock have been numerically tabulated. in convenient form and 
their use eliminates the necessity of making calculations using the above equations. Shock tables may be 
found in references 1, 2, and 4, page 148. 
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ditions as designated by 1. We observe that there is a maximum entropy for this curve. 
This has important significance. For example, if the upstream conditions 1 are on the lower 
portion of the curve as shown in Fig. 7-9, then there will be an increasing value of enthalpy 
as shown. Note that the entropy must increase according to the second law of thermo- 
dynamics. This means that if the flow conditions reach those corresponding to the maxi- 
mum entropy, then the flow conditions cannot change further. The condition of maximum 
entropy represents the flow at the exit of the constant area channel for “choked” flow. 


Combining the T ds equation (i.e. Tds = dh—vdp, a properties relationship) with the 
differential form of the energy and continuity equations gives 


ee ee 
Oh et V2 dp 
If we set this equation equal to zero, we get the conditions at the exit of the pipe for choked 


flow, obtaining 
V0 20) Ope —110)/dp).o = 07 


or Vie 120) 
Thus we see that the frictional effects cause the fluid to tend toward a Mach number of 
unity for both initially subsonic (upper curve) and supersonic (lower curve) conditions. 


We can determine the property changes for one-dimensional adiabatic flow of a gas in 
a constant area duct from the equations. Summarizing the results, we have 


Property Subsonic Flow Supersonic Flow 
§ increases increases 
h decreases increases 
de decreases increases 
M increases decreases 
V increases decreases 
p decreases increases 


7.5 FRICTIONLESS CONSTANT AREA FLOW WITH HEATING AND COOLING 


The equations for frictionless, one-dimensional, steady flow in a constant area duct with 
heating and cooling are (where q is the heat transferred to unit mass of fluid flowing): 


Energy: t+ Vi/2+q = h+V?/2 
Momentum: P,—P = pV? —>»,Vi 
Continuity: ~ piV, = pV 
Equation of state: p,/p,T, = p/pT 


Combining the momentum and continuity equations and writing in differential form gives 
(dp/dp)s = a = V? 


for maximum entropy. Thus, for this flow too, the Mach number at the exit for choked 
conditions is unity. Heating of the flowing gas causes an increase in entropy. Therefore 
for both subsonic and supersonic flow, the effect of heating is to cause the Mach number 
to tend toward unity. 


An interesting observation for Rayleigh line flow is that there is a portion of the curve 
which shows that when heat is added to the gas there will be a decrease in temperature. 
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7.6 ISOTHERMAL FLOW WITH FRICTION 


There are some flows which are approximately isothermal, e.g. flow of natural gas in 
a long pipeline. We will develop an expression describing pressure drop for this flow. 


Consider volume of gas for this flow as shown in Fig. 7-10. The one-dimensional steady 
flow momentum equation for this volume is 


SF, = m(V+dvV—-V) 
[p — (p+ dp)|(47D?) — 1,7D dx = (4nD?)pV dV 


Fig. 7-10. Volume element for isothermal flow in a constant 
area duct. 


Then combining the expression for friction factor 
f = 1/(4SpV?) 
with the momentum equation and simplifying, we have 


v 2f Ve 
If the continuity equation is combined with the ideal gas equation of state for constant 
temperature, we have 


This can be combined with the momentum equation to give 


an Cal 
pdp + dx + —, =e () 


V1 
ViP, 


We will assume that the friction factor depends only on the Reynolds number (for a 
given pipe). Then the Reynolds number is a constant for isothermal flow and the friction 
factor is also constant. (Note pV = constant and » = f(T) = constant.) 


Now the momentum equation can be integrated, giving 
(p/p1)?> = 1 — kMj(21nV/V; + 4fL/D) (7.22) 


where L is the length between stations as designated by the subscript 1 and those quantities 
having no subscript. We can rewrite equation (7.22) as 


1 
fp D2 = aku! — (p/pi)?| + 4Inp/pi (7.23) 
Thus the pressure is a nonlinear function of length, whereas in incompressible flow it is a 
linear function of distance. 


We can combine the momentum and continuity equations to show that the pipe exit 
Mach number for choked flow is M* = 1/\/k. The corresponding pressure is jim is a Mik. 
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7.7 INCOMPRESSIBLE FLOW FOR LOW MACH NUMBERS 
Starting with the energy equation 
4(Vi-V?2) =h—-h 
and writing in terms of an ideal gas for an isentropic process, we have 


Vi- V2) — ics [1 ets (p1/p)&-D/¥] 


Letting V:>0 we obtain the expression for the stagnation pressure, 
Po) — Sie 1) aga Ret 


If this equation is written in terms of a binomial expansion for the Mach number, we 


have 
Po = p + 4pV2[1 + 4M? + 3(2—k)Mt + ---] (7.24) 


For small values of Mach numbers the equation becomes 
Po = p+4pV? (7.25) 
which is the same as the expression for stagnation pressure for incompressible flow. 


The importance of this result is that adiabatic flow of gases around objects and in 
ducts may be considered as incompressible as long as the Mach number is small (say, for 
M < 0.3), and as we have seen there is a substantial simplification in the model for constant 
density. 


7.88 THE SHOCK TUBE 


The shock tube is a device used to produce a high velocity, high temperature gas over a 
short interval of time. The tube is sealed, with a diaphragm separating two portions of 
the tube, one of which is at a high pressure, the other at a low pressure. The diaphragm is 
suddenly burst and a shock wave propagates into the still gas on the low pressure side, and 
an expansion wave propagates into the still gas on the high pressure side. The disturbed 
gas (between the shock and expansion waves) travels at a high velocity which may be 
supersonic (relative to the undisturbed gas and tube). Shock tubes are used for short 
duration wind tunnels much like blow-down tunnels. 


(a) The Piston Generated Shock. 

Before looking at the shock tube itself, let 
us examine the types of waves generated in the 
tube. Consider a shock wave generated in a 
tube by a moving pisten as shown in Fig. 7-11. 
The shock is a normal shock for which we have 
already calculated the jump conditions. The 
gas between the piston and the shock has the 
same velocity as the shocks. 


The x-t plot shows the development or mo- 
tion of the piston and shock wave. The slopes 
of the lines are the reciprocals of the speeds. 


(b) Centered Expansion Waves. ; 
; fs 4 . Fig. 7-11. A shock wave generated by a moving 
If the piston in part (a) above is withdrawn piston. (a) The «-t plot, (b) the tube at 
from the tube instead of driven in, an expan- time t,. V is the gas absolute velocity. 
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sion wave develops and propagates away Piston path 
from the piston. This expansion wave is cae 2 
isentropic. 


6 = est = [a4 _— a(k + 1)Vp|t 


The sudden withdrawal of the piston 
creates a step function change in particle 
velocity (the particles immediately adja- 
cent to the piston move with it) and pres- 
sure. This step function flattens as the 
wave begins to propagate; and locally, 
within the wave, the disturbances travel at 
the local sonic speed. Since the pressure 
(and temperature) vary through the wave 
(which began as a step in these variables) 
the local speed of disturbance propagation 
varies through the wave. On the edge of 
the wave adjacent to the undisturbed gas 
(region 4) the temperature and sonic speed 


are greatest. On the opposite side (region a us 
3) the temperature is the smallest and Ds 
hence the sonic speed is also. As a con- 


sequence, the expansion wave expands or 
“fans” out as it propagates as shown in 
Fig. 7-12. The x-t plot is a fan of constant 
sonic speed lines which show the develop- 
ment of the wave. These lines are called 
“characteristics” and follow the path of ; 
local isentropic disturbances. Clearly the Higs7el2- athe centered 6% ates ae Bene ated pe 
absolute speed of the disturbances is the PSS ONE OSS he Say teal 

sum of the local sonic speed and the local absolute gas speed. The terminating characteris- 
tic on the right (condition 4) has slope da/dt= as, and the one on the left has slope 
dz/dt =as+V3. V3 is defined positive to the right and is negative here (since V3 must be 
equal to —Vp). Hence dz/dt may be positive or negative depending on whether as3>V3 
or a3 < V3 respectively. 


Expansion front 
x = agt 


xX 


We may explicitly evaluate a3 and the structure of the fan as follows. In terms of a4 
the local sonic speed in the fan may be written (using the isentropic relationships) 


a = a,(p/p,)*-P? 


and the particle velocity in the wave may be written locally (see reference 1, page 148) 


and may be integrated by using the previous expression to yield 
a= am+4(k-1)V 


The absolute wave speed c (of the portion of the wave behind the front) then is the sum of 
the local sonic speed and fluid velocity, 


© = at+V = m+t+h(k+1V 


Now, V is negative, so c decreases through the wave as we go from region 4 to 3. The 
terminating characteristic on the left has slope 


C3 = A4t+2 4(kK+1)V3 = = ds — $(kK+1)Vp (7.26) 
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(which may be positive or negative and may slope to the right or left). From the isentropic 
relationships the density and pressure change across the fan are given by 


po/p, = [L— ME -1)(Velas)]7*-? (7.27) 


polps = [1 — 4(k—1)(Vp/a4)P*/-P (7.28) 
where V> is a positive number. 


(c) The Shock Tube Flow. 


Now we can combine the piston driven shock and centered expansion fan to describe 
the shock tube. Referring to Fig. 7-13 we see that when the diaphragm is burst, a shock 
and expansion wave are generated. A contact surface is formed across which the pressure 
and velocity are constant, but the temperature and density and hence Mach number are 
different. The two conditions 


p2= Pps, Vz=Vs 


are sufficient to determine the conditions in regions 2 and 8 and hence the jumps across 
the shock and fan. (V2=Vs is a negative number since the gas flows to the left.) In 
terms of known conditions in regions 1 and 4, we solve for V3 in terms of ps3 and ps from 
(7.28) and V2 in terms of p; and p2 from the normal shock relations. Then we set V2= V3 
(and since ~2= ps) we can obtain a relationship for po. The result is 


DIP ERS (k — 1)(a1/a4)(p2/p1 — 1) ee eit 
Pa ea (8 rat Sec” pen ere (7.29) 
igi P, V2k 2k + (k +1)(p2/p1 — 1) 


which gives 2/p1 implicitly. Once p2 is known, all the other parameters of the problem can 
easily be found. 


Contact ; 

\ 
surface Ig 
ty 


Expansion 


Fig. 7-13. The shock tube. (a) Time t=t,, (b) time t=0. 
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Solved Problems 


An airplane is flying at 10,000 ft where the air temperature is 20°F and the pressure 
is 21.0 in. of mercury. Ata certain point on the wing (Fig. 7-14) the static pressure 
is 980 lb/ft? and the local Mach number is 0.95. Assuming frictionless adiabatic flow, 
what is the velocity of the airplane relative to the undisturbed air? 


@ Baier: Hie Ga 


ats 
Py = 980 lb/ft? 


p, = 21 in. Hg M, = 0.95 
0, = 20°R 
Y¥,=? 

> Fig. 7-14 


Consider the airplane as stationary and the air moving as shown. For isentropic flow of an 
ideal gas, we have 


980 0.286 
= (k-D/k = oe ES = ° 
Ts T ; (po/p1) (460 + 20) atta | 427°R 
and Vo = Mya, = M,VkRT, = 0.95V1.4(82.2)(53.3)(427) = 955 ft/sec 


Then from the energy equation, 
V2/2+ hy = V5/2 + hy 


and Vv? 


1 


I| 


V5 + 2¢,(T2—T;) = (955)? + 2(32.2)(778)(0.24)(427 — 480) 


275,000 ft?/sec? 
so that V, = 524 ft/sec. 


Air is flowing in a converging chan- 
nel shown in Fig. 7-15 with conditions 
as indicated. Determine the pressure, 
temperature, velocity and Mach num- | 
ber at the throat 2. 

Assume frictionless adiabatic flow. Next, 
determine the conditions upstream where the 


velocity is negligible. From the energy equa- 
tion we have 


V, = 800 ft/sec 
Dy = 140°F 

P; = 10 lb/in2 
Pr = 5.40 lb/in2 
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7.3. 


7.4. 


2 


V 2 
a ey 28 = (800) Be os ° 
0 pe (140 + 460) + 5735-2)(778)(0.24) oes 
and Do = PT o/Ty)¥/-D = 10[653/(140 + 460)]8-5 = 18.52 Ib/in? 
so that Pr/Po = 5.40/18.52 = 0.407 


where 7) and py are the stagnation temperature and pressure respectively. 


The critical pressure ‘ratio is p,/py = [2/(k + 1)]k/“K-)) = 0.528. Therefore the receiver pres- 
sure is below critical pressure and the nozzle is operating under choked conditions. Thus p, = p, 
where p, is the critical pressure, 0.528 po. 


Hence we find 


Po = 0.528(13.52) = 7.14 lb/in2 

Ty = Ty(po/p,)-Y/k = (140 + 460)(7.14/10)9-286 = 546°R 
M, = 1.0 (choked flow) 

Veo == VERT, = V1.4(32.2)(53.3)(546) = 1140 ft/sec 


For air flowing in a converging-diverging nozzle, the pressure and temperature at 
the inlet are 14.7 psi and 70°F. At some location in the diverging portion of the 
nozzle the pressure is 1.37 psi. Determine the area at this location. The area at the 
throat is 1.0 in?. 

Assume frictionless adiabatic flow. We note that the pressure in the diverging portion of the 


nozzle is below critical pressure. Thus the nozzle is operating under choked conditions and the 
pressure at the throat, »,, is 


Pp = Pe = 14.7[2/(k+1)]k/-1) = 14.7(0.528) = 7.79 Ib/in2 


so that T. = To(p,/00)E-Y/* = (460 + 70)(1.387/14.7)9-286 = 269°R 
and V, = VERT, = V1.4(82.2)(53.3)(269) = 1030 ft/sec 
The energy equation gives V3/2 hs = ho 


so that V3 = V2e,(To—T3) = V2(82.2)(778)(0.24)(530 — 269) = 1770 ft/sec 


The continuity equation is o¢-44V¥t = psAsV3 
pt Vt pr T3 Ve 7.79 269 1030 
= BER hp eee SI Ee in 
and hence A3 ‘a Vs A, Retr, 1.0 1.37 442 177 2.00 in 


Air is flowing in an insulated constant diameter horizontal duct shown in Fig. 7-16. 
The inlet conditions are pi1=100lb/in?, 7T:=100°F and Vi=500 ft/sec. The 
diameter of the pipe is 6.0 in. and the flow is “choked”. Determine the net force 
of the fluid on the pipe. 


The control volume momentum equation can be applied to the control volume enclosing the 
fluid between the entrance and exit as shown. 


MS} Fluid re a, 
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SF, = mV2—-V;) 
which is (p1 — Po)(7D?/4) — Fnear = p141Vi1(V2— Vi) 


Now we need to determine the conditions at the exit. We have 


M, = M* = 1.0 (choked flow) 


so that V. = VkRT, 


From the energy equation, 
V2 = V?+20,(T,;—T.) = Vit 2¢,(T, — V2/kR) 


3 Vit 2¢,7; Vit 2¢,7; 
Then Ve = ooo OT oo 
1 + 2c,/kR 1 2/(k—1) 
2 1/2 
oe — + 2(82.2)(778)(0.24)(460 + =| = {dad t/sce 
{ay (14 21) 
The temperature at the exit is 
Ve (1030)2 
T. = sS = —— = 442°R 
4 kR 1.4(32.2)(53.3) 
From the continuity equation we have 
p2V_ = piVy 
Hence (Po/T2)V_ = (p,/T1)Vy 
T, Vi 442 500 
= ———_ = a —- = in2 
and Po Py TV, 100 ( TGA On (3) 38.2 lb/in 
Then (py — Po)(7D2/4) = (100 — 38.2)(3867/4) = 1750 Ibe 
100 
and 0141V,(V2—Vy) = Sse ss (8677/4) (500)(1030 — 500) = 780 Ibe 


53.3(32.2)(460 + 100) 
so that finally the force of the pipe on the fluid is 
even, S US (ES Ol) thoy, 


and the direction is as shown in Fig. 7-16 


7.5. Show that for a compressible fluid in isothermal flow with no external work, 


dM? dV 
tes Ory 


From the definition of Mach number we have M2 = V2/a2. If we assume that the fluid follows 
the ideal gas equation of state, we have a= VkRT. Thus for isothermal flow a is a constant. 
By taking the logarithm of both sides of the equation defining Mach number, we have 


In M2 = In V2 — In a? 
or In M2 = 21nV — In a 


: ee : dM2 _ dV 
Then differentiation gives a7; ey Vv 


7.6. Show that for a perfect gas flowing through a constant area duct at constant tem- 


perature conditions, 
_wW 1 dM 


dp _ ak 
yp Ve ae 2 M 
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7.8. 


Uy. 


Assuming one-dimensional and steady flow, the continuity equation is pVA = constant; and 
since the area is constant, we have pV = constant. Using the ideal gas equation of state the density 


may be eliminated from the above equation to give pV = constant. Differentiating this equation 
gives 


TOON se AGH) se (0) 
and dividing by pV gives me = -f 


Then using the results of Problem 7.5 we have 


Show that for adiabatic flow of a perfect gas, 
T/To = 1— 4(k—1)(V/ao)* 
where T> is the stagnation temperature and a is the velocity of sound for stagnation 


conditions (a = VKRT»). 


From the one-dimensional steady flow energy equation for zero work and adiabatic flow we 


have 


For a perfect gas and constant c, we have 
¢(2f—T)) = —V2/2 


Dividing by Ty and c, gives 
T/T) = 1— V?/2e,To 


But ¢, = Rk/(k—1) and Ty) = a*/Rk, which substituted into the above equation gives 
T/Ty = 1— 4(k—1)(V/ay)? 


Supplementary Problems 


Distinguish between the true and false statements of Problems 7.8-7.25. 

Sound waves and shock waves 

(a) have no similarities. 

(b) are the same except for the magnitude of the property changes across the waves. 
(c) are both irreversible processes. 

(d) are both reversible processes. 

(e) travel through still air at different velocities. 


For isentropic flow of an ideal gas 

(a) the stagnation temperature is constant. 

(b) the stagnation pressure is constant. 

(c) the entropy is constant. 

(d) the maximum Mach number is one. 

(e) the temperature decreases as the pressure increases. 
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7.13. 


7.14. 
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In case of flow of an ideal gas in a converging channel 

(a) the temperature decreases in the direction of flow. 

(b) there is a maximum possible flow for fixed inlet conditions and throat diameter. 
(c) it may be possible for a normal shock to occur. 

(d) the velocity will always increase in the direction of flow. 

(e) the Mach number may be greater than one. 


For an ideal gas flowing in a converging channel 

(a) there is a maximum rate of flow for fixed exit area and inlet conditions. 

(6) the Mach number at the throat is always one. 

(c) the maximum temperature will be at the throat. 

(d) the velocity of the gas at the throat is equal to the velocity of sound at the entrance for choked 
conditions. 

(e) anormal shock will occur at the throat for critical conditions. 


A supersonic nozzle with isentropic flow 

(a) may have a normal shock occurring in the converging section. 
(b) may have a normal shock occurring in the diverging section. 
(c) will be “shockless’’. 


For a converging-diverging flow channel 

(a) when the Mach number at the exit is greater than unity no shock has occurred. 

(b) when the critical pressure ratio is exceeded, the Mach number at the throat is greater than 
unity. 

(c) for sonic velocity at the throat only one value of pressure is possible at a given downstream 
position. 

(d) the Mach number at the throat is always unity. 


For flow of a compressible fluid in a converging-diverging flow channel operating under choked 
conditions, 

(a) the flow is supersonic in all of the diverging section. 

(6) a normal shock may occur in the converging section. 

(c) anormal shock may occur in the diverging section. 

(d) the Mach number is always equal to one at the throat. 

(e) the ratio of the throat pressure to the inlet pressure does not depend upon the flow geometry. 


In a normal shock in one-dimensional flow 

(a) velocity, pressure, and density increase. 

(b) pressure, density, and temperature increase. 
(c) velocity, temperature, and density increase. 
(d) the stagnation enthalpy is unchanged. 


A normal shock 

(a) may occur only when the flow is supersonic. 

(b) always involves a temperature increase. 

(c) always involves a pressure decrease. 

(d) always moves (relative to the fluid) with a velocity equal to the velocity of sound. 
(e) may occur for subsonic flow. 


A normal shock 

(a) will form ahead of a blunt object moving at supersonic velocity through a compressible fluid. 
(b) will occur only when the flow is supersonic. 

(c) will cause the entropy of the fluid to increase. 

(d) involves a frictionless adiabatic process. 

(e) is impossible. 
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7.18, 


7.25. 


For adiabatic subsonic flow with friction in a constant area duct 
(a) the temperature will increase in the direction of flow. 

(b) the stagnation temperature decreases. ‘ 

(c) the stagnation pressure decreases. 

(d) the velocity increases. 

(e) the limiting Mach number is one. 


The Fanno Line 

(a) represents a series of equilibrium states on the h-s diagram for adiabatic flow. 

(b) represents a series of equilibrium states on the h-s diagram for flow with friction. 
(c) was developed from energy, continuity and equations of state. 

(d) represents only subsonic flow. 

(e) represents isothermal flow in a constant area duct. 


For adiabatic supersonic flow with friction in a constant area duct 
(a) the temperature will increase in the direction of flow. 

(b) the stagnation temperature decreases. 

(c) the stagnation pressure decreases. 

(d) the velocity increases. 

(e) the limiting Mach number is one. 


For isothermal flow of an ideal gas in a constant area duct 
(a) the pressure decreases in the direction of flow. 

(b) heat is removed from the fluid. 

(c) the fluid particles are accelerated. 

(d) the fluid density is decreased. 

(e) the maximum Mach number is one. 


For flow of an ideal gas in an insulated constant area duct having an initial Mach number less 
than one 

(a) the velocity decreases in the direction of flow. 

(b) the temperature decreases in the direction of flow. 

(c) the Mach number can increase to a value greater than one. 

(d) the entropy will always increase in the direction of flow. 

(e) the pressure is constant. 


Some of the results of heating and cooling of an ideal fluid flowing in a constant area frictionless 
duct are 

(a) heating will always cause an increase in entropy. 

(b) heating will always cause an increase in velocity. 

(c) heating will always cause an increase in temperature. 

(d) heating will always cause an increase in velocity. 

(e) the limiting Mach number is one for subsonic flow. 


For adiabatic flow of an ideal gas in a frictionless constant area duct 

(a) the stagnation temperature increases as the entropy increases. 

(b) the maximum temperature occurs at M = 1. 

(c) the plot of equilibrium states on the h-s diagram is called the Rayleigh line. 
(d) the isentropic equations apply. 

(ec) the limiting Mach number is one for supersonic flow. 


For adiabatic flow of an ideal gas in a frictionless constant area duct 
(a) the pressure must decrease in the direction of flow. 

(b) the temperature will remain constant. 

(c) the velocity will remain constant. 

(d) the entropy will increase. 

(e) the Mach number will remain constant. 
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What is the velocity of sound in carbon dioxide at 800°F? What is the acoustic velocity in water 
at 60°F? 


At point A in the undisturbed region of an airstream which flows past a body, the density is 
0.002378 slugs per cubic foot, the pressure is 14.7 psi and the velocity is 350 fps. The pressure at a 
point B on the body is 7.35 psi. What is the Mach number at each point for frictionless adiabatic 
flow? 


An airplane is flying through standard air at 600 fps. Calculate the local Mach number at a point 
on the plane where the air velocity relative to the plane is 200 fps. 


A body moves through standard air at 400 fps. What is the pressure at a point on the body where 
the velocity of the air relative to the body is zero? 


A blunt projectile moves through stationary air at 14.7 psia and 60°F at 1900 fps. Find the stag- 
nation pressure, the stagnation enthalpy and the stagnation temperature. 


A nozzle is to be designed to expand air isentropically from 50 psia and 200°F to 18 psia at a rate 
of 0.30 lb/sec. Calculate (a) the Mach number at the nozzle exit and (b) the exit area (in ft?). 


Air flows isentropically through a converging nozzle having a throat area of 0.1 ft?. Air which 
enters with negligible velocity is at 60 psia, 200°F. The receiver pressure is 15 psia. Calculate the 
mass rate of flow in lb/sec. 


Air is to be expanded through a converging-diverging nozzle by a frictionless adiabatic process 
from a pressure of 160 psia and a temperature of 24°F to a pressure of 20 psia. Determine (a) the 
throat and exit areas for a well designed shockless nozzle if the rate of flow is 4.5 lb/sec and (6) the 
Mach number at the nozzle outlet. 


Air, initially at 50 psia and 250°F, flows isentropically through a converging-diverging nozzle with 
a throat area of 0.4 in2. The downstream pressure is 14.7 psia and the temperature is 40°F. 
Calculate (a) the rate of flow in lb/see and (b) the velocity at the nozzle outlet. 


Air at 100 psia and 140°F flows through a converging tube into a receiver in which the pressure 
is 20 psia. Assuming frictionless adiabatic flow and negligible upstream velocity, calculate the 
velocity at the throat. 


Air at 100 psia and 140°F flows through a converging tube into a receiver in which the pressure 
is 20 psia. Assuming frictionless adiabatic flow and negligible upstream velocity, calculate the 
velocity at the throat. 


Sketch the h-s and T-s diagrams for an ideal gas flowing adiabatically through a (1) long pipe 
line, (2) nozzle, (8) diffuser. 


A gas (molecular weight 18, k = 1.3) is to be pumped through a 36 inch I.D. pipe connecting 
two compressor stations 40 miles apart. At the upstream station the pressure is not to exceed 
90 psig and the downstream station is to be at least 10 psig. Calculate the maximum allowable rate 
of flow (cubic feet per day at 70°F and 1 atm), assuming that there is sufficient heat transfer 
through the pipe to maintain the gas at 70°F. The kinematic viscosity is 4 X 1074 ft2/sec. 


Air enters a 6 inch diameter pipe at 200 psia and 60°F with a velocity of 190 fps. The friction 
coefficient f is 0.016. What is the Mach number and distance from entrance at the section where 
the pressure is 75 psia for isothermal flow? 


Air enters a horizontal pipe at 600 psia, temperature of 200°F, and a velocity of 300 fps. What is 
the limiting pressure for isothermal flow? What is the limiting pressure for adiabatic flow? 


Air at a pressure of 120 psia and a temperature of 80°F enters a clean steel pipe 950 ft long and 
5 inches in diameter. The inlet velocity is 80 fps. Assuming isothermal flow, find (a) the pressure 
drop (psi) if the fluid is considered compressible, (b) the pressure drop (psi) if the fluid is con- 
sidered incompressible. 
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7.42. 


7.43. 


Hydrogen at an initial pressure of 60 psia and a temperature of 140°F flows through a horizontal 
insulated pipe 900 feet long and 0.2 feet in diameter. The friction factor is 0.015. What is the 
maximum possible rate of flow and what pressure drop would be required to maintain this flow? 


A large tank in the laboratory can be filled with air at 200 psia and at room temperature. Design 
a supersonic nozzle which can be screwed into the wall of this tank and discharge air to the 
atmosphere at supersonic velocities. (If a small airfoil or test body is placed in the stream of this 
nozzle, we have in effect a blowdown supersonic windtunnel.) Assume that the air in the tank 
remains at 200 psia for the short period of time that we are interested in the performance. The 
throat should have an area of 0.5 in?. 


NOMENCLATURE FOR CHAPTER 7 


A = area 

a = velocity of sound 

Cy = specific heat at constant pressure 

Cs = shock speed 

Ch = specific heat at constant volume 

if = friction factor 

h = enthalpy per unit mass 

k = specific heat ratio, c,/c, 

L = length of duct 

M = Mach number, V/a 

m = mass flow rate 

p = static pressure 

R = gas constant 

s = entropy per unit mass 

fe! = absolute temperature 

t = time 

U = internal energy per unit mass 
= velocity 

v = specific volume = 1/p 

te = axial coordinate 

p = density 

tT) = wall shear stress 

( )e = denotes critical condition 

( )o = denotes stagnation condition 


( )* = denotes condition where flow is choked 


Chapter 8 


Two-Dimensional Compressible Flow 
Gasdynamics 


8.1 EQUATIONS OF FRICTIONLESS COMPRESSIBLE FLOW 


In Chapter 6 we discussed two-dimensional incompressible potential flow and in Chapter 
7 we considered one-dimensional compressible flow. We can now extend both these ap- 
proaches to develop the more general treatment of compressible frictionless (ideal) flow. 
Since the flow is ideal we can again show that it is irrotational throughout (if the free stream 
flow is irrotational) and hence potential. We are concerned then with general three-dimen- 
sional compressible potential flow, although for explicit calculations we will usually restrict 
ourselves to two dimensions. 

As before, we will discuss the flow outside the boundary layer (where the flow is irrota- 
tional) and will be concerned mainly with aerodynamic problems—flow over wings and 
aircraft shapes. 

At low speeds (Mach number M less than about 0.3) the fluid behaves nearly incompres- 
sibly and the analysis of incompressible potential flow (Chapter 6) is adequate. As the 
flow speed increases, the compressibility effects become more and more important; and as 
the Mach number passes unity, shock waves can form on the body about which we are 
studying the flow. If the Mach number of the free stream is greater than unity (M > 1), 
the flow is supersonic and is very different from flow which is subsonic (M <1). Transonic 
flow over a body occurs when the flow over one part of the body is subsonic and over 
another part is supersonic. In steady transonic flow over a body one can find regions over 
the body where M>1, where M=1, and where M<1. Mathematically, transonic 
flow is rather more complicated than either purely subsonic or supersonic flow. When an 
aircraft accelerates from subsonic to supersonic flow it must pass through a transonic 
condition. 

In this chapter we will study the full range of Mach numbers, beginning in the subsonic 
region and extending to very large Mach numbers. For M greater than about 6 the flow 
is considered hypersonic and many assumptions made for ordinary supersonic flow are not 
valid and the analysis becomes more complicated. As M increases into the hypersonic 
region the boundary layer friction increases and the stagnation temperature becomes so 
great (for M greater than about 6) that the temperature in the boundary layer rises and 
the aircraft surface may become so hot that special refractory or ablative material must 
be used to prevent structural damage. Re-entry vehicles pass through a range of such high 
Mach numbers. In Chapter 10 we will discuss the structure of the hypersonic boundary 
layer. Now, let us concentrate on the potential flow solution outside the boundary layer. 
The laws governing the flow are basically the same for subsonic through hypersonic flow, 
but various terms in the fundamental equations become more or less important as M 
changes and, indeed, the entire character of the differential equations changes as M is 
greater or less than unity. As a result the flow pattern is drastically different for subsonic 
and supersonic flow. 


In most compressible aerodynamic flow problems it is accurate to assume that the flow 
is frictionless and irrotational and isentropic throughout. However, in supersonic flow, 
whenever shock waves may occur, the flow is not isentropic through the shock waves. 
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Let us now briefly review the basic equations of frictionless, isentropic flow which may 
be used except in shock wave calculations. These equations, in general, will be nonlinear 
and various approximate solutions must be developed. In some instances exact solutions 
may be constructed even when shock waves occur. 


The basic equations are the same as those developed in Chapter 5 except that compres- 
sibility effects must be taken into account and consequently the energy equation or an 
equivalent must be also considered. The basic equations are continuity, motion and energy. 
If the energy equation is written in terms of temperature, an equation of state is also 
necessary. If the flow is isentropic throughout, the isentropic relationship between the 
pressure and density may be used, obviating the necessity of using the energy equation. 

As we showed in Chapter 5, adiabatic frictionless flow is isentropic along a streamline 
if it is irrotational. Further if the flow has a uniform value of total (or stagnation) 
enthalpy, ho =h+V?/2 throughout, in addition to being irrotational, then the flow is isen- 
tropic throughout. Such a flow is sometimes called homentropic.* 

For homentropic flow (in which body forces are negligible) for a perfect gas in two 
dimensions, the basic relationships are 


a a, 8 ina suo 
Continuity: ry ar (pu) + ay (ov) = 0 (8.1) 
Momentum: re i get 2 ho 9 ste 2h 
ot Ox oy Ox (8.2) 
av av av _ 
Pat ary a oy oy 
Isentropic relationship: p/p, = (p/p,)* (8.3) 


where k= ¢,/cy is the ratio of specific heats, and p, and p, are the pressure and density at 
arbitrary reference states, usually taken as free stream values or stagnation values. 


Equations (8.1) through (8.3) are independent but not unique. In place of (8.3) we could 
use the complete energy equation along with the equation of state. If the flow is not 
adiabatic such a procedure would be necessary. 

Since the flow is irrotational the velocity potential, defined by V=-—VY¢, may be in- 
troduced. Then the term Vp may be written as 


Vp = (dp/dp)sVp = @ Vp (8.4) 


where a is the sonic speed. Then the scalar product of V and the vector equation of motion 
may be formed and (8.4) and (8.1) used to eliminate p and p. The result is (for two-dimen- 
sional flow) 


ou ) 
2 ye \ 2 ye \ a bite — 8.5 
(u a) a + ayer Free eae 0 (8.5) 
and the condition Digebe lege 0, or in terms of ¢ 
Ox oy 
ies (22) #3 ob 38 (2.08 |. = baa 
mG on? e ay/ day? i ox oy ry oy Ox? a ay? (8.6) 


which reduces to V?$=9 as a> which is the appropriate limit for incompressible 


*This statement follows from Crocco’s theorem which states that 
TVs + VX(VXV) = Vio + 0V/at 
where s is specific entropy. In steady flow Vs=0 if VxXV=0 and Vh,»=0. We will not prove 


this theorem here but it follows from the equation of motion and the thermodynamic relationship 
T ds = dh—(1/p) dp. In most aerodynamic flows the fluid originates in the same “reservoir,” the free 


stream, and hence hp is constant. 
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flow. (8.6) is a single equation for ¢ and describes the flow, but the sonic speed a must be 
related to the velocity components through the energy equation and complicates the situa- 
tion. In Section 8.3, when we discuss small perturbation theory, we will carry out this 
calculation explicitly. The method of small perturbations allows a linearization of (8.6) 
(and resultant approximate solutions) for thin bodies such as airfoils and slender bodies of 
revolution. 

Exact shock-expansion solutions will be discussed in Section 8.2, and in Section 8.4 
methods for the solution of (8.5) will be discussed. 


8.2 SHOCK-EXPANSION THEORY 

Exact solutions for flow in certain simple geometries may be obtained if the flow 
consists entirely of shock waves and/or expansion waves. We will discuss the oblique 
shock wave and simple expansion wave, then show how these solutions may be combined to 
describe the flow over certain simple shapes. 


(a) The Oblique Shock. 

Fig. 8-1 shows an oblique shock wave. By conservation of momentum the tangential 
component of velocity V; is continuous across the shock so that Vi = Vi. Then Vn and 
Vn»2 are related by the normal shock relations of Chapter 7. Hence in terms of the normal 
velocities an oblique shock is identical to a normal shock and the Mach numbers (in terms 
of Vn, Mi=Vni/a1), pressure, density, etc., are related in the same way as in the normal 
shock. Since Vi = Viz but Vni ~ Vnz, the actual velocity vector V is rotated and changed 
in magnitude as it passes through the shock as shown in Fig. 8-2. Vn is greater than the 
sonic speed a; and Vn2 must be less than the sonic speed a2. However, although V: > a1, Ve 
may also be greater than a2. In an oblique shock the magnitude of the velocity does not 
necessarily drop to a subsonic value through the shock, although the normal component does. 


Fig. 8-1. The oblique shock. Fig. 8-2. Rotation of the velocity vector 
through the shock. 


We define Mi as Vi/ai and Viri=Visinf£ so that Vni/a: = M:sinf. The normal shock 
relationships of Chapter 7 can be used with M:sinf replacing the M; there.* For ref- 
erence we list the following: 


Vu _ Po _ _(k +1)(Mj sin? g) 

Ve Fj (k—1)M? sin? A + 2 

Sad 2 Fong (Mi sin? @ — 1) 

a = . ee ste ee (EM sin? 8 + 1 (8.7) 
st = wifes atonees- of") 


1 + 4(k—1)Mj sin? B 
kM? sin? B — 4(k— 1) 


*Normal shock tables may be used with M, sin considered as M, in the tables. A brief table may be 
found in reference 1, page 171. 


M; sin? (B—6) = 
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It may be noted that 0< @<7/2 and MisinB = Vii/a1=1, so that @ has a minimum 
value for a given M;. Hence 


sin-11/M, = g <= =/2 (8.8) 
For a normal shock, 8@=7/2. For a weak shock, as the shock becomes a sonic wave, 
Sing L/M = 8. 


The value of Mz may be found by noting that M2=V2/az and Vn2/a2 = M2 sin (6 — 6). 
From the normal shock relation 
1+4(k-1)M; 
kM, — 3(k—1) 


M; = 


we get by substituting Misin8@ and M2sin(8—6) for M; and M2 respectively, 


oe 1+ $(k—1)M{ sin? B 
M; sin?(8—0) = EME sin? B — 4 1) (8.9) 


We can relate 6 and @ by using the first of (8.7) and relating Von to Vin by geometry, 
(tan B == Vai/Vu, tan (8 — 6) = Wn2/Vi1). Hence 


tan(g—6) _ (k—1)M;sin?p + 2 
tan B 7 (k +1)Mj sin? B 
: ; Mj sin? B —1 
which can be written tan (8.10) 


= *COUB 778 cos? A) +2 


For a given M,, there are two values of @ for each value of 6. Fig. 8-3 shows a plot of 
this equation. 


Fig. 8-3. $8 versus 6 for an oblique shock. 


For any value of @ (less than @,,,,) there are two solutions. In practice the weaker solu- 
tion (@ smaller) usually occurs (if 9 < 45°). These correspond to Mz remaining > 1, except 
for a small region between the lines M2=1 and 0= 48... 
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In practice, what determines @ and @? In other words, how are oblique shocks gen- 
erated? A simple example is flow through a corner as shown in Fig. 8-4(a). A symmetrical 
wedge would generate the same flow pattern symmetrical about the horizontal centerline 
[see Fig. 8-4(b)]. The vector V2 is parallel to the surface of the wedge (or corner) which 
sets 6. Then if M; is specified, 8 must follow. 


(a) (b) 


Fig. 8-4. Oblique shock generated by flow (a) through a corner and 
(b) over a symmetrical wedge. 


What happens if @ > 45° (see Fig. 8-3)? Then no simple oblique shock solution exists 
and the shock becomes “detached” and curves back around the wedge. The solution cor- 
responds to a normal shock at the apex and M2 will be less than 1 (Fig. 8-5). Further, if the 
object is blunt the shock is always detached (since 9 = 90° at the front). The dotted line 
where M = 1 (in Fig. 8-5) is called the sonic line and divides the regions of supersonic and 


subsonic flow. 
v7 Sonic line 


Sonic line 
(M =1) (M = 1) 
< / 
M>1 
\ 


\ M>1 


M <1) 
Yi 
M,>1 Ee M,>1 
Ee 
M<1/) 
i M>1 M>1 
Bow shock aa, Bow shock 


(a) (0) 
Fig. 8-5. A detached shock. (a) wedge, (b) blunt. 


As the wedge angle 4 becomes zero, 8 becomes sin~!1/M and the wave is called a Mach line. 
It is merely the locus of sonic disturbances since the shock strength has become zero and any 
infinitesimal or sonic disturbance would propagate out along this line. The angle sin~!1/M, 
denoted as yu, is the Mach angle. In three dimensions the Mach lines would form a cone 
(from a point disturbance as discussed in Chapter 7). 


In two dimensions, at any point in the 
flow, there are two Mach lines (at +6 = 
sin~'1/M to the streamlines). These lines 
are called characteristics and must point 


downstream since there can be no upstream Positive 
influence in supersonic flow (Fig. 8-6). Se aera es 
As the angle 6 becomes small but finite 

the shock becomes weak, and the shock rela- Fig. 8-6. Characteristics in supersonic flow. 

: : ; ; = sin-1 

tionships may be simplified. It may be shown a =D) BOGS Ath ape ae ghey 

Gicttacrodae thowshcek minis bhanaune ore positive set runs to the right of the 
p streamlines and the negative set to the 


so that for very weak shocks the flow be- left. 
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comes nearly isentropic. The change in speed AV across the weak shock is approximately 


(for flow deflection AQ) 
AV AG. 
ree Res (8.11) 


is VMe=1 
which is exact for isentropic flow. If compression takes place through a continuous bend 
(Fig. 8-7), then a continuous set of Mach lines is formed and (8.11) may be written in dif- 
ferential form 

dV dé 


SS SSS 8.12 

Poe a ins 

The Mach lines coalesce to form a shock wave, but near the body the flow is approximately 
isentropic in the compression fan of the Mach lines. 


Compression 
Mach lines 


Fig. 8-7. Compression of supersonic flow by turning. 


(b) Supersonic Expansion and the Prandtl-Meyer Function. 

In flow over a convex corner or convex curved surface, no shock can form and the flow 
expands isentropically (Fig. 8-8). A single wave cannot accommodate the change (it would 
lead to a decrease in entropy) and a fan of waves must exist. The lines shown in Fig. 8-8 
are actually Mach lines or characteristics. At any point in the flow they are inclined at 
an angle sin-!1/M to the streamlines. 


(0) 


Fig. 8-8. Supersonic expansion on a convex surface. (a) con- 
tinuous expansion around a curve and (6) an ex- 
pansion fan centered at a sharp corner. 


Equation (8.12) holds throughout the expansion and the angle 6 is the inclination of the 
streamline with respect to an arbitrary datum. Usually we take 6:=0 and measure @ 
positive counterclockwise (see Fig. 8-8, where 62 is negative if we take 6:=0). Equation 
(8.12) may be integrated: 


Vv 
dV 
—é + constant = fs VM ee i) (8.13) 
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The function 1(M) is called the Prandtl-Meyer function and may be evaluated explicitly as 


(M) = | ey tan? 4/2 (we —1) = thane ye (8.14) 


where v is given in radians. We arbitrarily choose the constant in (8.13) so that v=0 
when M =1, and thus we finally have 


=(0 = 6.) = 1M) — 7 (M) (8.15) 
For a given value of 6; (usually taken as zero) and M,, we can find v(M) and hence M for any 
value of 6. (v(M) is a monotonic function of M which varies from 0 for M=1 to 
Vax 1Or M->~, where v,.. = 4x(V(k+1)/(k—1)—1).) For supersonic expansion, @ is 
negative; and for compression, 4 is positive (see Fig. 8-9). 


Mo 
v2 
62 


(a) Supersonic Expansion (6) Supersonic Compression 


Fig. 8-9. Supersonic expansion and compression. Locally the 
angle between the Mach line and the streamline is u. 


A brief table of »(M) is given in degrees below.* 
Table 8.1. The Prandtl-Meyer Function 


[riser ow [> [ea 


For example, consider the flow over a convex surface (Fig. 8-8a) through a total angle 
of 10 degrees, with M,=2. From Table 8.1, v,=26.5° and 6:=-—10° so that from 
(8.15) v, = 26.5° + 10° = 36.5° and hence M2 is approximately 2.39. Note that the rate of 
curvature is irrelevant in determining the final state. A sharp corner and a smooth curve 
give the same final result for expansion waves. For compression, only a smooth curve is 
isentropic and a sharp concave corner would lead to a shock wave. 


What happens when expansion occurs 
around a corner where || is greater than 
Vinax? hen the streamlines behave as though 
the flow occurred over an expansion of v,,., 
and a region of stagnant fluid lies between 
the “slipstream” or “tangential discontin- 
uity” and the body. Across the slipstream 
the pressure and density are continuous but 
the velocity is discontinuous. See Fig. 8-10. 
(In practice, as the vortex sheet forms, the Fig. 8-10. Expansion around a corner of || > 
slipstream and the fluid below it may be tur- Ymaxy With the formation of a slip- 
bulent and not stagnant.) stream. 


M, 


*A more complete table may be found in reference 1, page 171. 
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(c) Combined Oblique Shocks and Expansions. 


In supersonic flow, by patching together the oblique shock and isentropic expansion 
flow solutions, the flow pattern over fairly complex shapes can be obtained. Because the 
flow is supersonic, there is no upstream influence and it is possible to “march” over the body 
calculating the flow along the way. The flows over some simple bodies are shown in Fig. 
8-11. The pressure plot is also shown. 


Fig. 8-11. Shock-expansion flow over two-dimensional bodies. 


In Fig. 8-11(b) the fluid flowing over the top and bottom of the inclined flat plate must 
end up behind the body at the free stream velocity and pressure. However, the temperature 
(and density) may differ slightly across a “contact surface”. In this figure, the pressure on 
the bottom is increased through the shock wave, and decreased on top through the expan- 
sion wave, giving rise to a lift on the plate. Unlike a subsonic lifting airfoil, the supersonic 
airfoil has a component of this pressure force in the direction of flow. This force is a drag 
force, known as ‘‘wave drag”’. 

In practice, supersonic aircraft have wings which behave as subsonic wings, thus 
eliminating the wave drag. Subsonic wings are possible on supersonic airplanes because 
the sweepback on the wings gives rise to a component of velocity, normal to the wing lead- 
ing edge, which is subsonic. 


(d) Simple and Nonsimple Regions. 
We have been discussing simple oblique shock waves and isentropic waves of expansion 
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Simple wave 
(negative characteristic) 


or compression. In regions where these 
waves interact and become curved (the char- 
acteristics are no longer straight lines) these 
simple solutions are no longer valid and the 
complete equations must be solved. In gen- 
eral these equations are nonlinear, but in 
some simple cases, as in the flow around thin 
bodies, the equations may be linearized. 
These solutions will be discussed in Section Bie wias UN eel dati iy acl the 
8.3. An example of nonsimple flow in a noz- pHilone ravens Iieeactnandethe har: 
zle is shown in Fig. 8-12. acteristics are no longer straight lines. 


Flow 
Nonsimple region 


Simple wave 
(positive characteristic) 


(e) Thin Airfoil Theory. 

Flow over thin airfoils at small angles of attack may be considered isentropic if the 
shocks are weak enough, and shock-expansion theory may be simplified considerably. (The 
same results will be obtained later from linearized perturbation theory.) For weak shocks 
or expansion waves the pressure change is, from (8.7) and (8.9) approximately 


Ap ik 


D Ji? —1 


and assuming M is close to M; and »p close to 1, 


p—p F 

tos SIS 9 (8.16) 

P, M: ae 1 

The pressure coefficient C, is defined as 
Dp —?P p—p 2 
C. —— sy = es 5 =o 8.1 
aie Me ere oe) He 
where the subscript 1 refers to free stream values. Hence we obtain from (8.16) and (8.17), 
2 

Cet ae (8.18) 


VMi-1 


For a flat plate at incidence a, Fig. 8-11(b), Cp is simply Cp, = +2a/\/M?—1 for the 
bottom and C,, = —2a/\/M?—1 for the top. The lift and drag coefficients are then 


lift per unit length (Py — D,)e COS a 
as ee omen NW ie 
_ drag per unitlength = (Pg—Pr)¢Sina _ _ 
Sper $p,Vic i 4p,Vic = (Cog — pz) sin a 


where c is the chord length (width of the airfoil). Since a is small, cosa~1, sina~a, and 
we finally have 


a 2 
Go = yrsantt (—— debe? oh (8.19) 


Me EO) OT 
for the flat plate at a small angle of attack, a. 


In general it can be shown that the pressure coefficients for thin airfoils may be ex- 
pressed as follows: 


" 2 a a 2 i — 
Cy, — ve =a dz /’ Coz = Viz —1 “dz (8.20) 


where f,,(v) and f,,(”) are the equations of the top and bottom surfaces, respectively, of the 
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ecosa ~ c 


¥y ean 
a 
h(a) 


Vy 
—— _ a(x) | 
a a 
= a ~<—,— A ——— 
average angle of attack camber thickness 
(a) (b) (c) (d) 
Fig. 8-13. Thin airfoil at a small angle of attack. The air- 


foil in (a) may be decomposed into (b), (c) and (d). 


airfoil. (See Fig. 8-13.) From (8.20) the expressions for Cy and Cp can be found as 


ae BEN ence 
C, = Ta v Ci = Wai aie + (a)? + a) (8.21) 
where h(x) is the thickness of the airfoil, a is the mean angle of attack and a,(x) is the local 
angle of attack of the camber line with respect to the mean angle of attack line inclined at 
angle a, as indicated in Fig. 8-13. 


These same results may be obtained from the perturbation theory of the next section. 


8.3 SMALL PERTURBATIONS AND THE LINEARIZED THEORY 


(a) Perturbation Theory. 

If we consider homentropic flow (isentropic throughout), that is, irrotational and fric- 
tionless and such that ho is the same throughout, then we can use equation (8.6) as the 
basic governing equation. Shocks are not permitted, so we must confine ourselves to weak, 
virtually isentropic shocks and expansions. Physically this means that the bodies over 
which the flow occurs must be thin two-dimensional airfoils, or thin cylindrical bodies which 
limit the shock strength. Mathematically we can express this condition by saying that 
the velocity is everywhere close to the free stream velocity, Vo, or V1 as we have called it in 
the previous section. Referring to Fig. 8-14, we express the velocity at any point in the 
flow as the free stream velocity Vo plus a small perturbation velocity v’. Hence 


uw = Votw hd A aes soa | 
Vena UIVo Sel (8.22) 
ap == 400 w}Vo mel 


Fig. 8-14. Thin body perturbing a uniform flow, Vo. 


Substituting into the three-dimensional form of equation (8.5) and eliminating a’ by 
using the perfect gas energy equation in the form 
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Neva oso r ies Z B 2 ie (8.23) 
we obtain the perturbation equation for velocities which may be written 
a-Myse + 
Safe wane eet 
+ M3) (k— 1) + hele + baie |e (8.24) 
+ mi[@—ye + ve are a me 


2 
Sa Reg be ou er) wal ales a) 
PEM alta Geog ae wy brea ary 
vw’ (dw’ . ov’ 
calgie Ve ere 
which is an exact equation. If we assume that w’, v’ and w’ are < Vo, then we get the 
simplified second order equation 


ou’ ov’ aw’ 
@ — Mt) 55 Tay oy az 
» on w ou Ye av’. aw’ 
= Mik+1) 7 5 + Mi(k-1) me at —) (8.25) 
pi heey hii) ener 8 2 WwW’ (aw a) 
teMoly, ce oD, ty Moa (oe + og 


which is good for the full range of Mach numbers from subsonic through transonic to 
supersonic and hypersonic flow. However, a simpler linear form, good for subsonic and 
supersonic flow, but not for transonic flow where M~1 nor hypersonic flow where 
M > 6, may be obtained by retaining only first order terms. It is 


ov’ Oia na 
(l= eG ya a a 0 (8.26) 


Equation (8.25) may be simplified for transonic flow to 


ou’ ov’ Ow u’ ou’ 
(1— Mo) = + ay of ae Mok +1) os (8.27) 
which is still good, actually better than (8.26), for subsonic and supersonic flow, but it is 
nonlinear. It is often convenient to express these perturbation equations in terms of a 


perturbation velocity potential defined as v’=—V¢. (8.26) becomes 


Oe Ob Ob 
(1—M)) => ee ay? sae Nhs 0 (8.28) 
and (8.27) becomes ; 
So ee Oe Mik +1) ag a4 
CaM) ie Ge aoe (8.29) 


Equation (8.28) is linear and may be easily solved for thin airfoils in the subsonic and 
supersonic regime. For low Mach numbers, (1 — Mz) ~ 1 and we have V’*¢ = 0 which is 
exactly the equation used in Chapter 6 where we assumed the flow to be incompressible 
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(and hence M <1). We now can discuss compressible subsonic flow using equation (8.28). 
The form of (8.28) changes from elliptic for subsonic flow in which M <1 (where the in- 
fluence of the body is felt throughout the flow field) to hyperbolic for supersonic flow 
where M > 1 (where the body can exert no influence upstream and the solutions are wave- 
like disturbances propagating along characteristics). 


(b) The Pressure Coefficient in the Linearized Theory. 
The pressure coefficient defined by equation (8.17) and the pressure p may be written in 


terms of the components of V (using the energy equation) as 


Cp = 4k) Mi V7/ V5) oh (8.30) 


antt+ 


Inserting the perturbation velocities, expanding and retaining second order terms, we 
obtain 


Al wo” + w” 
n= >|5- + (i mys 4 ae | (8.31) 


For two-dimensional and planar flows it is adequate to retain only first order terms, and 
2u’ 


2 ile y. (3.32) 


For flow over thin cylindrical bodies the second order term must be retained, and 


2u’ vw +” 
G5 6 =e ves V (8.33) 


(c) Boundary Conditions. 
Physically, the boundary condition is that the velocity vector must be tangential to the 
body at the surface of the body. If the surface of the body is given by the equation 


(x,y,z) = 0 
then this boundary condition is Vey sf =10 (8.34) 


Explicitly writing out (8.34) in terms of w’, v’ and w’ leads to the condition, accurate to a 
consistent order, for two-dimensional flow in the xy plane (with small y dimension) 


v'(@,y = 90) = Vo(dy/dx)roay (8.35) 


For “planar” flow (for thin, essentially flat three-dimensional bodies like wings) the 
flow is quasi-two-dimensional, and the boundary condition on the surface becomes 


v’(%,0,2) = Vo (dy/dx)boay (8.36) 


where the body lies in the xz plane and is almost two-dimensional in the zy plane. 
For flow about thin cylindrical objects, the situation is somewhat more complicated and 
will not be discussed here. The reader is referred to the references. 


It is interesting to note that the velocity v’(x) is evaluated at y=90 and not actually 
on the surface of the body. This approximation is consistent with the thin body approxi- 


mation. 


(d) Supersonic Thin Airfoil Theory. 
The perturbation theory just discussed may be applied to two-dimensional thin airfoils. 
The results are identical to the weak shock solutions discussed previously in Section 8.2(e). 
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8.4 THE METHOD OF CHARACTERISTICS 

In complex flows where simple shock-expansion theory or the linearized theory is not 
adequate, the original nonlinear equations must be solved by numerical techniques. The 
method of characteristics allows a simplification of these equations in the supersonic range 
and provides a well-established mathematical technique readily adaptable to numerical 
analysis. 


(a) Elliptic and Hyperbolic Equations. 

The equations describing subsonic flow are elliptic and those describing supersonic 
flow are hyperbolic, and entirely different methods of numerical analyses must be used for 
the two. In subsonic flow, any disturbance can be felt throughout the entire flow field and 
the method of relaxation must be used to solve the elliptic equations. Here the boundary 
conditions must be prescribed along a boundary completely enclosing the domain of 
interest and the entire flow field must be viewed simultaneously. However, in supersonic 
flow (with hyperbolic equations), disturbances and information can propagate only down- 
stream, and boundary conditions must be specified only along a curve located upstream. 
Then one can “march” downstream, calculating values along the way, without the necessity 
of iterating back over the flow field in order to take account of a downstream condition as 
in subsonic flow. 


A hyperbolic equation is one that gives rise to characteristics, but we will not give an 


exact mathematical definition here. Some differences between elliptic and hyperbolic dif- 
ferential equations are tabulated below, considering ¢ as the dependent variable. 


Elliptic equation Hyperbolic equation 

(1) Either ¢ or d¢/dn must be prescribed (1) ¢ or d¢/dn may be specified on an open boundary. 
on a closed boundary to avoid sin- Singularities may result if boundary conditions 
gularities. are prescribed on a closed boundary. 

(2) A change in boundary conditions . (2) A change in boundary condition affects only a 
affects the whole region of flow. limited domain of the flow. 

(8) The solution must be analytic. (8) Solution need not be- analytic (shocks are sin- 

gularities). 


(b) Characteristics. 


We will not discuss the general mathematical theory of characteristic and hyperbolic 
differential equations here. Rather, we will present a simple physical discussion of char- 
acteristics as they appear in two-dimensional gasdynamics and briefly outline the numerical 
method of calculation. 


We begin by considering steady two-dimensional, homentropic flow. We cannot describe 
the structure of shock waves with the equations of such flow since shock waves involve 
irreversible processes. However, shocks may be admissible solutions (if the boundary con- 
ditions are of a certain type) since shocks correspond to singularities in the solution to the 
hyperbolic system. The flow is then homentropic within domains which do not contain 
shocks or which are bounded by shocks. If shocks occur, their location may necessitate some 
trial and error calculations. For example, in a converging-diverging nozzle under critical 
operation, if the inlet pressure and outlet pressure are both specified, a shock wave may 
occur downstream of the throat. In this section downstream of the throat the flow is super- 
sonic and the method characteristics may be used to map the flow. However, if we were 
to simply march downstream to the exit, the final pressure may not be that which was 
specified. Only by admitting a shock in the nozzle could the pressure at the outlet be made 
to correspond to the prescribed value. Hence, whenever the boundary conditions are over- 
specified in a hyperbolic system singularities (shocks) may result. (This overspecification 
may be a physical one, of course, and not merely a mathematical one.) Usually the method 
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of characteristics is most useful where shocks do not occur, and only the boundary condi- 
tions on a curve upstream are specified. Then one can simply “march” downstream, calcu- 
lating along the way, without any iteration or trial and error. 


Equation (8.28) in terms of ¢, 


_ pr a oe 
(1 — Mo) FS ae ay + sae 0 
is elliptic if Mo <1 and hyperbolic if Mo >1. However, we are generally not interested 
in applying the method characteristic to this simple linearized equation. Rather, the com- 
plete nonlinear equations are of concern. Consider the general equations (8.5): 


ou Ov OU, dv 
ee O\ een ON aes abe hl ee = 
(u LAR sellin a) + uo (Se +e) 0 
Ov Ou 
pyebidiohe nt . 


We ask the question: under what condition are these equations reducible to a form which 
has a one-dimensional variation (at any point in space)? That is, the variation is only 
normal to a characteristic, and not along it. We look for a condition such that a combina- 
tion of the above equations may be put into the form 


ou Ov 
Ae “+ Ba 0 (8.37) 
where + = cosy Taal -. Let tany=¢. By multiplying the first of equation 


a 
(8.5) by \1, and the second by Az, and adding we can obtain the form of (8.37) if certain con- 
ditions are satisfied by \1 and A». These are 


A2— AU ¢ Ai(v? — a?) ¢ 
d1(a? = u?) ie (Az i A1Uv) % 
Eliminating \1 and A2 we obtain 
(a? — u*)0? — 2uve + (a?—v?) = 0 (8.38) 


The direction «a is defined by ¢ which exists only if 
| Wj ats Me 


that is, the flow is supersonic with M>1. The 
directions a defined by two roots of (8.38) are the PRN 
+ and — characteristics, which we denote as ¢, Bs ee A 
and ¢_. It can be shown that 


Cl a (= a) 
Then by finding A1 and Az explicitly, it is possible 
to show that if we take dy=¢,dx then du= 
—f dv, and if we take dy =—£_dx then du= 
—¢, dv. Hence we arrive at the relationships, 
equivalent to the original differential equation 
(8.5), that: 
on dy = Cade: . du= —l_dy 


y 


(8.39) 
on dy = —¢€_ dx: du = -—¢, dv 


However, it is more convenient to work in 
polar coordinates. We take u= Vcos@ and Fig. 8-15. Polar coordinate system and char- 
v=Vsind, Fig. 8-15, so that acteristics. 
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du = cosddV —Vsinod@ and dv = sinéddV + Vcosé dé 
Substituting into (8.39) gives on the (+) and (—) characteristics respectively 
cot u a cot pu. as 3.40 
v AV = ade: v LV aS eds (8.40) 


and ¢, =tan(@+ .), ¢. =tan(6—,). Then the energy equation may be used to express 


V in terms of M and 
VM? —1dM 
+qd@ = = dv(M) 


M{1 + 4(k — 1)M?] 

which may be integrated to give »(M). Hence since +d#@—dv=0, (v—@) is constant on 
a (+) characteristic, and (.+ 6) is constant on a (—) characteristic. Then if v and @ are 
both specified on a line L-M, we can construct a grid as we work downstream determining 
vy and @ at points of intersection. Once v and 6 are known, the Mach number, flow direction 
and velocity may befound. Referring to Fig. 8-16(a), let v and 4 be specified along line segment 
L-M. Then the direction of the characteristics are known and at a set of arbitrary points 
A1,...,An. Let the (+) and (—) characteristics be drawn to the first set of intersections 
Bi,...,Bn-1. At each of these points, (v—4) and (v+4) are known and hence v and 4 
can be found explicitly and then ,, M, V and the new direction of the + characteristic may be 
drawn. This new set of lines intersect at Ci,...,Cn-2. The process is continued through- 
out the range of influence which is bounded by the characteristics through Ai and Ay. In 
general, in nonsimple flow regions the characteristics will be curved but the segments be- 
tween intersections are drawn as straight lines. The finer the mesh, the more exact the 
solution. 


(vy — 6) known 


At points of intersection 
(v— 6) and (y + @) are known, 
hence so are » and @ 


Domain of 
influence 


specified on 
line L-M 


Fig. 8-16(a). Characteristics construction in polar coordinates. 


To illustrate in more detail, consider 
an enlarged diagram, Fig. 8-16(b), of a 
section of Fig. 8-16(a). At point Bi, 


Vea = £(v, + V5) ar 4(9, == ) 


(+) characteristic 


(vy + 6;) = constant = Q, (454 a) 


and 4, = 2(¥, cia V5) a 3(9, + 5) 
(—) characteristic 


Between mesh points the characteristic (vy — 6) = constant = R, 


lines are assumed to be straight. 

The complete theory of characteris- 
tics for compressible flow is beyond the 
scope of this discussion and the reader Ay 
is referred to the references. Fig. 8-16(b). Details of the computational method. 


Vo 


v2 
2s. as 
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(c) Supersonic Aircraft. 


In actual practice, the wave drag on a wing flying supersonically, with shock-expansion 
wave formation, is much greater than the drag on a subsonic type wing. Consequently, 
supersonic aircraft are made so that the wings actually operate subsonically. This type of 
operation is accomplished by making the sweepback angle greater than the Mach angle. 
Then the component of velocity normal to the leading edge is subsonic and the wing behaves 
essentially as a subsonic airfoil. However, the fuselage generates a nose shock but the wave 
drag is minimized by tapering the nose to a needle point to weaken the shock, and by 
properly varying the cross sectional area of the fuselage (so that it looks something like a 
“coke’”’ bottle). 


The wings are three-dimensional bodies and must be treated as such in the computation 
of flow over them. The details are beyond the scope of this discussion, but it is important 
to remember that the sweepback causes the wing to behave essentially as a subsonic airfoil 
in terms of lifting characteristics. One effect of increasing the sweepback is to stabilize the 
plane in a manner similar to the effect of a positive dihedral angle. In fact in highly swept- 
back wings the dihedral may be negative (giving a drooping appearance). 


Fig. 8-17. A modern supersonic airplane. The sweepback 
angle is greater than the Mach angle so that the 
normal component of velocity on the leading edge 
of the wing is subsonic. 
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Solved Problems 


8.1. Air at 520°R and atmospheric pressure passes through an oblique shock wave in- 
clined at 50° to the flow as shown in Fig. 8-18. The initial Mach number is 2. Deter- 
mine the conditions downstream and the angle through which the flow is turned. 


From Fig. 8-3, page 159, we find that 6 
is approximately 18°. From equations (8.7), 
page 158, we can find downstream conditions 
(at point 2) in terms of the upstream condi- 
tions (at point 1). Alternatively, we could use 
normal shock tables with the numerical value 
of M, in the table interpreted as our value 
of M,sinfB, and the My, in the table as 
M, sin(@— 6). We find then: 


Dolp, = 2.57 ; po = 87.8 psia 
T/T, = 1.34: T> = 697°R 
ViCesin (16) == O69 ald Fig. 8-18 


8.2. <A thin flat plate airfoil is shown in Fig. 8-19 inclined at an angle of attack of 10°. 
Find the fluid properties in all regions of the flow. M;=3 and the free stream air is 
Atel O00 R cand 1 = 5 psia; 


Expansion 


(1) 
M,=3 
Eo 


T, = 500°R 
Pp; = 15 psia 


Expansion 


Fig. 8-19 
Using equations (8.7), page 158, and Fig. 8-3, page 159, we can find conditions in region 3. We 
find By3 = 27.5°. Using k= e,/e,=1.4 for air, we obtain 
p3/p; = 2.07, ps = 31.0 psia;s M3 = 2.49; T3 = 1.257, = 625°R 
To find conditions in region 4 we use 
4 ps 104 65| = gt 10° = S912 a0? = 4018 
and M,= 2.97 from Table 8.1, page 162. Since the expansion is isentropic, we write 


iy 2+ (k —1)MRZqkK/k-b 
PalPa = E rm = 


from which we find p,4/p3 = 0.48 and py = 14.9 psia. 7, is found from 
La/Te = (Dal Da) he OLE 
and hence 7, = 0.81(T3) = 0.81(1.257;) = 1.01T,. 
Now proceeding along the upper surface of the plate, we find conditions in region 2. 


y = ,+10° = 49.8° + 10° = 59,.8° 
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8.3. 


8.4. 


and hence My, = 3.57. Using the isentropic relationships we find 
Po = 0.449, = 6.60 psia, T, = 0.797, 


Then through the shock to region 5 we find 
Bos = Cae M; = 2.98, Ps = 2.29 po = 1.01p,, Ts — 1.29T, = 1.02T, 

We see that the pressures p; and p, are approximately but not exactly equal, and the tempera- 
tures Ts and T, are approximately equal. In actuality a slipstream or contact surface must extend 
from the rear of the airfoil separating regions of unlike temperature and density but the pressures 
p4 and ps must be equal. Further, across this slipstream the velocities are different and a shear 


layer exists. It is a trial and error process to locate the exact inclination of the slipstream in order 
to make p4 = ps = py. 


The lift and drag per unit wing area are 
li = (Gis ()) CUO? SS EO Fort, DEAD D>) sine Om — Ae Sapst 
Note that since p; and p,; are almost equal the contact surface comes off the airfoil nearly 


parallel to the free stream. In general, in order to insure that p; = p,, as it must in reality, the 
contact surface may be inclined at a slight angle to the free stream. 


Compute the lift and drag on the airfoil in the above problem, using thin wing theory 
and compare to the exact shock-expansion solution. 


From equation (8.19), page 164, we find C,; and Cp. C, = 0.247 and Cp = 0.043. (Remember 
here, M,=83 and a@ is measured in radians; 10° = 0.1745 radians.) The lift per unit area is 
401Vi Cz or 4kMip,Cy. Knowing T, and p, we find p, as 0.00253 slugs/ft? from the perfect gas law, 
and V, = a,M, = (1090 ft/sec)(3) = 3270 ft/sec. 


L = 4p,ViC, = 4(0.00253)(3270)2(0.247) = 3340 psf = 28.2 psi 
and Dy = teiViCp = 4.04 psi 


Comparing these results to those of the previous problem, we see that they are off by less than 
5 percent. 


Using shock expansion theory determine the flow over the two-dimensional double 
wedge profile shown in Fig. 8-20. The Mach number of the free stream is 2. 


Expansion 


es Se 2 eS: oe i 
. l Seok ad _ Slipstream 


Fig. 8-20 


A contact surface will extend from the trailing edge. The exact angle this contact surface 
makes with the free stream must be determined by imposing the condition that the pressure at 4 
is the same as the pressure at 1. This would mean a slight turning of the free stream flow on the 
bottom, at the trailing edge. We neglect this effect here for the moment and assume the bottom 
flow to be undisturbed. 

For flow through the leading shock, 1-2, 6 =10°, and from Fig. 8-3, page 159, B = 39.5°. 
We find from shock tables or equations (8.7), page 158, 


Dol Py = 12; T/T, = Welk, My, =a 165 


Then through the expansion fan 2-3 we find 
Ho = 15.9°, ve = e+ 20° = 35.9°, Ms = 2.37 
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ke — 1)MQqk/e-D 
E ) | = 032, To[T> = (Ps/Po)k-Y/* = 0.72 


P3/ Po 2+ (k-)M 


Through the shock 3-4, 6 =10° and £ = 34°, and 
pal p3 = 1.88, T,/T3 = ee M, = 1.90 


Clearly then, p,—=1.03p,, and the flow cannot leave the airfoil parallel to the free stream flow 
since p, would not then be the same as p,. Hence the shock 3-4 must take place through slightly 
less than a 10° deflection angle and the flow on the bottom is slightly compressed through a shock. 
The determination of the exact angle of the contact surface may be done by trial and error, such 
that »p, =p ,. The details are left as an exercise for the reader. 


8.5. A shock wave impinging on a wall M,=3 
shown in Fig. 8-21 will be reflected 
so that the final flow is parallel to 
the wall. Consider a shock reflect- (1) 
ing as shown. —_—_— 
For @6=10° and M,=83, we find 
B, = 28° and M, = 2.5 from (8.7) or ap- 
propriate tables. Then for 6, = 10° and 
M,= 2.5 we find B, = 82°. Remember, 
if we use standard normal shock tables we 
insert M, sinf,; and M, sin(@,— 6) for 
M, and Mg, in the tables respectively. Fig. 8-21 


Double wedge 
generating 
the shock 


Supplementary Problems 


8.6. Air flows over a corner as shown in Fig. 8-22. Find the air properties and Mach number down- 
stream. Draw in the expansion fan. What happens when the angle 6 becomes larger and larger? 


M,=2 
Pp, = 14 psia 
T, = 500°R 
Fig. 8-22 Fig. 8-23 
8.7. Air flows through a corner shown in Fig. 8-23. Find the properties and Mach number downstream. 


What happens as 6 becomes larger and larger? 


8.8. Find the shock pattern of the wedge of Fig. 8-24 with standard air flowing in at Mach 5. 


7 Se MYYEY); 
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8.9. 


8.11. 


8.12. 


Find the properties downstream and plot the Mach angle » as a function of 6 for the flow of 
Fig. 8-25. 


Expansion fan 


Streamline 


M,=2 
P; =10 psia 
T, = 600°R 


7 Wall 


4 
Ny 


Rett | 


Fig. 8-25 


Two-dimensional flow occurs through a bend as shown in Fig. 8-26. Locate the downstream bend 
so that no shock reflection obtains. What is the width D,? 


“ 
M,=83 
py =5 psia 
T, = 500°R 


Fig. 8-26 


Similar to Problem 8.10 is the expanding turn as shown in Fig. 8-27. Specify the shape of the top 
wall so that the expansion wave is not reflected. (Hint. The shape follows a streamline through 
the turn.) What is Dy, in terms of relevant parameters? 


Smooth curve 


M,=3 ; Expansion 
Pp, — 10 psia fan 
T, = 500°R 


Fig. 8-27 


What happens in Problem 8.5 where the shock is reflected when the angle of the first shock, @,, 
becomes larger and larger? Can a simple reflection turn the flow parallel to the wall, or does 
something strange happen? 


Flow occurs over a triangular shaped surface as shown in Fig. 8-28. For M,>1 find the flow 
pattern over the wall by the linearized theory of small perturbations (assuming ¢ < )). 


Fig. 8-28 


A regular diamond shaped airfoil (Fig. 8-29 below) is inclined at an angle of 10° to a supersonic 
flow of Mach 2. The wedge angle of the airfoil is 20° so that the top and bottom surfaces are 
horizontal. 
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8.15. 


8.18. 


8.20. 


8.21. 
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Compute the lift on the airfoil by shock expansion theory and sketch in the shocks and waves. 
What is the wave drag? 

Compute the lift by thin airfoil linearized theory and compare the results to those obtained 
by the more exact theory. 

What does the flow pattern look like as indicated by linearized theory? 


be/2 
surface M 1 
ee G 


| Horizontal 
surface ae Cc 
Fig. 8-29 Fig. 8-30 


The Busemann biplane shown in Fig. 8-30 consists of two parallel airfoils, each of which is a half 
diamond as shown in the sketch. At zero angle of attack the wave drag can be made effectively 
zero by correctly spacing the airfoils for a given Mach number M,;. Assuming two-dimensional 
linear theory (t <c), find the maximum spacing G (as a function of M,) for drag cancellation at 
zero angle of attack. (At certain sub-multiples of the maximum critical spacing G, cancellation is 
also achieved.) 

Is there any lift at zero angle of attack? 


Is there wave drag cancellation if the angle of attack is changed, keeping M, and G constant? 


Find the lift and drag coefficient for the half diamond shaped (cross section) airfoil of Problem 8.4. 
Discuss the character of the contact surface in thin airfoil theory. 


Using the theory of thin airfoils, find the flow pattern and the lift and drag coefficients over the 
two-dimensional airfoil shown in cross section in Fig. 8-31. 


f h(a) = H sin ra/e 
¢e Equation of center line: 
My y =.-Y sin 2rx/c 
V5 Hand Y <c. @ is known. 
h(x) o 
Fig. 8-31 


Using thin airfoil theory make a plot of C;, and Cp versus M for a two-dimensional thin flat plate 
airfoil inclined at an angle of attack of 5°. 


Make a similar plot to the one in Problem 8.18 but assume M = 2 and plot C; and Cp versus the 
angle of attack. 


Flow expands around a sharp corner as shown in Fig. 8-32. Locate the slipstream. 


M,=5 h = t(1 — «?/e?) ¥ t 
: t/e = 0.05 | 
90° 
Fig. 8-32 Fig. 8-33 


Make a plot of C, versus Cp for a thin airfoil of the shape shown in Fig. 8-33. (Treat a as an 
independent variable and M as a constant.) t is the maximum thickness and the airfoil is sym- 
metrical, top and bottom. 
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8.22. 


8.23. 
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As shown in Fig. 8-34, a piston is contained in a cylinder which has a closed end. The piston is 
suddenly set in motion at a constant velocity towards the closed end of the tube. A shock wave 
will then be initiated, travel to the end of the tube, and be reflected back toward the piston. 


Determine the velocity of the shcck before 


and after reflection and the pressures in all 
regions of flow at all times. Qualitatively ex- 
plain briefly what happens after the shock 
reflects off the piston face. 


The air in the cylinder is initially at at- 


mospheric pressure and at 520°R. The piston 
is moved at a constant velocity of 100 ft/sec. 
Hint. Refer back to Chapter 7. 


U, = 100 ft/see (velocity of piston) 


Fig. 8-34 


In Problems 8.1 and 8.2, find the velocity of the air in the various regions of flow. 


NOMENCLATURE FOR CHAPTER 8 


sonic speed 


= chord length (width of airfoil) 


specific heat at constant pressure 
specific heat at constant volume 
drag coefficient 

lift coefficient 

pressure coefficient 

drag 

specific enthalpy 


= total (or stagnation) specific enthalpy 


= ratio of specific heats, ¢,/c, 


lift 
Mach number 


Mach number of the free stream 


= pressure 


specific entropy 
x component of velocity 
x component of perturbation velocity 


y component of velocity 


= y component of perturbation velocity 


II 


velocity vector 
free stream velocity 


z component of velocity 


= z component of perturbation velocity 


= angle of attack 


shock angle 

deflection angle 

Mach angle 
Prandtl-Meyer function 
density 


velocity potential 


Chapter 9 


Incompressible Turbulent Flow 


9.1 INTRODUCTION 


Although we have previously considered flows which are turbulent (much of Chapter 5 
was devoted to turbulent flows and many of the results of Chapters 7 and 8 are valid for 
turbulent flow), we will now consider the important problem of turbulent fluid motion in 
more depth in the present chapter. 

The problems of fluid motion might be arranged in a sequence going from the least to 
the most difficult in the following way: potential flow —» viscous laminar flow — tur- 
bulent flow. Historically, the early work in the field was primarily concerned with potential 
flow and laminar flow, with very little research effort devoted to the difficult problems of 
turbulent flow. This was unfortunate because most of the flows of engineering importance 
are turbulent. In recent years, however, the research effort in the area of turbulent flow 
has increased substantially. These problems, nevertheless, are far from being solved and 
will be with us for a long time. 

Before we go further, let us answer two questions: What is turbulent flow? Where 
does it occur? Turbulent fluid motion is defined by Hinze (see reference 3, page 192) as 
“an irregular condition of flow in which various quantities (for example, velocity and pres- 
sure) show a random variation with time and space, so that statistically distinct average 
values can be discerned’’. One finds that this kind of motion predominates in most flows 
which occur in nature. When objects such as ships, automobiles, aircraft and re-entry 
vehicles move through fluids, the flow is nearly always turbulent. In these flows one finds 
that there is a fluctuating motion superimposed on the main or average flow. 

Turbulence also occurs when a fluid moves through enclosures such as fans, pumps, 
ducts and pipes. The important criterion as to when the flow will be turbulent is the mag- 
nitude of the Reynolds number, as was previously indicated in Chapter 5. 

We are seeking (1) a physical understanding and (2) a quantitative description of tur- 
bulent fluid motion. The former will rely heavily (although, of course, not entirely) on 
experiment, while the latter will rely heavily on mathematical models. Both are important 
to the engineer. 

There are two basically different approaches used in describing and seeking an under- 
standing of turbulent motion. They are (1) phenomenological and (2) statistical. In the 
former, one establishes an expression for shear stress in terms of some empirical exchange 
coefficient and in the latter one studies the equations of motion in terms of time average 
quantities. 


9.2 EQUATIONS OF MEAN VELOCITY 


Equations of mean velocity distribution were obtained for turbulent flows in Section 
5.2(d), page 81. They are summarized here for convenience. The reader may refer back 
to Chapter 5 for definitions of the symbols used here. 


(a) Power Law: 
ul/U = (y/s)m/2-™ = (y/s)i/m (5.13) 
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Here y is the distance from the wall, 8 is the boundary layer thickness, U is the free stream 
velocity, and wu is the velocity in the boundary layer. The power law applies for flow with a 
negligible pressure gradient over a flat plate. It also applies for fully developed flow in a 
pipe. The exponent varies weakly with Reynolds number. 


(b) Logarithmic Form of Law of the Wall: 
u/ur, = 244 In (yu/v) + 4.9 (5.16) 


where uw, is the friction velocity, \/ 7,/p, and 7, is the wall shear stress. The equation is valid 
over most of the boundary layer. It does not apply to a small region right at the wall 
(0 < yu,/v < 50) and to the outermost portion of the boundary layer. It does apply for a 
nonzero pressure gradient, but the larger the pressure gradient the more the region over 
which it applies is reduced. 


(c) Logarithmic Form of the Velocity Defect Law: 
(U—u)/u, = —2.A4 In (y/8) + 2.5 (5.17) 


This equation applies to the intermediate portion of the boundary layer for zero or moderate 
pressure gradients. In the above equations (5.13), (5.16) and (5.17), u, as in Chapter 5, 
denotes the time average velocity in a steady turbulent flow, although in the remainder of 
this chapter we will use a bar to indicate mean values (i.e. %). 


9.3 STATISTICAL APPROACH 
(a) Turbulent Velocities and Averaging. 


Consider turbulent flow in a pipe. If 
we choose a particular point in the flow and 
observe the velocity at that point as a func- 
tion of time, we obtain a random curve as 
shown in Fig. 9-1. We define the time aver- 
age velocity u as 


“ 1 ch . 
“= 7S, udt (9.1) 


where 7, is a time large enough such that 
u is the same for any larger time for a steady 
mean flow. The bar over the quantity in- 
dicates the time average of the type indi- 
cated by equation (9.1). The instantaneous 
velocity wu may be written in terms of a time : ak nek: 
average velocity % which we call the mean HAS Mg Sonat eeciatich a geet 
velocity and a fluctuating velocity w’. dom quantity superimposed on the mean 
(u=ut+w’.) velocity u. 

We will have need to combine fluctuating quantities in various ways in the next section. 
The following set of rules will aid in these operations. If a and b are fluctuating quan- 
tities and c is a constant, we have the following set of rules (Reynolds’ rules of averages): 


a+b.= @+6 


= Gil 
ab = Gb+a’b’ 
aa _ aa 
ox Ok 


where a=a+a’, b=b+b’. (The mean value of a fluctuation is zero, a’ = b’ = 0.) 


180 


INCOMPRESSIBLE TURBULENT FLOW [CHAP. 9 


(b) Equations of Motion for Turbulent Flow. 


We will now develop the equations of motion for turbulent flow. The method is basically 


the same in every case. First, the equations are written for the instantaneous quantities. 
Then we take the time average of both sides, noting that if the equality is valid instanta- 
neously then it is also valid on the average for some period of time. Finally we simplify 
the equations such that only time average quantities appear. 


(i) 


Continuity Equation for Turbulent Flow. 
The differential form of the continuity equation as derived in Chapter 3 is (in 
cartesian tensor form) 


(pu) = 0 (3.30) 


where p is the density and uw; is the ith component of velocity. This equation is valid 
for turbulent flow, and the dependent variables (p and wi) represent instantaneous 
fluctuating quantities. If we take the time average of this equation, we obtain 


e 3 (pu) =190 
By replacing the instantaneous quantities with the time average plus the fluctuating 
part, and by applying Reynolds’ rules of averages as given in the previous section, we 
obtain 
sb + (Gu) + =u) = 0 (9.2) 


For incompressible flow, equation (9.2) becomes 
Oui 
On; 


= 0 (9.3) 


Momentum Equation for Turbulent Flow. 

The momentum equation in differential form was determined in Chapter 3 (equa- 
tion (3.47)). We will assume that the flow is incompressible and the viscosity is con- 
stant. Then equation (3.47) becomes, in cartesian tensor notation with the summation 


convention used, 
OU; OUi ~ Op OU; 
(Fs - Ws) aS 02; Js P 900 02; Pea (9.4) 


where B; is the body force and yz is the viscosity. This equation is assumed to be valid 
for turbulent as well as laminar flow. For turbulent flow, however, the dependent 
variables all vary as functions of time. They are not averaged quantities such as 
would be indicated by pitot tube measurements. We will now proceed to establish 
the equations in terms of time average quantities. 


Let us substitute ui = u+u; and p = p+p’ into equation (9.4). We have 


paca. a+r’), att wl) 


ots 
Uj 5) == (Hh i ee oy Mer: 
apr Melick Us) aretha )| ax; 0X; O20; 


dx; 
Simplifying and taking the time average of both sides gives 

Ui; Uj Ou; D 27, 2 

» (SE — OUj ) = op en OU: B 


pees + uU;— uU, — — i 
ot ” x; ee: Ox; Oxi at; Oa; 2 


(9.5) 


The third term on the left side of equation (9.5) is usually written in a different form. 
From the continuity equation for incompressible flow, we have duj/dx;=0. Thus 


ous 0 d OU; 
= an U; 
Ox; * 02; 


= 0 
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, 


VE ae 
Then by adding Ui (i.e. zero) to both sides of equation (9.5) we have 
J - 


Ou; ou’, 


Uj U— — > 
” 0x; Tye 0X; 0X; a 
and equation (9.5) becomes (with the turbulence term on the right side) 
Ou; = Oly 0p ) ( Oui = 
MST uae Nal. a Baisley PE tet SO TAF 9. 
(S 3 ina Ox; a ax; \" ax; pin (eee) 


Equation (9.6) is the momentum equation for turbulent flow written in terms of time 
average quantities. It differs from the equation for instantaneous quantities, equation 
(9.4), only by the addition of the last term. This term is often referred to as the 
Reynolds stresses or turbulent stresses. When the turbulent flow equation is written 
in this form, it gives the appearance of being the same as the laminar flow equation 
except for a term added to the laminar stress term. Strictly speaking, this term is 
not a stress but is an inertia (or momentum exchange) effect (recall that it came from 
the left side of the equation) and is only referred to as a stress because of the way in 
which the laminar flow equation is modified. 


(ili) Energy Equation for Turbulent Flow. 
Starting with the momentum equation for a constant viscosity and constant den- 
sity fluid, equation (9.4), we multiply by uw: and simplify, obtaining 


Ga Ne oe OTe aD “| nal [Oui ou) (= a Oui 

st ( - ) a a (Et 2 so "ax reccn | ; Bay | ami 0x; ee 
Equation (9.7) has units of energy and is referred to as an energy equation. How- 

ever, it is not to be confused with the first law of thermodynamics. The first law of 

thermodynamics is a statement of the conservation of energy of all forms. The tur- 


bulence energy equation comes from the conservation of momentum and does not 
involve any forms of thermal energy. 


Now we will write (9.7) in terms of time average plus fluctuating quantities 


U = UW+Uj 
p=pt+p’ 
UU = UiUi = 2uiut ae Uut 


and take time average of both sides. Then we combine (subtract) with equation (9.6) 
after it has been multiplied by u; and obtain 


1 2 3 
aa A SSS ————<$<$——_— 
O~/UZU; 0 /— UU; One, (2 UjUs 
eee — | U; = -—-—uUi— as 
(3) + oe (a) Gis Lk 
Sen ean VE MERC BF (9.8) 
— du; ) ( Ou; dU; ) (4 dus ) dus 
—uu, =! f ty —= 
Ws ou, “2 M hae aay 0x; "\9x; dai / Oxi 
uu —--— 
4 5 6 


Equation (9.8) is called the turbulence energy equation and each term is identifi- 
able as a certain type of energy: 
1, time rate of increase of turbulent kinetic energy. 
2. convective diffusion of turbulent kinetic energy by the mean fiow. 
3, convective diffusion of total turbulent energy by turbulence. 
4, production of turbulence (energy taken from the mean flow). 
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5, work done by the viscous shear stresses of the turbulent motion. 

6, dissipation of turbulence by turbulent motion. 
We will come back to this equation later in this chapter. In particular, we will look 
at the various terms for simple flows in order to gain some insight into the mechanism 
of turbulence. 


9.4 PHENOMENOLOGICAL THEORIES 

In the previous section we determined the equations for turbulent flow. The usefulness 
of these equations is somewhat restricted from an engineering point of view. There is no 
way to solve these equations even for very simple flows. Thus we must go to a more direct 
approach which involves models of the flow which are physically somewhat inexact but 
which allow approximate solutions for some flows of engineering interest. 


The shear stress tensor -,, (laminar 7,, plus turbulent ;,, ) is 


Ti = ru & ae ous ) aa tf U,U; = Ti, ste a (9.9) 
OU; us) = ° ° 
a — ; = —p une, for 1+ 
Aig sate = is Oxi "ip Gre : 


There is little hope in obtaining a solution for the Reynolds stresses. Thus the problem is 
to relate in some way the turbulent stresses to the mean velocity. This approach has been 
successful in describing free turbulent flows such as jets and wakes. All of these models 
are restricted to two dimensional flow. 


(a) Eddy Viscosity or Turbulent Viscosity. 
By writing the shear stress in terms of the laminar viscosity plus an additional term to 

account for the turbulent or macroscopic motion, we have (for two dimensional flow) 

Oui 

0%; 


7, = (utpe) (9.10) 


where « is referred to as the eddy viscosity and is related to the Reynolds stresses by 


— =i wu’ 
a duUi/dx; va 


The advantage of defining an eddy viscosity as in equation (9.10) is that if « is a quantity 
which can be numerically determined (or expressed in terms of the mean velocity), then 
this form of the shear stress may be substituted into the momentum equation, thereby 
reducing the number of dependent variables. This procedure would lead to a substantial 
simplification of the problem. The difficulty is, however, that for most cases « is different 
for each different flow condition and is not spatially constant for a given flow. We will 
consider the eddy viscosity for some actual flows later in this chapter. 


(b) Prandtl] Momentum Mixing Length. 

Prandtl determined a length for transfer of 
momentum between layers of different mean 
velocity. This transfer process is illustrated in 
Fig. 9-2 and given by equation (9.11). 
dit| ait 
dy|dy 
The length J represents the distance that a fluid Fig. 22. Piituctration seepiendtlohon enc 
particle must travel in order to produce the ap- mixing length. 


RP (9.11) 


T —— 
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parent turbulent shear stress for the given velocity gradient. The momentum mixing 
length model of turbulence is analogous to kinetic theory where the microscopic or molecular 
viscosity is equal to a velocity (mean molecular velocity) times a length (mean free path). 
There are inconsistencies in applying the kinetic theory analogy to turbulence in that for 
turbulent flow, dissipation occurs, and bits of fluid do not maintain their identity. The 
mixing length may be applied to two dimensional flows such as pipe flow, flow over a flat 
plate, free jet and wake flow. 

The mixing length approach suffers from the same difficulties as the eddy viscosity ap- 
proach for most flows, i.e. it is different for different flow conditions and is spatially variable 
for a given flow. In addition, in the derivation of the equations for mixing length the as- 
sumption is made that it is small. However, measurements have indicated that for many 
flows the mixing length is quite large. 


(c) Other Phenomenological Theories. 


There are other models of turbulent flow similar to the two previously mentioned. One 
of these is Taylor’s vorticity transfer theory which assumes that the vorticity of each 
particle is constant. In this case one obtains a mixing length for vorticity in a manner 
similar to the momentum mixing length in Prandtl’s model. 


9.5 TURBULENCE CORRELATIONS 


Bypassing the problem of solving the equations for the moment, let us ask the question: 
What would one need to know to have a complete description of a turbulent flow field? 
The instantaneous velocity components at every point in the flow (say wui(x,y,z,t)) would 
yield much information. But, as we have previously noted, w; is a random function of time 
and itself has limited practical utility. Also, 


describes mean velocity field. | 


does not help since it is zero. 


gives information about the intensity of the fluctuations. 


‘us gives more information about the flow at a point (9 quantities which in- 
cludes the 3 quantities ur’), These quantities appear in the equations of 
motion and are called one point double velocity correlations. 


If all of these quantities were known, then the flow would still not be completely described. 
This is the same as saying that if we completely solved the momentum equation, we still 
would not have a complete description of the flow. The reason for this is that one point 
velocity correlations do not give information regarding the size of the turbulent eddies and 
the way in which energy is transferred from an eddy of one size to an eddy of a different 
size. 

Two point velocity correlations do give information regarding the size of turbulent 
eddies. Here we want to establish the dependence of the velocity at one point, A, (w/), on 
the velocity at another point (w/),, i.e., 
(Ui) 4(Uj) 5 
If there is no correlation, that is, no dependence of one velocity on the other, then this 
quantity is zero. 


9.6 ISOTROPIC TURBULENCE 

Isotropic turbulence requires that the various turbulence quantities be unaltered by 
rotation of the coordinate system, i.e. given quantities are the same (at a point) no matter 
which direction one takes in measuring this quantity. The condition of isotropy requires 
that the flow be homogeneous (i.e. the same at every point). 
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Isotropic turbulence is an idealization which can only be approximated by real flows. 
One example of nearly isotropic turbulence is flow with a uniform velocity downstream 
of a screen. Any flow having a mean velocity variation is a nonisotropic flow. Most real 
flows are far from isotropic and the only reason for studying isotropic flow is that to some 
extent it is a mathematically tractable problem which aids in understanding the more 
complicated nonisotropic flow. Much of the recent research has been in the area of iso- 
tropic turbulence. References 2 and 3, page 192, consider this subject in considerable depth. 


9.7 WALL TURBULENCE 

Wall turbulence may be described as turbulent flow which is influenced by a solid 
boundary. The flow is retarded by the solid boundary such that there is a mean velocity 
variation between the surface and the free stream. As a result of the mean velocity varia- 
tion the flow must be anisotropic. 

Wall turbulence is divided into two types: (1) external (boundary layer) and (2) inter- 
nal (flow in pipes and ducts). In this chapter we will consider one simple example of each 
of these. First we will consider flow over a flat plate with zero pressure gradient and then 
we will consider fully developed pipe flow. While most flows are more complicated than 
these, they contain basically the same features and aid substantially in leading to a physical 
understanding of the more complicated boundary layer and channel flows. 


(a) Boundary Layer Flow along a Flat Plate. 
(i) Regions of the Turbulent Boundary Layer. 
We have considered methods of describing mean velocity distribution in Chapter 
5. The results of the law of the wall apply especially well for the flat plate problem. 
For example, these results which are shown in Fig. 5-8, page 83, indicate that there 
are three distinct regions across the boundary layer. They are: 


1. Wall Layer on Viscous Sublayer. 

This region is very small (0 < yu,/v <5). It is a region close to the wall 
where the viscous stresses are much larger than the turbulent stresses. The 
velocity distribution in this region is a linear function of distance from the 
wall, u/u, = yu,/v. 


2. Wall Turbulent or Transition Region. 
This region is an intermediate region (5 < yu,/v <30) where viscous 
and turbulent stresses are of about the same magnitude. 


38. Free Turbulent Region. 

This region is by far the largest of the three (yu,/v > 30). The turbulent 
stresses are much larger than the viscous stresses and the mean velocity 
distribution is described by the logarithmic form of the law of the wall (equa- 
tion (5.16)) except for the outermost part of the boundary layer. 


(ii) Measurements of Turbulence Quantities in the Boundary Layer. 

The turbulence velocities have been measured with hot wire anemometers. As 
shown in Fig. 9-3 below, they increase rapidly from zero at the wall to a maximum 
value relatively close to the plate surface. Fig. 9-3 also shows that the degree of 
anisotropy increases in going from the boundary layer edge toward the wall. The 
component normal to the wall, v’, has the smallest value. This is a result of the wall 
having a more restrictive influence in this direction. 

Fig. 9-4 below shows the distribution of Reynolds stress in the boundary layer. 
Here we note that there is a region close to the wall where the Reynolds stress is 
essentially constant. Also, the viscous stresses are important for only about 2% of the 
boundary layer. 
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Turbulence velocities 


y/8 


Fig. 9-3. Turbulence velocities for flow along a wall with zero 
pressure gradient (from reference 4, page 192). 


y/8 


(a) Distribution of turbulent shear stress (6) Distribution of turbulent shear stress 
across the boundary layer. close to the wall. 


Fig. 9-4. Turbulent stress for flow over a flat plate with zero 
pressure gradient (from reference 4, page 192). 


— 


The energy equation for flow over a flat plate (except close to the wall where 
viscous stresses are important) is 


Ak Deana? (f) a, a G 2) 
fe =| (Ss + y—| — ee gee ee fe , =o 
ae Tay alte rai oy |» p 2 (9.12) 
02 /Q?\ Ou; OU; 
are E \2/) ax; a 


Fig. 9-5 below shows the experimental 
Production and dissipation are seen 
These terms are largest 


where q? is the turbulent kinetic energy, wiu}. 
results for the various terms of equation (9.12). 
to be the important terms over most of the boundary layer. 


in the region close to the wall. 
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Fig.9-5. Turbulence energy distribution in the boundary 
layer (from reference 3, page 192). 


Intermittent region 


Turbulent region 


Fig. 9-6. Instantaneous picture of the turbulent boundary 
layer showing sharp division between turbulent and 
nonturbulent regions and intermittency. 


The preceding experimental results are given in terms df time average quantities. 
However, based on instantaneous hot wire anemometer measurements, the model for 
the boundary layer was postulated as shown in Fig. 9-6. There is a sharp, irregular 
boundary between the turbulent and nonturbulent flow regions. The figure shows an 
instantaneous picture, and the boundary moves irregularly with time between the limits 
0.4 < y/8 <1.2. Thus these are three distinct regions: a region close to the surface 
which is fully turbulent, y/&5 < 0.4; a region which is intermittently turbulent and 
nonturbulent, 0.4 < y/8 < 1.2; and a nonturbulent region, y/8 > 1.2. 


(b) Fully Developed Turbulent Flow in a Pipe. 

The meaning or definition of the length required, and other influencing factors regard- 
ing the attainment of fully developed flow were discussed in Chapter 5. The equations for 
this flow are greatly simplified since all terms (except pressure) of the form 0/da are zero. 
The entrance length required to attain fully. developed flow in terms of the mean velocity 
is between 20 and 100 diameters depending on entrance conditions, Reynolds number, wall 
roughness and inlet turbulence. The entrance length for satisfying the definition of fully 
developed flow in terms of the turbulence quantities is substantially longer. 


Fully developed pipe flow is similar to the flat plate flow in some respects. For example, 
both are two dimensional flows and both have the three basic regions (viscous, wall tur- 
bulent and free turbulent) for the same range of y/8 distances from the wall. 
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The essential differences are that in pipe flow (1) there is no transverse (radial) mean 
velocity, 0, (2) the mean velocity in the main flow direction, uw, does not depend on the 
coordinate in that direction, (3) there is no free stream and thus no intermittency, and 
(4) the shear stress varies linearly with distance from the wall. Thus fully developed pipe 
flow is one of the simplest turbulent flows and for this reason it has received extensive ex- 
perimental investigation. 


The momentum equations for this case (in cylindrical coordinates) are, where u, v and w 
are respectively the velocities in ine axial x direction, the radial direction v, and the azi- 
muthal direction 6, 


1 Op la * (3 i =) = 

aE a > dp ur’) sree Saisie. Re 0 (9.13) 
1 0p jig se ec w” 2 
afi earl) oe 0 (9.14) 

where r is the radial coordinate measured from the axis. 
The energy equation is 
_ du i d 0’ q 
wy’ “Gr * aa ke (Fait 5 
(9.15) 


ead fe) dui Ou, 
eae ie cage 0x; 0%; : 
where q’, the turbulence kinetic energy, is (w’u’ + v’v’ + w’w’). 

Fig. 9-7 shows the turbulence velocities and Fig. 9-8 the Reynolds stress distribution 
for fully developed flow in a pipe of radius R. Fig. 9-9 shows the distribution of the tur- 
bulence energy. y is the distance from the wall of the pipe and U is the mean centerline 
velocity. 

From these-results we are able to construct a model of turbulent pipe flow. Many of the 
results of this model also apply to boundary layer flow. The degree of similarity between 
the two flows decreases with distance from the wall, mainly due to the intermittent char- 
acter of the boundary layer. 
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Fig. 9-7. Turbulence velocities for fully de- Fig.9-8. Distribution of turbulence shear 
veloped flow in a pipe (from refer- stress for fully developed flow in a 
ence 5, page 192). # is the pipe pipe (from reference 5, page 192). 


radius and y is the distance from 
the wall. U is the velocity (mean 
centerline velocity). 
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Fig. 9-9. Distribution of turbulence energy for fully devel- 
oped pipe flow (from reference 5, page 192). 


The important characteristics of pipe flow are presented in Fig. 9-10. Production and 
dissipation are the largest terms over most of the boundary layer. The turbulent kinetic 
energy, production and dissipation all show a sharp maximum in the wall turbulent or 


transition region. 


Production negligible. 
gain by turbulent diffusion 
= loss by dissipation 


n velocity profile 


Maximum kinetic ener; 
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Fig. 9-10. Description of fully developed turbulent flow in a pipe. 


There is a transport of turbulent kinetic energy down the gradient toward the center 
of the pipe where the kinetic energy is a minimum. This energy is balanced by dissipation 
at the centerline. 


9.8 FREE TURBULENCE 


Turbulent fluid motion which is not being influenced directly by a solid boundary is 
called free turbulence. Examples of free turbulent flows are wakes behind objects in a 
moving fluid and jets emitting from a nozzle into a stagnant or slower moving fluid. 


The problems of engineering interest are to determine the rate of spreading with 
distance in the flow direction, mean velocity and transport of momentum and energy during 
mixing with the surrounding fluid. 


\ 
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A characteristic of free turbulent flows is that viscosity effects have no controlling 
influence on the mean motion. The mean motion is dictated entirely by the turbulent eddies. 
In this sense, jet and wake flows are similar to the outer portion of the turbulent boundary 
layer. The only role that viscosity plays in free turbulent flows is in the final stage of 
dissipation of turbulent energy through the small scale eddies. 


(a) Wake Flows. 


Consider the turbulent flow in the wake of a circular cylinder of diameter d as shown 
in Fig. 9-11. The problem is: for a given cylinder diameter, fluid and fluid velocity, deter- 
mine w= u(xz,y), b= b(x) the wake half width, and the turbulence quantities. We are 
unable to determine a completely analytical solution, but with some experimental results 
useful generalizations may be established. 


U 
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(b) Instantaneous picture 


Fig. 9-11. Turbulent wake of the circular cylinder. 


The momentum equations far from the cylinder become 
ou 0 


ana 6 pag ee ) (9.16) 
er On Lio re 
0.= ay =" Raa” ) (9207) 


where it has been assumed 7, >7,, U> 2%, d/dx < d/dy, VP=9. 7, is the turbulent shear 
stress defined by equation (9.9) and 7, is the laminar shear stress. 


Even as simple as equations (9.16) and (9.17) are compared to the original equations, 
they are inadequate in yielding a solution. Thus the general approach in seeking solutions 
to jet and wake flow problems is to assume similar velocity profiles in conjunction with re- 
placing the Reynolds stress with one of the phenomenological models such as eddy viscosity 
or Prandtl] mixing length. 
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By a similar velocity profile we mean a velocity distribution having the form 
Uh IY) (9.18) 


Schlichting (see reference 7, page 192) used the similarity argument in conjunction 
with the Prandtl momentum mixing length. By assuming that the mixing length is pro- 
portional to the wake width, he solved the differential equation and used the momentum 
integral equation to obtain 


b = V/10 (“Cp d)'” (9.19) 
i—a 10 or 3/212 
yp ry ve [a/Cp d)~/2[1 — (y/b)3/2)2 (9.20) 


where £ = 0.18, a constant determined from experimental measurements. Cp_is the drag 
coefficient. 


Equation (9.19) is in good agreement with experimental results for z/d > 10 and (9.20) 
fog} de> BO, 


(b) Jet Flows. 

Let us consider the turbulent circular jet as shown in Fig. 9-12. The flow may be 
separated into three regions, each having a distinctly different character. Region I con- 
sists of a potential core of uniform mean velocity Up bounded by a shear layer which in 
turn is bounded by a fluid having a uniform mean velocity Us. This region starts at the 
nozzle exit and has a length of 4 or 5 nozzle diameters. Region II is characterized by both 
the absence of a potential core and absence of similarity in the mean velocity distribution. 
This region is followed by region III which starts at about 8 nozzle diameters and is char- 
acterized by similar velocity distributions. 
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Fig.9-12. Different regions and velocity profiles for a turbulent jet. 
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There have been a large number of investigations of turbulent jets mainly because of their 
engineering importance, simplicity and relevance to other turbulent flows. Two books have 
been published which are largely devoted to this subject (see references 1 and 6, page 192). 


Hinze (reference 3, page 192) used the similarity method and an eddy viscosity to obtain 
a solution for the mean velocity distribution. Using the momentum equation (differential 
form) and the momentum integral equation, he found that for (Up—%)/Us > 1.0, b is pro- 
portional to («x +a) and 

Ur-u@ _ [ Gente | 
Sangh 8e(x + a) 

For (Up—%)/Us < 1.0, b is proportional to (x+a)!”2. Here « is assumed constant and a is 
an experimental constant. Up and Us are shown on Fig. 9-12 and uw is the centerline 
velocity. 


The results for the rate of growth of the wake and jet and the centerline velocities are 
summarized in Table 9-1. 


Table 9.1. WAKE WIDTH AND CENTERLINE VELOCITY 


Centerline velocity 
defect, (u.— Us), 
Proportional to 


Width, 
Proportional to 


Plane two-dimensional jet 


Circular jet 


Plane two-dimensional wake 


Circular wake 


Of course, these results are not valid in the near wake and close to the nozzle. 


9.9 SUMMARY 


We have considered the subject of incompressible turbulent flow in terms of “isotropic 
turbulence” and “shear turbulence’. Isotropic turbulence is a highly idealized flow which 
requires that there be no mean velocity variation. While isotropic turbulence is rarely 
approximated by real flows of engineering importance, it does lend itself to some mathe- 
matical tractability and as a result it is the subject of extensive study in an attempt to gain 
some understanding of the more complicated nonisotropic flows. 


Shear turbulence is further subdivided into ‘‘wall turbulence”? such as boundary layer 
flows and “free turbulence” such as wakes and jets. The problems are to determine mean 
velocity, shear stress, and the turbulence quantities. There are two approaches: (1) the 
phenomenological approach of defining exchange coefficients such as eddy viscosity and 
mixing length to relate the turbulent stress to the mean velocity field and (2) the statistical 
approach of writing the basic differential equations in terms of time average quantities. 
Both approaches are useful from an engineering standpoint. 


The reader may consult references 2, 8 and 9, page 192, for more details and depth re- 
garding the material of this chapter. 
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Supplementary Problems 


Derive the equations of motion for constant density and viscosity for fully developed turbulent flow 
in concentric annuli. The flow is in the axial direction. 


Show that the incompressible continuity equation is satisfied by the instantaneous deviations alone. 


Consider two-dimensional fully developed flow between parallel walls, one stationary and one moving 
at a constant velocity U. Assume 0f/d% = 0 where « is measured in the direction of flow. 


(a) Determine the general shape of the mean velocity curve. 
(b) Determine the shear stress distribution. 
(c) Determine the approximate distribution of the eddy viscosity « and mixing length 1. 


(d) Determine approximately the pressure distribution. 


Consider the flow of air (p =14.7 psi, T = 59°F, p = 0.00288 slug/ft?, « = 0.0373(10)—5 slug/ft- 
sec, vy = 1.57 X 10~4 ft?/sec) with a free stream velocity of 50 ft/sec over a flat plate. At one sec- 
tion § = 2.8 in. and the wall shear stress 7) = 0.00813 lb/ft?. Assume that the velocity distribution 
for 20 < yu,/y < 1000 is given by 


U/u, = 2.44 1n yu,/vy + 4.9 


Assuming further that the shear stress is constant, calculate (a) the Prandtl mixing length and 
(b) the ratio «/y at y= 0.05 in. and at y = 0.10 in. 
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NOMENCLATURE FOR CHAPTER 9 


constant 

wake or jet half width 

body force per unit volume 

drag coefficient 

diameter of cylinder 

functional notation 

Prandtl momentum mixing length 

exponent for power law velocity distribution 
exponent for power law velocity distribution 
pressure 

turbulence kinetic energy, uiw’, 

radial coordinate 

radius of pipe 

time 


length of time for averaging 


free stream velocity, mean centerline velocity in a pipe 


velocity of jet 

velocity of secondary stream 

mean centerline velocity ° 

Uz, Ug, Ug = U,V, Ww velocity components 
friction velocity, Vi0/p 

X14, Uo, 3 = L,Y, z ‘cartesian coordinates 


distance from wall 


one point double velocity correlation 


= two point double velocity correlation 


boundary layer ‘thickness 
eddy viscosity 

viscosity 

kinematic viscosity, «/p 
density 


shear stress tensor 


turbulent shear stress tensor = —p uju; 
du; 
laminar shear stress tensor = Beas 


one component of shear stress relevant to a particular problem 


shear stress at the wall 
denotes mean value 


denotes fluctuating component 
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Chapter 10 


Hypersonic Boundary Layer Flow 


10.1 INTRODUCTION 


Hypersonic flow has become very important because of interest in missiles and space- 
craft. When an object enters or flies within the earth’s atmosphere at very high Mach 
numbers, dissociation of molecules may occur as a result of the high temperature of the 
gas in the region surrounding the body. Hypersonic flow is defined as a high speed flow 
where the Mach number is so high that dissociation occurs (M>6 for the earth’s at- 
mosphere). 

Let us begin the study of hypersonic flow by considering an example, the different flow 
regimes around a vehicle entering the earth’s atmosphere at very high speed as shown in 
Fig. 10-1. A bow shock wave forms ahead of and wraps around the body. The flow is 
undisturbed ahead of the shock. This shock is strongest on the axis of symmetry since 
it is normal to the flow there. Behind the shock there is a region where dissociation will 
occur. Immediately behind the shock is a region where viscous effects are not important, 
but close to the body surface is the boundary layer where viscous stresses are important 
and where the flow may be laminar or turbulent. As the fluid passes over the rear portion 
of the body, it has a tendency to turn in*toward the axis as in a Prandtl-Meyer expansion. 
This is followed by a turning of the flow in the opposite direction (a straightening) as a 
result of the fluid from opposite sides coming together. The straightening of the flow 
results in an oblique shock called a wake shock. The flow following the wake shock consists 
of a wake containing a turbulent core surrounded by a nonturbulent flow region. In the 
wake the velocity is reduced (it is a minimum on the axis) but increases with distance behind 
the body until eventually the velocity is nearly uniform and equal to the free stream velocity. 
However, the turbulent core will persist for long distances behind the body (thousands of 
body diameters). 


Boundary layer 


Fig. 10-1. Hypersonic flow regimes. 
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In this chapter we will consider the boundary layer and wake flows but will not discuss 
the determination of the shock shape and the inviscid flow regions, since they involve 
(ultimately) a numerical approach for solving the equations. We have mentioned the basic 
ideas of supersonic flow in Chapter 8 which will give some idea of the methods that must 
be used for these calculations. 


The turbulent hypersonic boundary layer problem is one of the most complicated in 
fluid mechanics. It has all of the difficulties (and as we saw in Chapter 9 there were many) 
of incompressible turbulent flow, but in addition there are the added complications of large 
density and temperature variations, dissociation and recombination of molecules and 
diffusion. 

We will approach the problem by writing the important equations and considering the 
way in which the results of simpler flows are used, and briefly discuss the methods of 
solving the equations. 


10.2 BOUNDARY LAYER EQUATIONS 


The boundary layer equations are the same as written in Chapter 5 except that now the 
effects of chemical reactions and diffusion must be included. The simple equations of Chap- 
ter 5 are not adequate for fluids which are not homogeneous in the concentrations of 
particles of various kinds. For hypersonic flow there are large temperature gradients 
and large diffusion gradients, and hence transport of mass, momentum and energy by 
diffusion will take place. 

As we have mentioned before, there are two approaches to developing the equations of 
fluid mechanics. The first, and the one which has found more use, is the continuum ap- 
proach. The equations of momentum and energy, for example, are derived assuming’ that 
the fluid is a continuum. Then, phenomenological equations relate shear and rate of strain, 
heat flux and temperature gradient, and mass diffusion and concentration gradient. These 
relationships are (to first order) for two-dimensional plane (ay) flow with velocity wu in the 


x direction. 
OU 


ihe > Moy Stokes’ law (10.1) 

q7Mi= = Fourier’s law (10.2) 
1 0C; “od 

LS a Pare Fick’s law (10.3) 


The coefficients, » the viscosity, x the thermal conductivity, and Dj the binary diffusion 
coefficient (for diffusion of species i into a mixture of species 7 and 7) are known as transport 
coefficients, and 


= shear stress 


4g, x 
h = heat flux rate in the y direction 
7. diffusion velocity in y direction for species 7 diffusing into a mixture of 
species 7 and 7 [see equation (10.4)]. 
C, = mass fraction of species i = ratio of mass of species 7 per unit volume 


to total mass density. 


The second approach is from the particle point of view. Here one must deal with the 
dynamics of colliding particles. This approach is described in detail in books by Chapman 
and Cowling (reference 2, page 203) and Hirschfelder, Curtiss and Bird (reference 3), and 
will not be considered here except in that it does yield the conservation of species equation 


(see reference 1, page 203): 
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DC; 


ope = wi — V°(pCiVi) (10.4) 
where Vi = vi—V = diffusion velocity of species 2. 
vi = average velocity of species 2. 
Ds pO; >) PY; ; 
V = mass average velocity of all species = : where p, is the 


¢ — 
> 0C; Daa 
. v v 
mass density of species 7. V has components wu and v. 


w; = mass rate of production of species 7 per unit volume by chemical reactions. 
p = total mass density = © p,. 
i 


Assuming plane two-dimensional steady boundary layer flow and neglecting diffusion 
terms in the x direction and using Fick’s law, the conservation of species equation becomes 
aC; OC eke. ¥3 a aC 

p[u a ap) aa = Wye ai (oD) (1055) 

where wu and v are the x and y components of the mass average velocity V, and we have 

replaced Di; by Diz, the binary diffusion coefficient. It can be shown that Di. = D2 and 

for most systems of gases of interest the binary coefficient is adequate. We usually have 

two types of species, heavy ones and light ones. For example, in air we have the heavy 

particles Os and N» and the light ones O and N. Di adequately describes diffusion of O or 
N through Os and No. The total continuity equation is 


A(pu) , Apr) _ 
aah aE ene (10.6) 


and the momentum equation is for the total fluid 


ou OU op 0 ou 
p | use ar vee] = ae ae ae alten (10.7) 


The total energy equation is for the total fluid (where the kinetic energy contribution v?/2 
is neglected compared to w?/2), 


0 0 
; | wsee(h +w/2) + ve (ht w/2) | 


pa. Ota 8 2 ( -p sm )-sl(G- ) 8Ci 
ns 2) 5 tw) ea et ee * | 


where [ee > Cihi 


(10.8) 


T 
ee f cud + ho 
0 
h? = heat of formation of species 7 
c 
Py = = the Prandtl number 
D2€ 
joy ie cas ea the Lewis number 
K 
Cie D2, Cicp:, the frozen specific heat at constant pressure 


For a derivation and discussion of the energy equation the reader may refer to reference 
4, page 203. Since the energy equation is of importance in hypersonic flow, we will “out- 
line” the derivation here. 
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Consider an infinitesimal control volume at a 
point in the flow as shown in Fig. 10-2. We will 
write the energy equation for this control volume. 
Consider the following fluxes. 


1. Net internal and kinetic energy flux out of 
control volume: . 


Vv: (eV) ( 2 Cie: + 12/2.) | 


T 
where a= { cidT, the specific internal 
0 


SOS ©) © 


energy for the ith species assuming it to be Fig. 10-2. Infinitesimal control volume for 
a perfect gas. energy equation. 


2. Net molecular transfer of energy out due to temperature gradient: 


—Vi(kVT) 


3. Rate of work done by fluid per unit volume by pressure forces: 
V* (pV) 


4, Rate of work done by fluid per unit volume by viscous forces: 
V 4 [z ? Vl = am (Tui) 


5. Energy carried out by mass diffusion of species 2: 


where Ve, 


6. Energy added due to formation of a species: 
a > whe 
where h?= 0, for molecules; h? = a positive value for atoms. 


Then the energy equation becomes, adding the six above effects, 


eV'V = Cie; + w/2 ) + SS Cie: + w/2.) V-(pV) — Vi{kVT) 


0.9 

+ V:(pV) + Ve(r-V) + v-(z pViCih:) + Ld = 0 ve 

In addition to equation (10.9), the other equations which are used in the derivation are the 
equation of state Bee yo (10.10) 
where all species are assumed to be at the same temperature and p = 2 pi = pRT, 
Be paces, hi = e+ RT (10.11) 
and continuity VipV = 9 (10.12) 


Using equations (10.4), (10.9), (10.10), (10.11) and (10.12) and assuming hi = f(T), the 
energy equation is obtained in the form of equation (10.8). 
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The total energy equation for boundary layer flow in terms of the temperature becomes 
oT oT 
Cof | ow ae + pv a 


2 (eS) Cae eee “(Se ny = > wiki + E (Dy <) 


oy oy eye 


Equations (10.4) through (10.8) then, are the basic equations of hypersonic (laminar) bound- 
ary layer flow. 


(10.13) 


10.3 HYPERSONIC LAMINAR BOUNDARY LAYER 

Although it is likely that transition will occur at some point on the body resulting in the 
flow going from laminar to turbulent, we will consider laminar flow only in this section 
and turbulent flow will be treated in the next section. 

Consider an ideal dissociating gas. The molecule A» dissociates into the atom A 


Az, 2 2A 
where p,/p = a, the mass fraction of atoms 
Py/p = (1—-a), the mass fraction of molecules. 


The subscripts A and M refer to the atom and molecule, respectively. An alternative form 
of the energy equation (10.8) is 


oh + y oh 
Pn But f oy 
: 5 ae (10.14) 
een eon hs Pee) 
“oa + ame oy 3g (PD 3 x hi dant 7] 
Then, for the ideal dissociating gas, we have 
ah ah ; 
ae al pray 
a a/ oT a au\2 a) 
Pp a U 
= a, — os 9 = D DRUM. =o UL ot) 
U a ar By (« ar) + ay | pDs hase p hus ef es 
The conservation of species equation becomes 
0a 0 0 
purr. = ey = ay (pDu =| ar Wa (10.16) 


The conservation of species, continuity, momentum and energy equations, i.e. (10.16), (10.6), 
(10.7) and (10.15), along with property relationships define the problem if the particular 
boundary conditions are given. Also, one would need to determine the appropriate values 
for the transport coefficients. 

The solution to these equations present enormous difficulties. Therefore let us consider 
a related problem of somewhat lesser difficulty. Consider the flow of a nonreacting gas on 
a flat plate with zero pressure gradient and constant properties (see Schlichting, reference 
6, page 203). The equations become 


yor oh i) ( ) (Sy 
+ pv Ss = Ra) ar ell Se 
ard ay oy\ oy oy] 
a Pu 
oe pen ay oy oP 


OU Ov 


sa ae 0 
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The boundary conditions are 
ee OMY Th, ap) cael) a ty 
ee a ee a Ts 
The result for the heat transfer at the wall is 
UTS OG, 
je ee 
where C; = 1.3828) TA Ofer om = uCp/k. 


The additional complications of variable properties, dissociation and diffusion make 
the problem considerably more difficult. And, although we cannot obtain a solution, we can 
determine some of the physical characteristics of hypersonic flow. 


2 = 
(Pact Obs U3 | al (Rei ee 7 1 OR 


The heat flux without dissociation is qg=—xdT/dy. The total heat flux with dissocia- 
tion is [see equation (10.15)| 


_ oT da 
= K ay pDi2(ha hm) ay (10.17) 
7 
But ha — hw = ha + f (Cpa — Com) AT 
0 
which is approximately hi, and 
ee 
0 ae kK ay pL 12 A ay 
Now consider an adiabatic wall, q=0, and 
aT _ pD hs da 
oy i K oy 


Thus there may be a nonzero temperature gradient at the wall when the heat flux is zero 
as shown in Fig. 10-38. 


T(y) 


Gi, Uy. 

(b) 

Fig.10-3. Velocity and concentration distributions for an 
adiabatic wall. (a) Cold wall, (6) hot wall. 


Dorrance (reference 1, page 203) shows that heat transfer of the wall for a dissociating 
gas on a flat plate is 


0 2/3 
od bal ~2/3 ( ks 1/2 ool (L — 1)(a — &%,) hea | 
q az 2 pel oe Ibe hw ar iP 2 Hl se he, es Iw ai P1202, /2 
We note in equation (10.18) that if L =1.0 or a, =a,, the equation is the same as that for 
no dissociation. The subscripts » and w refer to free stream and wall conditions, re- 


spectively. ZL is the Lewis number. 


(10.18) 
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The previous discussion was for flow over a flat plate. There has been much interest 
in the heat transfer for flows over blunt nosed bodies, particularly in the region of the 
stagnation point where the heat flux is large. These problems have been considered in 
detail by Dorrance, by Lees, by Fay and Riddell and by others (see references 1, 5 and 4, 
page 203). We will not pursue this problem in depth here. 

The method that is used is to set up coordinate transformations which result in changing 
the problem from one involving partial differential equations to one involving ordinary 
differential equations. The equations are then solved by numerical techniques for (1) frozen 
flow (i.e. for a sufficiently small recombination rate where the concentration of atoms is 
determined wholly by diffusive flow) and (2) equilibrium flow (i.e., for a sufficiently large 
recombination rate where the temperature would determine the concentration throughout). 
Results for particular values of Lewis and Prandtl numbers and wall temperature are 
shown in Fig. 10-4. 
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Fig.10-4. Temperature distribution in the boundary layer 
for hypersonic flow (from reference 4, page 203). 
The flow is assumed to occur over a cylindrical 
blunt-nosed object and r is the radius of the cylin- 
der. y is the distance from the surface or wall. 


n pdy Transformed y-coordinate 


For the same wall temperature and free stream temperature, the intermediate tem- 
perature of equilibrium flow is higher than for frozen flow. This results from the atoms 
recombining as they move into an area of lower temperature. 


10.4 HYPERSONIC TURBULENT BOUNDARY LAYER 


When an object enters the earth’s atmosphere, the flow field surrounding the object goes 
through several phases. The initial stage of re-entry consists of flow through a low density 
medium where the continuum assumptions are not valid. This is followed by a more dense 
medium where the flow behaves as a continuum and is laminar. As the penetration of the 
atmosphere further progresses, random velocity fluctuations appear in the form of turbu- 
lence in the downstream wake. A further increase in density results in the boundary 
between laminar and turbulent flow moving upstream to the point where eventually most of 
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the boundary layer is turbulent. When this has occurred the flow is as shown in Fig. 10-1. 


We will not consider the problem of transition. Rather, we will assume that a turbulent 
boundary layer exists, then proceed to describe the flow. The method here will be quite 
similar to that of Chapter 9 on turbulence. 


Consider the continuity, species, momentum and energy equations of the previous sec- 
tions. If we multiply the continuity equation (10.6) by C; and add the species equation 
(10.5), we obtain 


0 0 
ep (MC) + 3 (p00) = 


mE OMIA) ey (10.19) 


) 
3y | 
Combining the continuity and momentum equation (10.7) gives 


See age _ 8 / ou 

Ppauale as cy) ry (5) (10.20) 
Multiplying the continuity equation by J, the stagnation enthalpy (h + u?/2), and adding 
the energy equation gives 


ce iy eee - 7) ge) g (F-1) ) ] 


Equations (10.19), (10.20) and (10.21) are valid for laminar flow. We will assume that 
they are valid also for turbulent flow as long as we consider the instantaneous quantities 
for the dependent variables in the equations. 


However, in their present form there does not seem to be much hope for solving the 
equations as a function of space and time even for simple flows. Thus we will use the 
method of Chapter 9 to obtain associated equations involving time average quantities. 


We will write the instantaneous quantities in terms of time average and fluctuating 
quantities as follows: 


“u=ut+w Cp" CeCe 

pu = pu + (pu)’ hi = i+ hj 

pv = pv + (pv) pViy = pViy + (pV) 
h=h+h 


where the bar indicates time average values and the prime indicates fluctuating quantities. 
Now we substitute the above expressions into the continuity and equations (10.19), (10.20) 
and (10.21) and take the time average of each. We obtain: 


OL a yes 
inuity: == (nl a = 10.22 
Total Continuity: ; Be (pu) + ay (pv) 0 ( ) 
Species Continuity: 
oC, yal 0G: a CG, —Z ‘ 
= —_ = —!op —_ — “Gs i 10.23 
pu ce Sp ay ay [Dn ay (pv) Ci ae 8) ( ) 
where it was assumed [leu |< a [(pv)’ C4] and [(pViy)’ C/] < [pVin Gi 
=O OU 0 ou 
° Ss —— 2 sie —_ — yy! LO 
Momentum: pula + pv FFF ay E ay (pv)/u | (10.24) 
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_oh _odh _ aa\? aii 
Energy: Cae py oy = p (=) (pv)’'u "i 
r ——— 10.25) 
i Sie Z 
‘ 7 ee v Pes h, Pj es oy Dab C, hi(pv)’ = ba (pv)’C; hi 


It is interesting to note that there are additional terms which appear in the equations 
as a result of the turbulent fluctuations. These terms have a definite physical interpreta- 


tion. For example, 


—(pv)’C/ _ is turbulent mass transfer 


— (pv)'w’ is turbulent momentum transfer 


— (pv)/hi is turbulent energy transfer 


With some algebraic manipulations and after defining new terms such as 


_ o(pv)'w aya el Senne eens 
Pr Rica - ts soe aCi/ay’ 
le ih = Oe ie CPD y 
Ui Ep , o 
we have 
Species Continuity: 6 G “fs 
_ dCi AG; 0 | | ° 
pu a + pu ay ay (pDi2 + pDr) ay ( ) 
— oi == OF 0 | a 
oY AEN oa 10.27 
Momentum pu ae I) pv ay ay (u + «) ay (10.27) 
; Sete Sele x ()" a [ fbn ve JE 
Energy: Te as es ea re ay) + By ( rae a ay 
f aC (10.28) 
+ AT ye hele -1)| h; ; 
ay le ta nae p oy 


The equations are now in terms of the microscopic and macroscopic transport co- 
efficients. The solutions to the equations are considered in reference 1, page 203. The 
general procedure is to consider the simple case where 


Legs == P,r L Lr 10 


Then the results are extended to the more general case. 


10.5 SUMMARY AND DISCUSSION 


The turbulent reacting boundary layer is one of the most complicated problems in 
fluid mechanics, one which will probably receive considerable attention as we progress into 
the space age. 


There are two kinds of transport coefficients in the equations. The transport coefficients 
vw, « and Diz are due to microscopic effects and are properties of the fluid. They do not 
depend on the flow conditions. However, the transport coefficients «, «, and D,, are the result 
of macroscopic effects and they are not properties of the fluid. They depend on the flow 
conditions and should be considered as unknowns in the equations just as are velocity, 
entropy, etc. Determination of the transport coefficients (microscopic and macroscopic) 
remains one of the major problems in turbulent hypersonic boundary layer flow. 
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NOMENCLATURE FOR CHAPTER 10 


C,; = skin friction coefficient 

C; = species mass fraction 

Cy = specific heat at constant pressure 

Cpi = specific heat at constant pressure for species 2 
Cpa = Specific heat at constant pressure for atoms 

Cope the frozen specific heat, = Cilpis at constant pressure 
Cym = specific heat at constant pressure for molecules 
Cyi = specific heat at constant volume for species 7 
Dy. = binary diffusion coefficient 

D;, = turbulent diffusion coefficient 

e; = specific internal energy of species 7 

h = specific enthalpy 

h; = specific enthalpy of species 7 

ne = specific enthalpy of formation of species 7 

hy» = specific enthalpy at the wall 


h = specific enthalpy of free stream 
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= u?/2+h, total or stagnation specific enthalpy 


Lewis number 


= turbulent Lewis number 


= Mach number 


pressure 


= partial pressure of species 7 


Prandtl number = uep;/k 


= turbulent Prandtl number 


= heat flux in the y direction 


gas constant for total gas = SC,R; 
i 


= gas constant for species 2 


time 


= temperature 

= temperature of the free stream 

= mass average velocity in x direction 
= velocity of the free stream 


= mass average velocity in y direction 


> Cipivi 


> Cip; 


mass average velocity = 


= diffusion velocity of species 7 in y direction 
= diffusion velocity of species 7 

= average velocity of species 7 

= mass average velocity in z direction 


= mass rate of production of species 7 per unit volume, by chemical reaction 


coordinates 


= mass fraction of atoms 


= mass fraction of atoms for free stream 


mass fraction of atoms at the wall 


= turbulent viscosity 


turbulent energy transfer coefficient 


thermal conductivity 


= viscosity 


density 


density of atoms 


= density of molecules 

= shear stress 

refers to the property of an atom 
refers to the property of a molecule 
refers to the property at the wall 


refers to the property in the free stream 
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Chapter 11 


Magnetohydrodynamics 


11.1 INTRODUCTION 


Magnetohydrodynamics (MHD) is a relatively new but important branch of fluid 
dynamics. It is concerned with the interaction of electrically conducting fluids and electro- 
magnetic fields. When a conducting fluid moves through a magnetic field, an electric field 
and consequently a current may be induced and, in turn, the current interacts with the 
magnetic field to produce a body force on the fluid. 


Such interactions occur both in nature and in new man-made devices. MHD flow oc- 
curs in the sun, the earth’s interior, the ionosphere, and the stars and their atmosphere, 
to mention a few. In the laboratory many new devices have been made which utilize the 
MHD interaction directly, such as propulsion units and power generators; or which involve 
fluid-electromagnetic field interactions, such as electron beam dynamics, traveling wave 
tubes, electrical discharges, and many others. 


There are two basic approaches to this problem, the macroscopic, fluid continuum model 
known as MHD, and the microscopic statistical model known as plasma dynamics. We will 
be concerned here only with MHD, that is, electrically conducting liquids and fairly dense 
ionized gases. 


11.2. ELECTRODYNAMICS OF MOVING MEDIA 


Before we begin the study of MHD itself, a thorough understanding of classical electro- 
magnetic field theory is necessary. A brief review is presented here, although it is assumed 
that the reader has some familiarity with Maxwell’s equations. 


The basic laws of electromagnetic theory may be presented in a mathematical form 
known as the Maxwell equations. These equations relate the basic field quantities and show 
how they are produced. In addition to the Maxwell equations, for a complete description 
of an electromagnetic system, we must relate the field quantities seen by observers in 
relative motion. These laws are all contained in the Special Theory of Relativity, but we 
will confine ourselves here to nonrelativistic problems, that is, we will always assume that 
all velocities are small compared to the speed of light, c (mathematically, V?/c? <1). We 
will use RMKS units throughout. 


(a) The Maxwell Equations. 
The four basic Maxwell equations are the following. The displacement field D is given 


by the source equation 
f eav = f D-dA (11.14) 


which states that the true space bana density p, generates the total D field. D lines must 
always terminate on charges and cannot just end in space. In differential form, 


V:D = », (11,1b) 
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The source equation for the magnetic field H, which is known as Ampere’s law, is 


§ wd = fsaa+ f§ P-aa (11.24) 
A A Ot 
where J is the true current density and dD/dt is the displacement current. In differential 
form, 
vVxH = J+ a (11.2b) 
Faraday’s law states § E-dl = = i es “dA (11.3a) 
A s 
or Wire Ses (11.3b) 
ot 


Finally, for the magnetic induction field B, 
f Br anlaag (11.40) 
A 


which states that all B lines must form closed loops. In differential form, 
Vb 0 (11.4b) 


These Maxwell equations hold for any observer, regardless of his motion, so long as he 
measures all field quantities in his frame of reference. Such equations which have the 
same form for all observers, regardless of their relative motion, are said to be covariant. 
The field quantities as measured by the various observers are related by the Lorentz trans- 
formations. Further, the quantities of mass, length, and time and their derivatives must 
also be related by the Lorentz transformations among various observers in relative motion. 
For low velocities (compared to that of light) the Galilean transformations relate distance 
(time and mass are then the same), but even then the electromagnetic field quantities must 
be related by the low velocity limit of the Lorentz transformations. These transformations 
may be derived from the principles of special relativity. Beginning with the postulate of 
the invariance of the speed of light and the covariance of the laws of nature all the ap- 
propriate transformations follow, but they will not be derived here. 


Consider two frames of reference S and S’ shown 
in Fig. 11-1. Frame S’ moves with velocity V with A 
respect to frame S. We will use S’ throughout to de- 
note the rest frame of material media so that the ob- 
server in S’ moves locally with the medium (fluid in 
MHD). In the rest frame (and only in the rest frame, 
in general) can the necessary constitutive equations be 
written. These equations relate D’ to E’, B’ to H’, 
and usually are considered to include Ohm’s law which 
relates J’ to E’. We will use primes throughout to 
designate quantities measured in the rest frame. Hence 
we can write 


DY = ay = € kK’ = is ae 


B’ = pH’ = p«,,H’ = »,(H’+M’) (11.5) Fig. 11-1. Observers in relative motion. 
ae , Frame S’ moves with veloc- 
J’ = ok ity V relative to frame S. 


where « is the permittivity, «, the permittivity of free space, and x the relative permittivity. 
Similarly, » is the permeability,* », the permeability of free space, and «, the relative 


*In this chapter the viscosity is denoted as y,; to avoid confusion with permeability. 
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permeability. o is the scalar electrical conductivity. P is the polarization and M the mag- 
netization. The first two equations of (11.5) are generally true, « and uw being only functions 
of temperature and pressure for linear media and also functions of the fields if the ma- 
terial is nonlinear. Ohm’s law is a phenomenological equation and is not generally true. 
The form given here for a scalar o is good for liquids and dense gases, but in rarefied gases 
the conductivity becomes a tensor. 


In any frame of reference we can write 


D= P+. 
(11.6) 
B = »,.(M+ H) 


but (11.5) is only true in the rest frame. In free space or in media where x =x, =1 we see 
that P= M=0 and thus 
D= €,E 
(11.7) 
B = pH 
in any frame of reference. 
In any MHD problem we usually need all four Maxwell equations and the constitutive 
equations. However, it is often convenient not to use the equation VY:D=p,, but instead 


the equation 
Op : 


at 
(or in steady state or in cases where p, is negligible in this equation, Y*J=0 as is the case 
in MHD). Equation (11.8) follows directly from Maxwell’s equations and is not independent. 


+V°3 = 0 (11.8) 


(b) The Lorentz Transformations. 


The Lorentz transformations are now listed below. V is the velocity of the rest frame 
S’ with respect to S and 1 and || indicate the components of the quantities perpendicular to 
and parallel to the vector V respectively. 


Ei = B(E+VXB), Eips=s Eh 

D’, = @(D+ VxH/e?), D), = Di 

H) = #(H-VxD), H; = H, 

B, = B(B - VXE/e’), By = Bi nets 
a eae i Ji = BI—p,V)i 

pe | = Ble, = Vidic’) 

Pi = @(P —- VXM/e’), Bi pea 

M’ = B(M+ VXP), M; = Mi 


where @ = 1/V1-V?/c?. 
In the nonrelativistic limit, which is the case of interest in MHD, the transformations 
reduce to: 


FY = E+ VXB yo=J—5V 
D’ = D+VxH/e fan Pee Ve 

Belk ut (11.10) 
WH = H-VxD P= P-VxXM/e 


BY = BV xX H/c* N= MV xX EF 
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(c) The Boundary Conditions. (2) 


The boundary conditions on the field 
quantities at an interface are the same as 
in stationary media. Across an interface 
the following conditions hold in any frame 
of reference. We need only write the con- 


n unit normal vector 


ditions with all the field quantities measured Interface 
in any arbitrary frame of reference. (See 
Fig. 11-2.) Fig. 11-2. The interface between two media, 1 and 2. 
n X (E; — E}) =a) n X (H2 — H:) = Js 
(epee 
n+ (D2 —D;) = ps n+ (B: — B:) = 0 


where p, is the surface charge density on the interface and J, is the surface current on the 
interface. Physically then, the tangential component of E and the normal component of 
B are continuous across the interface. The tangential component of H jumps if a surface 
current is present, and the normal component of D jumps if a surface charge exists. 


11.3 THE INDUCED EMF AND TERMINAL VOLTAGE 


In MHD problems we are often interested in the terminal potential or voltage between 
two electrodes. The question is: given two electrodes, what is the terminal voltage between 
them if an electrically conducting fluid flows between them? 


In general we define the emf about a closed loop (in a laboratory frame of reference 
in which we locate the terminals) as 


emf ~ = feed (11.12) 


where E’ is the local electric field seen by an observer moving locally with the fluid, but dl 
is fixed in the laboratory frame. Using Maxwell’s equations and the nonrelativistic Lorentz 
transformations, we obtain 


emf = $ (vx B)-dl - dA (11.13) 
A 


where 0B/dt must not be taken outside the integral. V is the velocity of the conductor in- 
stantaneously coincident with dl. 


The terminal potential Vas is then the emf minus the JR drop between the electrodes 
A and B: 


B 
Vaz-o=) emfi— i‘ E’: dl (11.14) 
A 


where Vaz is the voltage at B with respect to A and the line integral is taken between the 
electrodes, through the fluid. It should be noted that the emf may be dependent on the 
integration path used to determine it (if eddy currents are present in AC systems), but the 
terminal potential is always independent of the path of integration. 


In steady MHD problems such as generators, pumps, etc., we obtain the simplified 
form of (11.14) which follows directly by using the fact that 0/ét=0 and the Lorentz 
transformations. We get 


B 
Vis = = { E-dl (11.15) 
A 


CHAPF 11] MAGNETOHYDRODYNAMICS 209 


Note that in (11.15) E is measured in the laboratory frame of reference, and (11.15) also 
follows from the fact that (since V x E=0 in steady state) E=—VY4, and hence 


B 
dup = -f E-dl 
A 


and ¢ is the potential, identical with Vas. 


114 THE ELECTROMAGNETIC BODY FORCE 

The electromagnetic body force is derivable from the Coulomb force law, since basically 
this is the only interaction that occurs. 

The electromagnetic force on a particle of charge q in the local rest frame of the 
particle is F = qE’. Now, if we transform to the laboratory frame, E’ =E+VXB (non- 
relativistic) so that F = q(E+VxXB) which is the familiar Lorentz force law. V is the 
velocity of the particle with respect to the laboratory frame. 


(a) The Body Force in a Fluid. 

The complete electromagnetic body force in a conducting fluid may be derived, micro- 
scopically, from the Coulomb law, or by a virtual work and energy method. We will only 
present the result here. The body force density f2 in the rest frame (because the constitutive 
equations have been used) is 


f= E+ XB — 448 V'x — dugll*V's, 
Ok (11.16) 
ae f 20K ) Sy , 72m ) 
eae oN, (2 ap? “aia V, (H ap? 


However, in MHD, only the first two terms are important. These two terms are covariant 
and the expression holds in any frame of reference. In MHD then, 


iy See Fea R (11.17) 


and nonrelativistically, f. = fe so that we can compute ,»/E’ + J’ xB’ or p,.E+JxXB and 


obtain the same numerical result, As we will see, p,E is usually negligible compared to 
J XB. 


(b) The Stress Tensor. 
An alternative but equivalent description of the body force is the electromagnetic stress 


. Ti; 99; : : 
tensor Ti. The body force is then f; = —" _ ar where g, is the electromagnetic momen- 
tum flux vector. A covariant expression for Tj; (neglecting striction effects) is 
T; = -3(D-E+ BH); + DE; + B.A; (11.18) 


For all practical purposes the term 9g,/dt is negligible and is of no concern in MHD. The 
most important use of the stress tensor concept is the physical interpretation of the body 
force which it permits. If the stress tensor is diagonalized (the principal stresses deter- 
mined) we get an interesting result. If we make the assumptions, which are valid in MHD, 
that the electric terms in the stress tensor are negligible, and that B and H are collinear 
(they will be collinear in the rest frame or in any frame in MHD since there B=B’ and 
H =H’ for nonrelativistic speeds), we obtain the result that the three principal stresses, 
Ai, are 

M = +H:B— As = As = —4H°B (tit 2) 
and the principal axes are oriented so that \i is a tension along the magnetic lines of force, 
and A2 and \3 represent a compression normal to the field lines. Alternatively, we can say 
that there is a hydrostatic compression of H: B/2 with a tension of H-B (along the field 
lines) superposed on the hydrostatic compression. 
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The concept of magnetic pressure is based on these results. It should be remembered, 
however, that this body force is not a physical tension or pressure in the fluid, but enters 
into the momentum equation as a body force and consequently may generate mechanical 
stresses. In static equilibrium, the pressure gradient must be balanced out by the tensor 
divergence of the electromagnetic stress tensor (which, physically, is a body force). The 
situation is similar to pressure in a fluid being generated in a static fluid because of a 
gravitational field. 

Another way to arrive at the idea of magnetic pressure is to write the body force 
J<B as (VY XH)XB (where we have used the Maxwell equation Y XH = J+D and 
D is negligible as we shall show). (V XH) xB may be written (using B = H) 

p4 
(VXH)xB = -v(5,) [7 1B. VB (11.20) 
Hence the first term on the right is the irrotational part of the body force and adds directly 
to pressure in the momentum equation, and the second term is the rotational part (corre- 
sponding to the tension along the magnetic field lines) and is generally not zero in MHD. 


115 BASIC CONCEPTS OF MHD FLOW 


We will now review the basic assumptions of MHD and the relevant principles and 
equations. 


(a) Assumptions. 
The MHD assumptions which are usually made are the following: 
1. All velocities are small compared to that of light, so that V?/c? <1. 


2. The electric field is of order VXB. Any E fields involved are induced or of the 
order of the induced field. We must always write E’=E+V*XB and distinguish 
between E’ and E. 


8. H=H’ and B=B,, since 


2 
oS See B-0/>B| 
(G c 
Liquid metals and ionized gases have permeability »,, so that we write B=,,H in 
any frame of reference. 


The displacement current D is negligible with respect to J. 


5. Ohm’s law is J = cE’ =o(E+VXB), and J’=J since p,V is neglected compared 
to o(E vex B). 


6. The space charge p/ is zero, but p,~0. We must write V-D=p,, and not set 
V:Dtozero. Since p, is not usually known, Y:D=p, is not a useful equation. 
It is better and more convenient to use Y-J=0 (even in unsteady problems, since 
space charge transport is negligible compared to J). 


7. The force p,E is negligible compared to JXB. The electric stress and energy, 
proportional to E-D, is negligible compared to H: B. 


8. For high conductivity, o>, Ohm’s law indicates that for finite J, E’=90, and 
E=-—-VxB. The current is then determined by VY XH=J and not by Ohm’s law. 


(b) Equations. 

The basic equations of MHD can be written then as the Maxwell equations, Ohm’s law, 
the equation of continuity, the equation of motion with the JxB_ body force, and the 
energy equation with Joule heating. In addition, we must use the nonrelativistic Lorentz 
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transformations. The equation of state for a perfect gas can still be used under the MHD 
approximations. We can list the equations as: 


Maxwell’s: V7 oni J 
Vi bi -0 
yk 
V XE = —0dB/ot Cee 
Vs U8 0 
Ohim’s Law: J = o(E + VXB) (11.22) 
Motion: 
» [e+ Ae vv = evo dt Vor t+ JXB Vy 
= = oT, —— 
at i (11.23) 
= =/(p + :B7/23) + (B: V)B/u + Vier — pV¥ 
where ; is the mechanical stress tensor and y is the gravitational potential. 
Du 
Energy: liye om DVN i Vis ee De BY J’ (11.24) 


We use «x, for thermal conductivity here to avoid confusion with relative permittivity. 
u is the specific internal energy. The Joule heat (E’:J’=E’:J = J?/c) is the only 
interaction if the material is linear, that is, « and » are not functions of temperature. 
The reader is referred to reference 2, page 225, for a detailed discussion of this equation. 


State: - = plod (11.25) 


(c) Parameters. . 

These equations may be put into dimensionless form, as discussed in Chapter 4, and 
the relevant dimensionless parameters obtained. We will not go through the calculations 
here, but will list the parameters. In addition to all the parameters of ordinary flow (of 
Chapter 4) we have two additional independent parameters. We list several (not in- 
dependent) below. 


Rm = Magnetic Reynolds number = VoLou, which is a measure of the ratio of mag- 
netic convection to magnetic diffusion. If Rm<1, it can be shown that the 
induced magnetic field is small compared to the applied magnetic field. 


Mm = Magnetic Mach number = V)/A, where A is the Alfvén speed, defined as 
VB:H/p which will be discussed presently. 


M = Hartmann number = VoB3L?/u, = VNrRm/Mm, which is a measure of the ratio 
of the magnetic body force to the viscous force. 


P» = Magnetic Prandtl] number = v/n = R»n/Nr, which is a measure of the ratio of 
vorticity diffusion to magnetic diffusion. 


N = The interaction parameter, which is a measure of the ratio of the magnetic body 
force to the inertia force. For finite conductivity N is taken as oBjL/pVo = 
R»/M?,, and for very high or infinite conductivity N = Mn’. 
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(d) Magnetic Transport. 

A very important equation may be derived by combining Maxwell’s equations and Ohm’s 
law. VY XH=J=o(E+ VB), and E may be eliminated by taking the curl of the above 
equation and using YXE= —B. Then making use of a few vector identities and 


V°B=0, we arrive at 
0B 


ot 
which is the equation of transport, diffusion and convection, of the magnetic field. 7 is the 
magnetic diffusivity, 1/on. This equation may be used simultaneously with the equation 
of motion [with the body force written as (V < H) x B] in certain problems where it is not 
convenient to introduce the electric field. 


= 59 V 7B oy lA « D) (11.26) 


By introducing the dimensionless variables 
B* = B/B), Ct == 20 hk tf? ser/] 
the transport equation becomes 
oB* 
ot* 
which indicates the significance of Rm. The first term on the right side is a diffusion term 
and the second a convection. If no motion is present, V=0, and (11.26) becomes 


0B 

ot 
a diffusion equation where 7 is the diffusivity. On a laboratory scale the diffusion usually 
dominates, (Rm <1), but on an astronomical scale (for example in the sun) convection 
dominates (c>~, and R,»>1). In fact, as o>, the magnetic field is transported 
entirely by convection and there is no diffusion of the field lines through the conducting 
media. Hence it is said that then the magnetic field lines are “frozen” in the fluid and 
move along with it. 


There is an exact analogy between the transport of the magnetic field here and the 
transport of vorticity in ordinary fluid mechanics. The classical] Kelvin theorems, etc., may 
be applied here to the magnetic field. 


We may think of the field lines as being elastic, and the flowing fluids drag them until 
they are in static equilibrium. This is the case when a magnetic field is induced (which 
then adds to the original applied magnetic field). The induced field is caused by the dis- 
tortion of the applied field lines because of the fluid convecting them. As o> the lines 
lose their ability to resist being dragged along by the fluid. 


CV, Bt) hey es eee) (11.27) 


7V2B (11.28) 


(e) Alfvén Waves. 

As we have shown earlier, stress tensor considerations show that the body force is 
equivalent to a hydrostatic pressure plus a tension of H:B along the field lines. As we 
will show later, these lines behave like taut strings and transverse waves will propagate 
along them at what is called Alfvén speed, \/H:B/p. Coupled with this transverse field 
disturbance must be a transverse velocity wave which is 90° out of phase with the magnetic 
wave. These waves, which are called Alfvén or magnetohydrodynamic waves, travel with- 
out dispersion or attenuation if «> and viscosity is neglected. 


(f) The Bernoulli and Kelvin Theorems. 


The equation of motion (11.23) may be written for an inviscid fluid and may be inte- 
grated along a streamline to yield (for a compressible fluid in steady flow) 


Vo Fe 2 dp + B2/2 1 (B- Y)B- ds 
am 1 Gene Msi hames ji (p : | os if & = (11.29) 
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If (B-V)B=0, the classical Bernoulli theorem is valid with the pressure replaced by 
(p + B?/2) which is then the total (mechanical plus magnetic) pressure. 
By forming the circulation, the equation of motion yields the MHD form of Kelvin’s 


theorem as 
ee oat (VxXV)-dA = 4) J d 
Dt Dt Js SN 0 es «|= (B VB A (11.30) 


The force (B- V)B is rotational and may generate vorticity even though the fluid is 
inviscid. 


11.6 INCOMPRESSIBLE VISCOUS MHD FLOW 


As one of the simplest examples of MHD flow we will now discuss the steady flow of an 
electrically conducting, viscous, incompressible fluid between parallel plates with an applied 
transverse magnetic field. The configuration is shown in Fig. 11-3. The details of this 
problem provide an excellent illustration of method and in particular of the construction 
of an equivalent electric circuit. We assume the flow to be fully developed so that only 
pressure varies in the x direction. The channel extent in the z direction is much greater 
than that in the y direction so that no variations occur with z. The electrodes are assumed 
to be perfect conductors, and the fluid has conductivity o. The applied magnetic field Bo 
is steady and uniform. This problem is known as the Hartmann problem, after the Danish 
physicist. 


y Bo 


TY 


Insulators 


—Yo 


Fig. 11-3. Flow between parallel plates. The Hartmann problem. 


On a laboratory scale the magnetic Reynolds number for such a problem is very small 
and the induced magnetic field would be small and could be thought of as produced by a 
slight dragging of the Bo lines by the flowing fluid. However, we will see that for this 
problem the induced field (which will be entirely in the x direction) does not couple into 
the equations of motion at all and may be found as the final step in the problem. In many 
problems (which are not one-dimensional) the induced field may couple into the basic equa- 
tions and make a solution very difficult. Even then it is often possible, if Rn<1, to 
assume that the induced field is negligible compared to Bo. 

We begin the Hartmann problem by writing the Maxwell equations, Ohm’s law, and the 
equations of motion. From continuity, v=w=0. From VY:J=0 we conclude that 
Jz must only depend on y and be equal to (by Ohm’s law) 


Ales = o(Ez SF UBo) 


From Vv XE=0 we conclude that FE, is a constant which we arbitrarily take as zero since 
no electric field is applied in the x direction. Also, since the electrodes have high con- 
ductivity, EZ, = 0 in the electrodes and hence everywhere. It follows that E, is a function 
only of y. 

The pressure gradient dp/dx is a constant, but a gradient dp/dy will also exist due to a 
“pinch” effect. 
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The equation of motion in the x direction becomes 


op du 
0 = Pig + Ms yp aaa o(Hz+UBo)Bo (11.31) 


which can be integrated immediately with the boundary conditions 


u=0, y=+y, 


to give the velocity profile as 


Yo (2 2 M [e@ een, (11.82) 


ee IE Ok | UN cosh M 


where M, the Hartmann number is V Boypo/p,. 


The y equation of motion is 
(jie Sales’ te: niles 
oy 
and allows determination of dp/dy once Bz, the induced magnetic field, is found later. From 
(11.32) and Ohm’s law we find J. as 


(pies peel My/y, 2 Yolo an (si My/y, 1) 


cosh M M I, az \ cosh M 


(11.33) 


The total current (per unit channel length in the x direction) is given by 
= me Ez tanh M 2y° [oe op /tanh M 
JI = ie J,dy = 2oy HE, a aan a cP i 1) (11.34) 


The terminal voltage V; (voltage of electrode at +20 with respect to the one at —2o) is defined 
as 


+ 2 
Ve = -{° Evdza= b= 225K; 


and using (11.34) to solve for EH, in terms of J, we find 


zM JI 2y,z 
Ve = 0 Yo%o 2 ( ue ) (11.85) 


oy, tanhM ° yy/, " ox tanh M 


Now we can construct an equivalent circuit of the device by adding the open circuit voltage 
in series with the effective internal resistance Ri which is defined as the ratio of the open 
circuit voltage V;,, to the short circuit current Js. From (11.35) V:,, is found by setting 


JI=0 to get : 
= SR (atta) 
ee Myon, 0% 1 ~ tanh M (11.36) 
f 


(which is a negative number) and /,. is found by setting H.=0 in (11.34) to get 


2y, [o op /tanh M 
n> GG ob ( . 1) (11.37) 


which is a negative number, which indicates current flows from the +20 to the —zo terminal 
through the channel. Hence for a device of length L, Is. (the total short circuit current for 
the entire device) is L.Js. so that R; is 


Mare % M 
Tee Ts Loy, tanhM (11.38) 
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The equivalent circuit then is, by Thévenin’s 
theorem, as shown by Fig. 11-4. A load resistor 
Ri may be attached to the terminals as indicated, 
and by using Kirchhoff’s law we get 


Vig tI(Ri+Ri) = 0 (11.39) 


Note that Rr may also be replaced by an ex- 
ternal generator. The sign on V; and J depends 
on whether a load Rx or an external generator 
is attached. 


The above circuit method may be used to 


i tat Fig. 11-4. The equivalent circuit of an MHD 
analyze generators, pumps, and meters in in- 


flow device with sign conventions. 


compressible or compressible flow for any chan- For the Hartmann problem, V,__ is 
oc 

nel shape and lays the groundwork for the MHD negative and hence the polarity of 

generator analysis. Leek is the reverse of that shown. 


Now the induced magnetic field H. may be found from VY XH=4J, since J is known. 
From (11.33), 


dH, Lae ak VS cosh My/y, _ 4% fe DN Goa a) 
dy i “cosh M MN u,0x\ cosh M 


which may be integrated to find H.(y). The boundary condition depends on the geometric 
configuration of the return circuit, and can be determined by applying Ampere’s circuital 
law. If the return circuit is symmetric in y (consisting of two plates as shown in Fig. 
11-3), the value of H:(y=0)=0 and H,; is antisymmetric in y. H;z has a constant value 
between the insulating walls and the return path plates, then it drops to zero through the 
plates. Integration of the above equation gives 


M 


2L 


sinh M 


a2 2 sinh My/y 
Hy - &% cp. U _(¥ [ee Tr (11.40) 
bu, OW 


MN p,-0x Y, 


In Hartmann flow, the flow rate is reduced 
as the external load Rx is increased (for a 
given Hartmann number). If an external 
voltage source is applied, the flow rate may 
be further reduced (and even made to flow Increasing M 
against the pressure gradient) or it may be 
increased, depending on the polarity of the 
applied voltage. For a fixed value of Rx, the 
profile is flattened as the Hartmann number 
is increased, as shown in Fig. 11-5. However, 
if an external voltage is applied, the curve 
mee not flatten but steepen. In general, oy Fig. 11-5. The velocity profile in Hartmann flow 
increasing Hartmann number means an in- for a load resistor R,, and a constant 
creasing interaction. pressure gradient. 


This analysis of the Hartmann problem may be applied to generators and pumps, the 
device acting as either depending on the terminal conditions and pressure gradient. These 
methods will be applied to the compressible flow in an MHD generator channel in Section 
11.7. The extension to pipes and channels of finite cross section will not be made here, but 
the reader is referred to reference 2, page 225. 
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11.7 WAVES AND SHOCKS IN MHD 


Earlier, we mentioned a new type of wave that occurs in MHD, the Alfvén wave. Now 
we will investigate general plane wave motion and see that the Alfvén wave is just one of 
several new phenomena that arise because of electromagnetic field-fluid interactions. We 
will confine our attention here to plane waves, since these are the only type that are amen- 
able to simple description, but the conclusions that may be reached by this analysis suffice 
to give a good picture of the waves that propagate in MHD. 


If we assume that a wave propagates in the x direction, a plane wave is characterized by 
the fact that no variations of any variable occur in the y or z directions. True plane waves 
do not exist in nature; but at least over small regions of space, waves may exhibit plane wave 
behavior. And, in any case, more complex wave geometries may always be thought of as 
a superposition of waves which behave like plane waves. 

There are two types of plane waves, transverse and longitudinal. Transverse waves, 
such as shear waves and TEM (electromagnetic waves), involve only y and z components of 
vector variables in the wave (assuming propagation in the x direction). Pressure and den- 
sity variations do not accompany transverse waves. Longitudinal waves are those that 
have only x components of variables, or pure scalars, entering into the wave motion. A 
common example is the acoustic or sound wave which carries with it a pressure and density 
disturbance. In MHD we will find that the transverse shear waves couple with the field 
quantities to give a new type of wave (the Alfvén wave), and the ordinary acoustic wave 
is split into fast, slow and intermediate magnetoacoustic waves. 

In our study we will assume that the fluid is a continuum and that Ohm’s law holds. 
In rarefied gases, a more complex fluid model must be used and the results, particularly at 
high frequency, are different. The study of radio waves in the ionosphere is based on these 
rarefied ionized gas (or plasma) oscillations, but we cannot discuss them here. Another 
assumption which we will make which is valid for liquids and dense gases is that the dis- 
placement current is negligible compared to the conduction current. This assumption 
amounts to saying that o/we > 1 where » is the angular frequency and « is the dielectric 
constant. For mercury (in RMKS units), o = 10°, «=10 7%, so that for frequencies even 
into the microwave region the assumption is quite good. Even for poorly ionized gases at 
o =1, the frequency would have to be of order 10” hertz before displacement current would 
become significant. 

The approach here will be to assume that the waves consist of small disturbances or 
perturbations in the variables. We perturb the governing equations, linearize, and assume 
phasor solutions. Then a characteristic value problem may be set up and a dispersion equa- 
tion derived. We assume that all disturbances may be expressed in the form et k* for 
propagation in the x direction. 7 is V-l. 


(a) Plane Waves in Gases. 


Neglecting displacement current and as- 
suming the fluid to be initially at rest, we can 
derive the appropriate dispersion equation as 
follows. Referring to Fig. 11-6, the applied 
magnetic field is assumed to have components 
Ho, and Hoy, with propagation in the x direc- 
tion. There is no loss of generality in leaving 
Hz out, since we can always rotate the co- 
ordinate system about the x axis so that Ho: 
is zero. 


Ho = HoxX ate Hoyy 


Direction of 
propagation 


x 


The relevant equations ate three motion, Fig. 11-6. Plane wave propagation in the presence 
three magnetic transport, continuity, energy, of an applied magnetic field. 


CHAP. 11] MAGNETOHYDRODYNAMICS 217 


and state, a total of nine equations. We assume perturbation quantities are represented 


by small letters and the perturbation pressure, density and temperature are represented 
by primes: 


H = H,+h p = hy tie. 
Vo = avialV—0) (Pes T 1K 
Rtas 1 a 


The components of v are u, v, and w. 


The continuity equation is oe PUES GRE ares U 
which becomes = (69+ 9’) + Villeotev] = 0 


The first order linearized equation is 


Op’ ou 

Md gt Par = 

ot Ox 
Then the algebraic form (assuming a phasor solution p’ = p! eitwt—ka) and 20 u%e ae: 
where p’ and u* are phasors) is 


u*pk — po —u*p,k = 0 (11.41) 


Similarly, we can write these algebraic forms of the remaining eight linearized equations. 
The first order equations become: 


State: rs ae a fi 2 (11.42) 
Motion: — (a) po se = a + (2 + Sy) 4 = pHoy 
(2) gg = uggs + leg (1.48) 
(c) Po oe = re ate Hoe et 


Energy (the dissipation is second order): 


oT’ op’ ‘ 
PoC piaga ne inrag cake Viel (11.44) 
Magnetic Transport: 
(a) Cae Phx 
at —té‘ié‘si‘C 
Oy  .. Onny ov au 
(b) ey ee + Hox an Hoya (11.45) 
J hz ow 
(<) Ai aman Wapatin Loot oe 


Now we can obtain the algebraic forms. There result nine algebraic equations for the nine 
phasor quantities. However, these equations are not linearly independent and the deter- 
minant of the coefficients of the phasors must be zero. This equation is then the dispersion 
equation. The determinental form is 
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te ik s 6 *% * * 
AOE ee! hy pa ee 


(12.454a) 

(12.48¢) 

(12.45¢) 

(12.41) 

(12.43) wae (11.46) 
( 

( 

( 

( 


12.43b) ae 
12.45b) 
12.42) 
12.44) 


There are three uncoupled terms. The first term is not important and merely indicates 
that hr=0. The 2x2 determinant represents two transverse waves and the 6x6 rep- 
resents a set of coupled longitudinal and transverse waves. We will not go into the details 
of these general waves, but will look at some special cases. 


(b) Transverse Waves. 
The 2x2 determinant may be written out as 
vnk* + [Az yor n)o|k? a =) (11.47) 
which represents two transverse modes since it is quadratic in k?. These modes are due to 
a coupling between viscous and magnetic diffusion and the Alfvén wave. (A + or — sign in- 


dicates a forward or backward wave.) A, is the x component of Alfvén velocity, VB,,H,,/p). 
If A,=0, then we get two uncoupled waves given by 


(nk? ar Jo) (vk? IF Jw) =e i) (i? 48) 


which represents pure viscous diffusion and pure magnetic diffusion (since k” is imaginary). 


If »v=7,=0 (no dissipation), then we get Atk?—«w?=0 so that the phase velocity, 
Vp =o/(Rek), is the Alfvén speed, that is, vp = +Az. Then the k is real and no attenuation 
occurs. 


The transverse waves are identical for gases or liquids. 


(c) Coupled Longitudinal Waves. 
The 6x6 determinant of (11.46) written out explicitly is 
oe 5 ff a wok : Cp 4 \ 5 vary 
E = pvp e) kt — D = YeOn ae Geet ee = yy 2 


Po PoP 0 Asp, 0 (11.49) 
: ‘ 2 2 qo ke? . 
+ [nk + {A2 + i+ no} = o?] — WARGo + vie) (2 — “t Pea 
0 0 


where A, = VB,,H,,/p), A, = VBy,Ho,/p), and a, = the sonic speed, VkRT». 


We will not discuss the general case, but will look at some special cases of particular 
interest. 


If we set the field Ho = 0 (Ar =A,=0) then we get ordinary acoustic waves in a viscous, 
heat conducting fluid. If we further set v=€=«x,=0 we get ordinary simple acoustic 
waves and (11.49) reduces to 

Okt ort 10 


so that vp = +a, the ordinary sonic velocity. 
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If »=n=x,=¢=0, then there is no dissipation and we get “ideal” magnetoacoustic 
waves. These waves may be examined in detail and are of extreme importance in MHD. 
We note that (11.49) reduces to two factors, one identical to the Alfvén wave of the previous 
section, and the other quadratic in k?: 


[(agk? — w?)(A2k? — w?) — k?A20?|(A2k? — 02) = 0 (11.50) 
The two roots of the quadratic expression represent two longitudinal waves (magneto- 


acoustic waves), a fast and slow wave. The phase velocities are: 


Longitudinal: 
Vvvase = t[h(A2+A3 +02) + VHA? + AB + ay — BAR)? hes 


Urgow = *+[$(A2 + A2 + 02) — \/4(A2 + A? + a2)? — a2 A? ]1? 


Transverse: VAS 


The character of these waves can best be seen physically by looking at a plot of the 
phase velocity as a function of direction of propagation relative to the magnetic field. 
In Fig. 11-7 we show a plot of the phase velocity in a three-dimensional polar diagram. 
We see that, in general, there are the three waves, and for propagation at right angles to 
Ho (Hox = 0, then) there is only one wave which is a modified acoustic wave. 


(b) A=a) 


Fig. 11-7. Phase velocity of ideal magnetoacoustic waves. The 
radius vector OB represents the phase velocity of 
plane wave propagation in that direction relative to 
the applied magnetic field Hp. The diagram should 
be imagined rotated about Hy to form three-dimen- 
sional surfaces. A2 = AZ + A?. 


From a practical standpoint, A is usually much smaller than ad in liquid metals and the 
effect on acoustic behavior is difficult to measure in the laboratory. On an astronomical 
and planetary scale, however, such is not the case and these waves become important. 


Another type of diagram of interest is the ray-normal diagram for the ideal magneto- 
acoustic waves. These are called Friedrichs diagrams and are shown in Fig. 11-8 below. 
These diagrams are the envelope of plane waves traveling outward from the origin and 
hence represent the unit time development in space of a pulse at the origin. In ordinary 
acoustics such a diagram would be a sphere of radius a. (The Mach cone is the develop- 
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Vaz + A? 


(a) A<ay (b) A > ag 


Fig. 11-8. The ray-normal, or Friedrichs diagrams for ideal 
magnetoacoustic waves. A sound pulse at the origin 
develops into these surfaces in unit time. They 
should be rotated about Hy to form three-dimen- 
sional surfaces. 


ment of a sound pulse emanating from a supersonically moving source.) These diagrams 
may be constructed geometrically from Fig. 11-7. The perpendiculars are drawn to the 
rays (such as OB) where they cross the phase velocity locus curve. We form a continuous 
set of these perpendicular planes as OB sweeps through all angles. The envelopes of these 
planes then form the sound disturbance surfaces which are generated by a pulse at the 
origin. 

The disturbance surface generated by a moving source (as an aircraft) becomes rather 
complicated, and there are more than just two distinct cases (as subsonic and supersonic in 
ordinary flow). Now there are four regions of flow depending on the magnitude of the 
moving objects’ velocity relative to the three wave speeds and orientation with respect to 
the magnetic field. We will not discuss magneto-aerodynamics here but refer the reader 
to the references. 


(a2) MHD Shock Waves. 

We will discuss here only a special case of 
the MHD shock, which we will call the normal 
MHD shock. We assume that the applied 


magnetic field on both sides of the shock is Uy 
parallel to the shock front, and further that 
the conductivity of the fluid is infinite. The By 


velocity may be oblique to the shock front, so 

that we are concerned only with velocity com- uf 
ponents normal to the shock front. The nor- if 
mal MHD shock is a generalization of the or- 
dinary oblique shock. The more general case 

of an arbitrary magnetic field will not be dis- 
cussed here. 


We will carry out the analysis in the shock 
frame of reference and assume that B is the 
same in all frames. Referring to Fig. 11-9 dint Fi that B 0 
: : ’ coordinate system so a 21 — 0, 
we can write the following conservation equa- without loss of generality. B,» must also 


tions across the shock. be zero to satisfy magnetic transport. 


Fig. 11-9. The normal MHD shock. We orient the 
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Continuity: [pol ="0 


Momentum: ce +p + 5-83] = QO 
2u y 


Magnetic Transport: (uB,]; =e ()? BAe 0 


Also, v and w, the y and z velocity components must be continuous. 


259 


B 
Energy: a k ) uw y _ 
gy E peat) big Hotes ase 


_The symbol [ I is used to represent the jump condition. That is, [A]? = A2—A1, where 
A is any quantity. These four equations above allow a complete description of the shock 
and are analogous to the Rankine-Hugoniot equations. 


A current sheet exists in the shock to effect the change in By. 

Solving, we find the shock speed a; into still air (the same as w in Fig. 11-9) as 
2 ; Ga A fl + (1 — k/2)(p,/p, —1)] 

hee 1 pips (kh — L/h 1) 

where a: is the sonic speed upstream and A; the upstream Alfvén speed, V/B?,/up,. AS Ai 

goes to zero we get the shock speed of ordinary gas dynamics. The shock speed is in- 


creased by the presence of the magnetic field. As the strength becomes small, p,/p, > 1, 
a; = a?+ A, which gives the magnetosonic velocity in a perpendicular field. 


As = (11.52) 


The pressure jump [p]}=p,—p, is given by 


2 


B 
Py - P, = a p,(1 — p,/p,) tn By (b P9/ 6%) (11.53) 
and a magnetosonic Mach number, M? = a;/(a?+ A”), can be expressed as 


co re Ee lee Rei) 
k+1 Gl py wih Ait 1) 


As p,/p,71, Marl. For Ma<1, no shock can occur; and for Mu>1 and a2>a? 
there can exist a shock. For a? <a? no shock can occur for any value of A:. Hence as 
the field is increased beyond a critical value, no shock can occur. 

For a general oblique magnetic field the situation is more complicated and a multiplicity 
of shocks and discontinuities can occur. 


(11.54) 


11.8 COMPRESSIBLE FLOW—MAGNETOGASDYNAMIC CHANNEL FLOW 


In this section we will discuss quasi-one- ema 
dimensional compressible channel flow which Bo 


is vital to the study of the MHD generator 
and propulsion systems. As shown in Fig. 
11-10 we assume the channel to vary in the 
cross section in the x direction, and the elec- 
trodes to be parallel perfect conductors and (side walls) 
form two opposite channel walls. The other 

walls are assumed to be insulators. The ve- 

locity components, and w, are assumed Fig. 11-10. The one-dimensional channel with com- 
<u,and the induced field effects are neglected. pressible flow. 


Insulators 
(top and bottom) 
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The terminal potential V; is related to the electric field F..(E, and HE, are zero) by 
Heo =Va/l 


so that E. is constant throughout the channel, and J. = o(H.+uBo) is a function only of x 
(since u is a function of ~). We could let 1 vary with x, then E. would be a function of x but 
we confine our discussion here to parallel electrodes. 


Under open circuit conditions the total external current J is zero, but J(x) (the current 
density per unit length) is not necessarily zero and currents can circulate in the channel. 
We cannot determine V;,. without knowing the function u(a). However, on a local scale, 
(at a given value of x) the local open circuit conditions (J.=0) is given by H.z= —uBo. 
Under local short circuit, H,= 0. Hence any given local portion of the channel operates as 
a generator if —wBy < E.<0. In a full channel this condition must be satisfied at every 
value of x. By considering the sign of Hz, we can show that H#, must also be negative for 
the channel to act as a pump or flow meter. We will confine our study to negative Ez. 


(a) Basic One-Dimensional Flow. 


The basic channel flow equations can be obtained by averaging the differential equations 
across the channel. We assume steady flow, o to be a scalar constant, a perfect gas, and no 
variations across the channel, and adiabatic flow. 


Continuity: puA = m (a constant) (11.55) 
, du dp 

Motion: LL aie a ane oae o(H,+UBo)Bo (11.56) 

Energy: pu [oo + use| = Ollie Ube) ie (12 57) 

State: <p = pkT (11.58) 


Here, A is the cross sectional area of the channel. 


These equations cannot be solved explicitly for a general area variation A(x), but a useful 
first integral may be obtained. By suitably combining the above equations we obtain 


du (u/A)(dA/da) — (oBy/p)(u — us)(u— wu) 
ica aes a ee (11.59) 
dM _ 1 k-1,,\MdA _ k-1,,,\ 0B, 
= my (1 +" -M ) i ie € +> Me ) lw ws)(w— a) (11.60) 
where the critical velocities ui, wz, and wu; are defined as 
wo. dei Be » ale) - Leth 9 speek 
eee Be ke aM 


and M is the local Mach number. 


Now the net effect of the electromagnetic interaction with the fluid is not merely the 
J <x B force, but the Joule heat also enters into the interaction. The net effect then can be 
determined from (11.59) and (11.60). For u< us the body force, alone, accelerates the flow, 
and for u> us the body force, alone, decelerates the flow. The speed w: is that speed at 
which the body force and Joule heat cancel each other. The net effect then is: if M>1 the 
flow is accelerated if u lies between ws and uw, and decelerated if w lies outside that region. 
If M <1, the flow follows the converse behavior. The net effect on -M may be seen from 
(11.60). If M>1, M increases with x if wu lies between w2 and ws and decreases with x if M 
lies outside this region. For M <1, the reverse is true. 
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For operation at EF. <0 and for various values of w (inlet velocity at «= 0), we can 
plot qualitatively the behavior of uw and M along the channel. This behavior is shown in 
Fig. 11-11 and 11-12. For generator operation, u > us, and from the figures we see that in 
only cases 1A and 2A is u>u3. In 2A, wis > us throughout and in 1A there is the possibility 
for the channel to act as a generator only over a portion of its length (case 14b). We must 
remember, however, that wu > ws is the local requirement for generator operation, and the 
overall channel behavior (V;., Js: and Ri) can only be calculated after u(x) is known. 


oc? 


2B 2Db 


2C 2Dec 


Fig. 11-11. The qualitative behavior of u and M along a constant 
area channel for various subsonic initial conditions. 
2A: Up < Uy < Ug < Up. 2B: Ug < Uy < Up < Uy. 2C: 
Ug < Up < Uy < Ug. 2Da,2Db,2De: Up < Ug < Uy < Uz. 
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1Aa 1B 


1Ab KE! 
Uu 
U3 
uy 
x 
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Fig. 11-12. The qualitative behavior of u and M along a con- 
stant area channel for various supersonic initial 
conditions. 1A4a,1Ab,1Ac: the three possibilities 
when U, < Uy < Ug < Up. 1B: Uy < Ug < Uy < Ug. 
1C: uy < Uy < Ug < Ug. 1D: Uy < Uy < Ug < U3. 


(b) Generator Operation. 


[CHAP. 11 


We will not discuss the general solution of the basic equations, but only discuss one 
special simple, but practical problem, the constant velocity generator. A(x) must vary in a 


special way to give rise to u(x) being a constant. 
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By imposing constant velocity, wo, on the basic equations we can derive the following 
relationship: : 


Re P = «Bio(Uo — us), SLI — UO eh) A/Ao = (ORG oe Oe (11.62) 


The total current J is then 


zs A 
I = i o(—Vet wBo) + da (11.63) 
so that for a given V; (or ws) the total power output P is JV; which, upon integration, becomes 
A.p.ku Be (e—1)ug/kug 
= OLS0 uaaxO = sat) ex 
jee aay i) E {1 D, (uo uw) | (11.64) 


Equation (11.62) may be optimized directly for ws (for a fixed wo). 


We will not pursue the matter further here because integration of the flow equations 
under arbitrary conditions becomes rather complex. 


From a practical standpoint the analysis of the MHD generator is somewhat more com- 
plex. The conductivity is a tensor (giving rise to Hall currents) and varies with temperature. 
However, the principles of one-dimensional channel flow have been presented here and are 
the same, even for more complicated devices. 
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11.1. 


11.2. 
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Solved Problems 


| 
The Faraday disk generator is shown in Bo ¢ ales 
Fig. 11-13. Consider a conducting thin disk radius a 
rotating with uniform angular velocity w in 
the presence of a uniform steady magnetic E 
field Bo in the axial direction. The perfectly (4A —<— Slip ring 


conducting axle (of radius a) and periphery 
of the disk are connected by sliding contacts 
to a meter. What open circuit voltage does 
the meter read? 


Disk of 
conductivity o 


Since the motion is steady, there are no eddy 
currents and the emf is the same as the terminal 
voltage. Hence 


b 
Yun = -f E,+dr Fig. 11-13 
a 
and under open circuit, J, = 0 = o(#,+7wBy). Hence 


b 
Vap — i TwoBo dr = 4(b? = a?)wBy 


a 


Alternatively we can say 


emf = Vp, = $vxsea—f . 


and taking a path through the fixed leads, disk, and axle, we get only a V X B contribution in the 
disk. It gives 


dA 


b 
Vap == —Vpa = (i (rw) Bo dr = 4(b? ame a?)wBy 


a 


which agrees with the result obtained above. 


What are the boundary conditions of the induced magnetic field at the wall of a flow 
channel? 


Consider fully developed flow in a rectangular channel of con- 
stant area. The flow region near a wall is shown in Fig. 11-14. At 
a wall that is a perfect conductor, o = ~, the tangential electric 
field, E,, is zero. Also, the fluid velocity is zero at the wall. Hence 
J, = o(E,+ VX B) =0 at the wall. But from V XH=J, we have 
0H,/dz =0 where z is the coordinate normal to the wall, and the 
flow is in the « direction. For an insulating wall, J, =0 at the 
wall, so that we find 0H,/dy = 0. Hence we conclude that at a per- 
fectly conducting wall 


dH,/on = 0 


and at an insulating wall 


0H a, Oe = O Flow 

region 

where ¢ and n are the tangential and normal directions to the wall, 
and both are normal to the flow direction «x. 


In a finite conductivity wall, more complex relationships may 
be derived. The reader is referred to reference 2, page 225, for 
details. Fig. 11-14 
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11.3. 


Calculate the terminal characteristics of the 
compressible vortex generator shown in Fig. 
11-15. 
m is the flow rate and v, the inlet tangential 6 
velocity. By is steady, uniform and applied along the 
z axis. Cylindrical screen electrodes are used. We 
assume: v > u (where v is the 6 component of veloc- 
ity and uw the radial component), no variations with 
z, and R, <1 (induced field negligible). The 6 
equation of motion is 
pu(dv/dr + v/r) = Vol B5 Vp 
= —o(H,+vBy)By 


Then, from V:J=0, J,=I1/2c7rh and m = 2zuprh 
so that the above equation reads 


me { doses, 2.) 2 ABo 
2Qrrh\ dr rj] 2rrh 
which integrates to 
oD IBor / b2 
Vr. Wmv, \ 72 
b 
V, is found from a af E,.dr 
a 
where LH, is given in terms of J from 
= Bb OPe a = GUI. se Wey aio 


We find after integrating and setting J = 0, 
V; = VpbBy In (b/a) 


ws N is SNF 
De = 2rhovp,bBo E =a D) (a bie 2(b/a)2 In (b/a) )| 


where N, the interaction parameter is 


and setting V,=0, 


IN = 27oBe b2h/m 


m is a negative number since the flow is inward (u is negative) and r is positive outward. 


Supplementary Problems 


Under what conditions is the body force J X B irrotational? 


If J XB is irrotational, what can you say about the flow pattern? In two-dimensional incompres- 
sible flow when J X B is irrotational, show that the velocity distribution is exactly the same as for 
potential flow. 


In the above problem, what are the restrictions on By such that the flow is potential? What is the 
orientation of By? 


In the Hartmann problem discuss the sign of E, and J. Under open circuit conditions is Vaw a 
positive or negative number? 
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11.22. 
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11.24, 
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In the Hartmann problem show that dp/dx is a constant throughout the channel. 
In the Hartmann problem solve for the pressure variation across the channel. (dp/dy is not zero.) 


Show that in two-dimensional flow where the velocity and By are coplanar, V2¢ is proportional to 
the only component of V X V, the vorticity vector. ¢ is the electric potential. 


Consider a missile traveling through the ionosphere with velocity Vo in the presence of a magnetic 
field. What is the boundary condition on E, relative to the missile, at infinity? 


Show that if «=e, and » =u,» for a conducting liquid, then in any frame of reference, we can 
write the constitutive equations as B= »H and D = eK. 


Show that the above equations can be written exactly in any frame only if both e and_y are e9 and 
uo respectively. (However, under the MHD approximation, B = ywH is valid in any frame.) 


Find the dispersion equation for transverse waves in a fluid moving in the direction of propagation 
with speed Vy. The fluid is conducting and a magnetic field is applied. 


Why is the magnetic transport equation not needed in the Hartmann problem? Could you use it to 
work the problem in a different manner? 


If the transport equation is used instead of the Maxwell’s equations and Ohm’s law, how does the 
external electric circuit enter into the formulation? Hint. show how the boundary conditions of 


the induced field depend on the external electric circuit. 


Solve the Couette MHD problem (which is the Hartmann problem with the top plate moving with 
velocity Vy in the direction of flow). 


Suppose the top and bottom insulating walls of the Hartmann problem have finite conductivity. 
Show that these walls just act as external resistances in parallel and do not change the solution. 


How is the induced magnetic field affected in the above problem? 

Is there such a thing as a moving field? 

Calculate J,, and R; for the Faraday generator of Problem 11.1. 

In Problem 11.2, under what conditions is H, =0 at the channel wall? 

Solve the vortex generator for a radial field of the form B, = B)/,, (see Problem 11.8). 


What is the appropriate energy equation for Problem 11.23? Can it be integrated to find T(r)? 
What about p(r)? Hint. assume v2/2 > u2/2. 


NOMENCLATURE FOR CHAPTER Il 


a@ = sonic velocity 

a, = shock velocity 

A = Alfvén velocity; area 

B = magnetic induction field 

By) = applied magnetic field 

c = velocity of light 

Cp = specific heat at constant pressure 
D = displacement field 

E = electric field 

H = magnetic field 
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J = current per unit length of channel 
I = total current for a device 

I,, = short circuit current 

J = current flux 

k = ratio of specific heats, ¢,/c,; propagation constant 
L = characteristic length 

m = mass rate of flow 

M = magnetization vector 

M = Hartmann number 

M,» = magnetic Mach number 

Nr = Reynolds number 

N = Interaction parameter 

p = pressure 

P. = power 

P = polarization vector 

P», = magnetic Prandtl number 

Ri» = magnetic Reynolds number 

T;; = electromagnetic stress tensor 

U = 2x component of velocity, internal energy 
v = y component of velocity 

Vp = phase velocity 

~U = volume 

Vv = velocity vector 

V, = terminal potential 

hee = open circuit terminal potential 
Ww = z component of velocity 

Bo = IWV1— V2/e2 

€ = permittivity 

@. = permittivity of free space 

ig = second coefficient of viscosity 
n = magnetic diffusivity 

K = relative permittivity 

km = relative magnetic permeability 
kp = thermal conductivity 

le = magnetic permeability 

“uo = magnetic permeability of free space 
bf = fluid viscosity 

y = kinematic viscosity 

p = fluid density 

Pe = charge density 

o = electrical conductivity 

T = mechanical stress tensor 

© = dissipation function 

¢ = electric potential 

yp = gravitational potential 

ra) = frequency 


Chapter 12 


Non-Newfonian Fluids 


12.1 INTRODUCTION 


There are fluids that do not obey the simple relationship between shear stress and shear 
strain rate given by equation (3.45), page 41, for a Newtonian fluid. These fluids have been 
given the general name non-Newtonian fluids. Many common fluids are non-Newtonian. 
Examples are: paints, solutions of various polymers, food products such as apple sauce and 
ketchup, emulsions of water in oil or oil in water, and suspensions of various solids and 
fibers in a liquid paper pulp or coal slurries and the drilling mud used in well drilling. 
It is not for lack of applications that many textbooks and courses have failed to give any 
consideration to non-Newtonian fluids. Although the properties of non-Newtonian fluids 
do not lend themselves to the elegant and precise analysis that has been developed for 
Newtonian fluids, the flow of non-Newtonian fluids does possess some interesting, useful 
and even exciting characteristics. For example: in tne fracturing treatment of oil wells, 
materials have been developed which when added to water will make a fluid so thick that 
it will suspend sand, glass or metal pellets. Yet the same fluid can be pumped down a well 
through tubing at enormous rates with less than half the friction loss of water. In a 
typical fracturing job, over 100 barrels (4200 gallons) might be pumped per minute through 
several thousand feet of three-inch ID tubing. (Fracturing of oil and gas wells is a process 
used to increase the production of the well. A horizontal crack is initiated in the producing 
zone. Fluid pumped down the well under high pressure greatly extends this crack. The 
sand, or pellets act as propping agents to hold the fracture open after the treatment. 
Fluid must be delivered at a rapid rate to overcome the loss by diffusion of fluid within the 
pores of the fractured rock.) 


Coal slurr‘es having consistency of over 80% by volume of powdered or crushed coal in 
water possess non-Newtonian properties and can be pumped long distances with much less 
power requirements for pumping than pure water. 


12.2 CHARACTERISTICS AND CLASSIFICATION OF 
NON-NEWTONIAN FLUIDS 
(a) General. 


As was illustrated in Section 3.3(d), page 41, the shearing stress 7 for a Newtonian fluid 
is linearly related to the shearing rate } by the viscosity up, 


Pa ° ou 
ci = Ly = Moy (12.1) 
(where y is the rate of shear strain)*; or conversely, the shearing rate is linearly related 
to shearing stress, 1 
y = ne (12.2) 


*In Chapter 3 we used the notation y;; for the shear strain rate. Here we use y for shear strain and y for 
shear strain rate, since both terms may be considered in a non-Newtonian fluid. 
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In what follows, non-Newtonian fluids which do not obey this linear relationship will be 
grouped and discussed in three general classifications: 


(1) The simplest of these is the time independent non-Newtonian fluid in which the 
shear rate is a unique but non-linear function of the shear stress. 


(2) Time dependent non-Newtonian fluids have more complex shearing stress strain 
rate relationships. In these fluids the shearing rate is not a single valued function 
of the shear stress. The shear rate depends on shearing time or on the previous 
shear stress rate history of that fluid. 


(3) In viscoelastic fluids, shear strain as well as strain rate are related in some way to 
shear stress. Unlike a truly viscous fluid in which all its energy of deformation is 
dissipated, some of the energy of deformation of a viscoelastic fluid may be recover- 
able as it is in the deformation of an elastic solid. 


(b) Time Independent Fluids. 
For the time independent non-Newtonian fluid, 


7 = flr) ud) 


A Newtonian fluid is simply a special case of the above where the function f(r) is linear, 
and thus is also termed as being purely a viscous non-Newtonian fluid. The majority of the 
non-Newtonian fluids that we encounter probably fall into this category; and in some 
cases flow of fluids not in this category, such as time dependent fluids, may be approximated 
in this category for simple cases such as steady flow in a pipe or Couette flows. 


The time independent non-Newtonian fluids have been commonly represented by three 
distinct types as shown by Fig. 12-1. These are: 


(1) Bingham plastics, curve A 
(2) psetdoplastic fluids, curve B 
(3) dilatant fluids, curve C. 


The Newtonian fluids are indicated by straight lines as shown by line D. 


7, shear stress 


y, shear strain rate 


Fig. 12-1. Typical shear stress strain rate relationships for 
non-Newtonian fluids. 
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1. Bingham Plastics. 


Bingham plastics exhibit a yield stress at zero shear rate, followed by a straight line 
relationship between shear stress and shear rate. The characteristics of these fluids 
are defined by two constants: the yield stress r, which is the stress that must be exceeded 
for flow to begin, and the plastic viscosity », which is the slope of the straight line 
portion of curve A in Fig. 12-1. The equation for a Bingham plastic is then, 


Peels = yy (12.4) 


The Bingham plastic concept has been found to closely approximate the behavior 
of many real fluids such as slurries, plastics, emulsions such as paint, and suspensions 
of finely divided solids in a liquid. An important example of the latter are drilling 
muds, which consist primarily of clays suspended in water. 


Because of its simple straight line relationship between shear stress and shear rate, 
the Bingham plastic concept is convenient for analysis. 


2. Pseudoplastic Fluids. 


Pseudoplastic fluids (curve B of Fig. 12-1), as well as dilatant fluids (curve C), do 
not have a yield stress. The pseudoplastic fluid is also characterized by a progressively 
decreasing slope of shear stress versus shear rate. This slope has been defined as 


apparent viscosity ‘ 
eee (12.5) 


At very high rates of shear in real fluids the apparent viscosity becomes constant and 
equal to »., and the shear stress versus shear rate becomes linear. 


There are a number of empirical relations that have been used to describe pseudo- 
plastic fluids. The simplest of these is the power law due to Ostwald. It may be 


written as " 
7 = ky” where <1 (12.6) 


k and n are constant for a particular fluid. k is a measure of the consistency of the 
fluid and n, the exponent, is a measure of how the fluid deviates from a Newtonian 
fluid. Note that for a Newtonian fluid n»=1 and k=un, the viscosity of the fluid. 


Defining apparent viscosity as 
ba tly (12.7) 


equation (12.6) gives mbar kyle! (12.8) 


Note that when the shear rate is zero, the apparent viscosity is infinite. This is one of 
several objections that have been raised against the use of the power law model. Another 
is that for real fluids n is not constant over the entire flow range, and still another is 
that the constant k has dimensions which depend on n. As has been mentioned, 
approaches 1, i.e. Newtonian flow, at very high rates of shear. Nevertheless the power 
law model has been found desirable because of its simplicity, as well as being adequate 
to analyze such flows as Couette flow and flow in pipes and channels. 


Other empirical equations which have been proposed and which also overcome some 
of the objections to the power law fluid are 


Prandtl 7 = Asin-'(7/C) (12.9) 
Eyring 7 = y/B + Csin(7/A) — (12.10) 
Powell-Eyring 7 = Ay + Bsinh-!Cy (2200) 
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Williamson + = Aj/(B+4) + poy (12.12) 
where A, B and C represent constants (different for each model). 


Because the latter four equations lead to much greater complexity of analysis than 
the power law model which is adequate in many engineering applications, further dis- 
cussion of the pseudoplastic fluids will be limited to the power law model. For cases 
where the power law model does not give an adequate representation of the fluid, it 
might be more practical to use a computer program that works from the actual meas- 
ured properties of the fluid rather than resort to another empirical relationship. 


8. Dilatant Fluids. 


Dilatant fluids are similar to pseudoplastic fluids in having no yield stress. They 
differ from pseudoplastic fluids in that the apparent viscosity increases with increasing 
shear rate. These fluids are far less common than the pseudoplastic fluids. As with 
the pseudoplastic fluids, they may be represented by the power law model where the 
exponent 7 is now greater than unity. 


The power law fluids can be repre- 
sented graphically most simply by plot- 
ting the logarithms of shear stress versus 
the logarithms of shear rate, as illus- 
trated in Fig. 12-2. Taking the logarithm 
of both sides of equation (12.6), 


log r 


logr = logk +nlogy (12.19) 


which is the equation of a straight line 
where the slope is n and the intercept of 
the curves with logy =0 or y=1 gives 
the value of log k, the consistency con- 
stant. A Newtonian fluid, n=1, is just 
a special case of a power law fluid. Fig.12-2. Log-log plot of power law fluids. 


log ¥ 


(c) Time Dependent Fluids. 


Some fluids are more complex than those just described and the apparent viscosity 
depends not only on the shear rate but also on the time the shear has been applied. There 
are two general classes of such fluids: 


(1) thixotropic fluids 
(2) rheopectic fluids. 


The shear stress decreases with time as the fluid is sheared for a thixotropic fluid and in- 
creases with time for a rheopectic fluid. A common example of a thixotropic fluid is 
printer’s ink which is usually worked over several rolls before being applied to a plate. 


1. Thixotropic Fluids. 


The consistency or apparent viscosity of thixotropic fluids depends on the length of 
time of shearing as well as on the shear rate. As the fluid is sheared from a state of 
rest, it breaks down (on a molecular scale), but then the structural reformation will 
increase with time. An equilibrium situation is eventually reached where the breakdown 
rate is equal to the buildup rate. If allowed to rest, the fluid builds up slowly and 
eventually regains its original consistency. Thixotropy is then a reversible process. 
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Fig. 12-3 shows a plot of stress versus strain rate for a thixotropic fluid immediately 
after shearing and after the fluid has rested for varying times. The initial curve is 
shown as Newtonian in Fig. 12-3 but could well be non-Newtonian. 


Buildup after standing 
for an increasing time 


wn 
n wn 
ov n 
mH ov 
» mH 
n » 
A ¥ 
® 3 
© ec 
Initial curve immediately 
after shearing 
y, shear strain rate y, shear strain rate 
Fig. 12-3. Thixotropic fluid sheared at Fig. 12-4. Hysteresis loops for a thixo- 
different times. tropic fluid. 


If a thixotropic fluid is sheared at a constantly increasing rate, then at a constantly 
decreasing rate, a curve similar to a hysteresis loop is generated. In Fig. 12-4 is such 
a curve for a pseudoplastic type of thixotropic fluid. As the shear is decreased, the 
apparent viscosity is less than for the increasing shear. 

Some Bingham plastic materials exhibit thixotropic behavior but, if the stress is 
high enough, will break down and behave like true liquids until the structure reforms. 
This behavior is indicated in Fig. 12-5(a). However, some materials, known as false- 
bodies, exhibit a yield stress even after shearing, although the yield stress value is de- 
creased, as shown in Fig. 12-5(b). It generally takes a long time for a false-body to 
regain its original yield strength. 


y Y 
(a) (b) 
Fig.12-5. (a) True thixotropic Bingham plastic, (b) false-body behavior. 
2. Rheopectic Fluids. 


In rheopectic fluids, molecular structure is formed by shear and the behavior is 
opposite to that of thixotropy. A simple example of the formation of structure by shear 
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is the beating and thickening of egg whites, although egg white is probably not a true 
rheopectic fluid. Many substances lose their rheopectic property at extremely high shear 
rates and may then even behave as thixotropic fluids. 


(d) Viscoelastic Fluids. 


A viscoelastic material exhibits both elastic and viscous properties. The simplest 
type of such a material is one which is Newtonian in viscosity and obeys Hooke’s law for 


the elastic part. We can write 
y = t/ ty + t/Xr (12.14) 


where is a rigidity modulus. Under steady flow then, 7 =7/,, and the fluid behaves like 
a simple Newtonian fluid. However, if the shear stress is changed, an elastic effect is 
noticed. 


Maxwell first proposed (12.14) in the form 
rt (up/A)t = my (12.15) 


and liquids which obey this law are known as Maxwell liquids. The constant (,/A)~? is 
known as the relaxation time and is, physically, the time constant for exponential decay 
of stress at a constant strain. If the motion is stopped the stress relaxes as e7 %/“0, 


Rather complex models of viscoelastic materials have been developed in which higher 
time derivatives of + and y appear. For time varying processes, the elastic constants may 
be complex functions of frequency. A very readable introduction to these models is given 
by Wilkinson (see reference 7, page 240). 


12.3 LAMINAR FLOW IN PIPES 
(a) Power Law Fluids. 


To illustrate an application of the power law model, the equations for the velocity pro- 
file and pressure drop versus flow rate will be derived for fully developed laminar flow of 
a power law model fiuid in a pipe. — 


The equation of shear stress for steady one dimensional flow in cylindrical coordinates 
(which is merely the steady state equation of motion for fully developed flow) is 


a on ap 
TE es a = (12.16) 
which for pipe flow integrates to 
Sees ( ap | (12.17) 
Z\ dz ; 


where 7 is the shearing stress defined positive when acting in the upstream direction on 
the surface of a cylindrical element, and dp/dz is the downstream pressure gradient as 
shown in Fig. 12-6. 

x“ 


Centerline 
velocity “2%, = | 


Control volume 


Fig. 12-6. One-dimensional flow in a pipe. 
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For a power law fluid, the rheological equation is 


du\" 
= — —— 12.18 
eee o) (12.18) 
du\" x (a 

giving k(— Se) = -3(S) (12.19) 

or using the notation —dp/dz=G and transposing (12.19)*, 
_ du co G oa 1/n 12 20 
dr co : eet) 

0 a G 1/n 
Integrating (12.20), f —du = if eS pec ay. (12.21) 
] 1 — n G ee (n+1)/n _ »l(nt+1)/n 12 22 
which gives ieee a rilse) (a r ) (12,22) 
The total flow is gu is Qnur dr (12.23) 
0 


Substituting (12.22) into (12.23) and integrating, 


Us G us (8n+1)/n 
“ (3n + 1) oe is Cece 
The mean velocity is V = Q/na?, giving 
— n G oh (n+1)/n 
ae (3n + 1) Ge i ee 


Setting G = (Ap)/L for pipe flow (L = length of pipe, Ap = pressure drop and D = 2a, the 
pipe diameter), equation (12.25) can be written 


2(38n +1) V sb no (ae 


1/n 
7 D 4 Oe ) (12.26) 


For a Newtonian fluid (kK=y, n= 1), equa- 
tion (12.26) reduces to the familiar equation 
for Poiseuille flow, 

8V D Ap 


Teer (12.27) 


Substituting (G/2k)" from (12.25) into 
(12.22) gives for the velocity profile in terms 
of the mean velocity, 


U 38n +1 pv wtb in 0 02 04 06 08 1.0 
ine ee | ae) | rla 


Fig. 12-7 shows velocity profiles given by Fig. 12-7. Velocity profiles in a circular pipe for a 
(12.28) plotted for various values of n. power law fluid for various values of n. 


*G@ is taken as a positive number in what follows. Flow is taken positive in the positive z direction and 
dp/dz would be a negative value (and G positive) for positive flow. 
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The lower the value of the flatter the velocity profile is, until eventually for very low 
values of n the flow assumes a plug-like form with only the fluid adjacent to the pipe walls 
being sheared, so that the velocity profile is almost indistinguishable from the profile for a 
Bingham plastic (see Fig. 12-8). 


In some cases a fluid may be successfully treated as either a Bingham plastic or a power 
law fluid. This has been the case with certain drilling muds. 


(b) Bingham Plastics 


For the laminar flow of a Bingham plas- 
tic, the equation for shear stress to be sub- 
stituted into equation (12.17) is 


gp SS ty sF py (12.29) 


where 7; > t,; if 7 is less than 7, then y=0 
and the fluid moves as a plug of radius t 


as shown in Fig. 12-8. We have for flow in Fig. 12-8. Flow of a Bingham fluid in a circular 
a pipe of radius a, pipe. 
= - e du 
at = 47rG = Tye sae (12.30) 


for” <r and for = 1< re dijde—0-°At r= ae du/dr = 0, giving 


r, = 27,/G (12.81) 
Integrating (12.30) for velocity gives 
if du = -— | (1 —4rG)ar (12.32) 
0 » eaten 1c 
G g 2 Ty 
so that for r,<r<a, Le a (Cy 0) (12.33) 
My Mp 
Setting r=r,=27,/G, (12.38) gives 
ne in (a/%— 1)", Tot (12.34) 
bpG@ 


The flow rate found from integrating the velocity over the cross sectional area of the pipe is 


SAA 
£ ra Secs i at eal 12.85 
@ 8, [1 3\aG i 3 \aG ( ) 
which reduces to the Poiseuille expression for 7,=0. The above equation, called Bucking- 
ham’s equation, gives the pressure gradient G = (Ap/L) as an implicit function. 


12.4 GENERALIZED METHOD FOR FLOW IN PIPES 
(a) Generalized Reynolds Number and Friction Factor for Pseudoplastic Fluids. 


A method has been given by Metzner and Reed (see reference 8, page 240) which de- 
fines a generalized Reynolds number which can be used to find friction factors for both 
laminar and turbulent flow of time independent fluids. 

As in the case of a Newtonian fluid, the generalized Reynolds number can be defined as 

2 
Noa ageiad (12.36) 


R 
ToL 
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where 7,, is the wall shearing stress corresponding to laminar flow, and V is the mean 
velocity. 
Defining the Fanning friction factor* as 
2 
ees. (12.37) 
pV? 
in laminar flow leads to the laminar flow relationship 
16 
= RSS 
f Nz ( ) 


between the friction factor and Reynolds number for Newtonian fluids. 


The next step in the method is to use measurements made in capillary tubes or other 
devices to determine rheological constants that can be used to evaluate the generalized 
Reynolds number. 


The pressure drop Ap and mean velocity V are measured. Then two constants for the 
fluid are defined by the relation 
Ap ‘ 7 
in = % = XK(8V/D) (12.39) 
where K’ is the consistency index and vn’ is the flow behavior index. 8V/D would be the wall 


shear rate for Poiseuille flow of a Newtonian fluid. 7’ can be found from the tangent slope 


of log 7, plotted versus log 8V/D: 
d(log z,) 


Equation (12.39) is based on an expression by Mooney for the wall shear rate at the 


pipe wall: 
du , 
Sa er ey) (12.41 


Equations (12.39), (12.40) and (12.41) are applicable to other fluids besides power law 
fluids, i.e. n’ and K’ are not necessarily constants. For the special case of power law fluids, 
n=n' and we have 


2 (12.42) 


TUNG 22 
ee: (= 4 *) 
Substituting 7, from (12.39) into (12.36), the expression for the generalized Reynolds num- 
ber gives 

Ag DV eee 


ayaa Seay (12.43) 


For a Newtonian fluid n’=1 and Nr=pVD/K’, so that K’ = un, the viscosity. 


(b) Turbulent Flow. 


Dodge and Metzner (see reference 1, page 240) have produced a relationship based on 
the logarithmic resistance formula of von Karman for Newtonian fluids relating friction 
factor to the generalized Reynolds number Nr. Analogous to this equation for Newtonian 
fluids, the equation proposed by Dodge and Metzner for a power law type of fluid flowing 
in smooth pipes is 


al 4.0 aes 0.4 
f a (iors logo [Np f “| = (n’)12 (12.44) 


*The Fanning friction factor differs from the one used previously, the Darcy friction factor (in Chapters 
4 and 5), by a factor of 4: (f, Darcy) = 4 x (f, Fanning). 
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Fig. 12-9 is a graph of this equation which does not give the friction factor f explicitly. 


f =16/Np (laminar) 


Fig.12-9. Fanning friction factor f versus Reynolds number Np, equation (12.44). 


The data of Dodge and Metzner show that the critical generalized Reynolds number cor- 
responding to the onset of turbulence increases with decreasing values of the flow behavior 
index n’, Ne critical increasing from 2100 at n’=1 to 3100 at n’=0.38. However, no 
exact criterion has been established for the critical Reynolds number. 


(c) Anomalous (Turbulent) Flow of Non-Newtonian Fluids. 


While a great number of non-Newtonian fluids have been found to satisfy the gen- 
eralized turbulent flow criteria of Metzner, solutions of certain high molecular weight 
organic compounds have been found that have friction factors much lower than those 
predicted by the type of relationship given by (12.44) for turbulent flow. Instead of the 
friction factor leveling out after the critical generalized Reynolds number is reached, the 
friction factor continues to drop almost as fast as the curve for laminar flow, making it 
appear that either turbulence has been suppressed or the onset of turbulence delayed. For 
certain fluids this trend may continue until friction factors are reached that are an order 
of magnitude lower than that for pure water. 


Guar gum and certain polymers supplied commercially to reduce friction in pumping 
fluids possess these characteristics. One application of these fluids is in oil well treatment 
where huge quantities of fluid may have to be pumped down a well in a very short time. 
One unfortunate disadvantage of many of these high molecular weight compounds is their 
susceptibility to physical degradation i.e. tearing apart of the very large molecules due to 
high fluid shearing rates so that they lose their desirable friction reducing properties when 
fluid is reused. 


Slurries of solids in water where the solid phase may not be tightly dispersed by the 
water, may also produce lower friction factor in turbulent flow than water in pipes. At the 
pipe walls the water or liquid phase separates from the solid phase to form a low viscosity 
layer. The more rigid core of the slurry tends to move as a plug. Because there is less 
turbulent momentum transfer from the boundary layer to the core, the laminar boundary 
layer is actually thicker and the friction factor less than it would be for the flow of pure 
water. Highly concentrated coal slurries show a much lower friction factor than water. 
The friction factor for turbulent flow of paper pulp in water also decreases below that of 
water as the concentration of pulp increases. 
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Solved Problem 


12.1. A clay slurry, K’ = 1.693 (units of K’ are in lb, ft and sec, the power depending on n’) 


and n’ = 581, is to be pumped at 1150 gallons per minute in 3.826” ID pipe. What 
will be the pressure loss in the pipe? 


1150 gal/min corresponds to 2.56 ft?/sec. The pipe cross sectional area is 0.0798 ft2, giving a 
velocity of 32 ft/sec. From equation (12.43) the modified Reynolds number is Nr = 19,900, well 
in the turbulent regime. From equation (12.44) the Fanning friction factor is found to be 0.00442. 
This value of f cannot be determined explicitly from (12.44) but may easily be found by assuming 
a trial value of f to substitute in the term logy) (Ng f' "/”). Then (12.44) is solved for a new f to 
be used again in solving for f from (12.44), ete. f soon converges to the correct value to satisfy 
(12.44). Also, f can be found from Fig. 12-9. The pressure gradient (Ap)/L is found in the usual 
way from the formula 

Dap _ feV? 


igcny aaa Bars 
giving (Ap)/L = 0.396 psi/ft of pipe. 


Supplementary Problems 


Capillary tube rheometer measurements of a fluid have shown log r9 versus log 8V/D to be a 
straight line between 8V/D = 88 sec~! and 5400 sec~1 corresponding to 7) varying from T= 1220 
to 2.50. What is the pressure drop for the fluid flowing through a 3.820” ID tube at 400 gallons/min- 
ute? Is the flow laminar or turbulent? 
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12.3. 


12.4. 


Show that the velocity profile for flow of a power law fluid between parallel plates can be expressed 


as 
1/ - 
ee 4 ($) " [Aint D/n — y(n+1)/n) 


where hf is the half width of the channel and y is the coordinate measured from the centerline. 


Derive the velocity profile for Bingham plastic flow between parallel plates. 


NOMENCLATURE FOR CHAPTER 12 


a = radius of pipe 
A,B,C = constants used in various stress-strain rate relationships 
D = diameter 
f = friction factor (Fanning) 
G = —dp/dz, pressure gradient in a pipe 
k = proportionality constant for a power law fluid 
K’ = consistency index 
= length 
n = exponent for a power law fluid 
n’ = flow behavior index 
Nr = generalized Reynolds number, 8pV2/r9;, 
p = pressure 
Q = volume flow rate 
r = radial coordinate , 
; _= radius of central plug in a pipe 
Uu = velocity 
Um = maximum velocity 
Up = velocity of central plug in a pipe 
V = average velocity 
Y = shear strain 
y = ghear strain rate 
r = a rigidity modulus 
nm = viscosity 
Np = apparent viscosity 
Lo = viscosity at zero shear rate 
Lp = plastic viscosity 
Leo = asymptotic value of apparent viscosity for high rates of shear 
T = shear stress 
+ = shear stress rate 
9 = wall shear stress 
TOL = wall shear stress corresponding to laminar flow 


= yield stress 
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Appendix A 


Some Properties of Fluids 
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Absolute viscosity of some fluids. 


Fig. A-1. 
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Kinematic viscosity of some fluids. 


Fig. A-2. 
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TABLE A.1. 


SOME PROPERTIES OF FLUIDS 


PROPERTIES OF WATER AT ATMOSPHERIC PRESSURE 
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0 82 


Temperature 


0 32 


0.99987 
1.00000 
0.99999 
0.99973 
0.99913 
0.998 
0.996 
0.992 
0.988 
0.983 
0.978 
0.972 


0.965 
0.958 


TABLE A.2. 


PROPERTIES OF AIR AT ATMOSPHERIC PRESSURE 


Density 


1.293 x 10-3 
1.093 
0.946 
0.834 
0.746 
0.675 
0.616 
0.567 
0.525 


0.488 


0.457 


2.122 
1.836 
1.619 
1.448 
1.310 
1.196 
1.101 
1.019 
0.947 
0.887 


gm/cm? | slugs/ft? | dyne-sec/cm? 


1.794 X 10-2 


1.568 
1.519 
1.310 
1.145 
1.009 
0.800 
0.654 
0.549 
0.470 
0.407 
0.357 
0.317 
0.284 


Ibp-sec/ft? 


3.746 X 1075 


3.274 
3.172 
2.735 
2.391 
2.107 
1.670 
1.366 
1.146 
0.981 
0.850 
0.745 
0.662 
0.593 


Viscosity 


1.709 x 10-4 


1.951 
2.175 
2.385 
2.582 
2.770 
2.946 
3.113 
3.277 
3.433 
3.583 


em2/sec 


1.794 x 10 
1.568 
1.519 
1.310 
1.146 
1.011 
0.803 
0.659 
0.556 
0.478 
0.416 
0.367 
0.328 
0.296 


ft?/sec 


1.930 x 10—5 
1.687 
1.634 
1.407 
1.233 
1.088 
0.864 
0.709 
0.598 
0.514 
0.448 
0.395 
0.353 
0.318 


Kinematic viscosity 


3.568 X 10~7 


4.074 
4.541 
4.980 
5.391 
5.784 
6.151 
6.500 
6.842 
7.168 
7.481 


2.510 X 1078 


WHO WO 
1.921 
2.474 
3.077 
3.724 
4,416 
5.145 


5.907 
6.721 
7.570 
8.436 


Appendix B 


Units and Dimensions 


In fluid mechanics we must deal with measurable quantities such as pressure, velocity, 
density and viscosity. These quantities are related through equations derived from laws 
or definitions. Each contains some or all of the basic dimensions of force (F'), mass (M), 
length (L), time (7) and temperature (#). For quantitative purposes a set of units must be 
established for these basic dimensions. (In electromagnetic theory there is one additional 
basic dimension (which is arbitrary). It is often convenient to take this dimension as charge 
which is measured, in mks units, in coulombs. Thus in magnetohydrodynamics there are 
five basic dimensions.) 


Equations expressing relationships among physical quantities must be dimensionally 
homogeneous. That is, each term of an equation must have the same dimensions. 


A difficulty arises when the units of mass and force are established independently. The 
different disciplines related to fluid mechanics, such as aerodynamics, thermodynamics and 
heat transfer, all have their own well developed system for handling this problem — the one 
which best serves their specific needs. 


From Newton’s law we find that force and mass are not independent dimensions. Force 
is proportional to the product of mass and acceleration; that is, 


F< ma 


And by requiring dimensional homogeneity, we find that 
ML yD he 
= (qe) or an = ({-) 


The actual choice of basic dimensions then is somewhat arbitrary. One may use an 
F,L,T,9 system or an M,L,T,@ system. Then all other dimensions may be expressed in 
terms of the chosen independent basic dimensions by means of laws and definitions. 


Now we may use Newton’s law to define the unit of mass in terms of force and accelera- 
tion. We write 


If the unit of force is lbr and the unit of acceleration is ft/sec?, then the unit of mass is 


lbs sec? 
ft 


This is the amount of mass which is accelerated at the rate of 1 ft/sec? when acted upon by 
1 lbs. This unit of mass is called a slug. 
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Another unit of mass established independently of Newton’s law is also used. The pound 
mass (lb) is defined as the amount of mass which would be attracted toward the earth’s 
surface by a force of one pound (at a particular location). When units of force and mass 
are defined independent of Newton’s law, we must write the equation with a conversion 
factor, k, in order to make the equation dimensionally homogeneous. We have 


F = kma or Ee = ie 


Yc 
ma 
F 


The quantity g- has a numerical value and units which depend on the particular units chosen 
for force, mass and acceleration. Some particular sets of values are 


and Go = 


1(slug) (ft/sec?) 1(gm) (cm/sec?) 
TOs Ibe * dyne 
32.2(Ibm) (ft/sec?) 1(kg) (m/sec’) 
oa lbs a newton 
where we see that SRCHNE Deg ceomeerappeam haps 


and we note that 1 lbm will be accelerated at the rate of 32.2 ft/sec? when acted upon by 1 lb;. 
The slug is the unit of mass implied through most of the book and thus g. does not appear 
in the equations. 


Some physical quantities and their dimensions are listed in Table B.1. Some conversion 
factors are given in Table B.2. 


The method of making the proper conversions is illustrated in the following example. 
Solve numerically for ho in ft lb;:/Ibm where the numerical value of each quantity of the right 
side is given in terms of the units shown. 


2 

Len et PU. - 
a Btu ee Let Sy ee 
eh | Saale esnips Visitas Pee 


We substitute the numerical values into the equation along with the units and conversions. 


, = 4 Biuy, 178 ft Ion Ibr 5 ft? 144in? | D? fe sec? Ib; 
ee Si Ibm Btu in? ~ Ibm ft 2 sec? 32.2 Ibm ft 
% D2 \ ft Ib; 
ce (778. a4eo & ey the 


Thus we see that g. is treated as a conversion factor. 


In summary, it is useful to write the equation F' = ma in various systems of units. The 
following equations indicate the relationships among the dimensions and units. 


CGS System: FF (dynes) = m(grams) x a (cm/sec?) 
MKS System: FF (newtons) = m (kilograms) x a (m/sec’) 
FPS System: FF (poundals) = ™ (Ibm) x a (ft/sec) 


FSS System: F (Ibs) = m (slugs) x a (ft/sec?) 
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TABLE B.1. DIMENSIONS AND UNITS 


Dimensions ; 
Physical English 


Quantity MLT 
System 


Acceleration LT~-2 
2 2 lug ft/sec? 
Worcs MLT~-2 ra cue em/sec g bin ft/sec s ug /s 
= dyne = newton = poundal = ilar: 
Momentum, gm cm/sec kg m/sec lb,, ft/sec slug ft/sec 
-1 


gm cm2/sec? kg m?/sec? 
= nt m 
= joule 


lb,,, £t?/sec? slug ft?/sec? 
= ft pdl = ft Ib; 


gm cm2/sec? kg m?/sec3 
= dyne cm/sec = joule/sec 
= erg/sec = Wiehe 


Density FL-4T2 kg/m? sy anes slug/ft? 
Angular m ae 
velocity T 7 rad/sec rad/sec rad/sec rad/sec 
Angular = i F s : : 
acceleration Tr T rad/sec? rad/sec rad/sec? rad/sec 
gm cm2?2/sec? kg m2/sec? lb, ft?/sec? slug ft?/sec? 
= =ntm = ft pdl = ft lh, 


Moment of . 5 : 

inertia gm cm kg m? Tbyetts slug ft2 

Pressure, gm/(cm sec?) kg/(m. sec?) 

Stress = dyne/cem? ea neon pdl/ft? Ib,/ft? 
) 


gm/(cm sec) kg/(m sec) lb» /(ft see slug/(ft sec 


lbm ft?/sec3 slug ft?/sec® 
= ft pdl/sec = ft lb;,/sec 


Viscosity (u) 


= dyne sec/em?2 = nt sec/m2 = pdl sec/ft?, = lbry sec/ft? 


Kinematic 
viscosity (v) 


Surface gm/sec? kg/sec? lb,,/sec2 slug/sec? 
tension = dyne/cm = nt/m = pdl/ft = Ib,/ft 


cm2/sec ft?/sec ft?/sec 
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Length 


Area 


Volume 


Mass 


Speed 


Density 


Force 


Energy 


Power 


Pressure 


Angle 


TABLE B.2. CONVERSION OF UNITS 


1 kilometer (km) = 1000 meters 1 inch (in.) = 2.540 em 

1 meter (m) = 100 centimeters 1 foot (ft) = 30.48 cm 

1 centimeter (em) = 10-2m 1 mile (mi) = 1.609 km 

1 millimeter (mm) = 10-3m 1 mil = W@-Ssin, 

1 micron () = Osim 1 centimeter = 0.3987 in. 
1 millimicron (mu) = 10-9m 1 meter =~ 39.37 in. 

1 angstrom (A) = 10-10m 1 kilometer = 0.6214 mile 


1 square meter (m2) = 10.76 ft2 
1 square foot (ft?) = 929 cm2 


1 liter (1) = 1000 cm? = 1.057 quart (qt) = 61.02 in? = 0.03532 ft 
1 cubic meter (m3) = 10001 = 35.82 ft? 
1 cubic foot (ft?) = 7.481 U.S. gal = 0.02832 m? = 28.32 1 


1 U.S. gallon (gal) = 231 in? = 8.7851; 1 British gallon = 1.201 U.S. gallon = 


1 kilogram (kg) = 2.2046 lb,, = 0.06852 slug; 11b,, = 453.6 2m = 0.03108 slug 


1 slug = 32.174 1b, = 14.59 kg 


1 km/hr = 0.2778 m/sec = 0.6214 mi/hr = 0.9118 ft/sec 
1 mi/hr = 1.467 ft/sec = 1.609 km/hr = 0.4470 m/sec 


1 gm/em? = 102 kg/m? = 62.48 lb,,/ft? = 1.940 slug/ft? 
1 lb,,/ft? = 0.01602 gm/em3; 1 slug/ft? = 0.5154 gm/cm? 


1 newton (nt) = 10° dynes = 0.1020 kg, = 0.2248 Ib, 

1 pound force (lbs) = 4.448 nt = 0.4586 kg; = 32.17 poundals 

1 kilogram force (kgs) = 2.205 lbp = 9.807 nt 

1 U.S. short ton = 2000 lbs; 1 long ton = 2240 lb;; 1 metric ton = 2205 lb, 


isjoules =f ntm =—10-ergs) =F 07376 ft lb; — 023889 .cal = 9481 < 10s2 Btu 
1 ft lbp = 1.856 joules = 0.3239 cal = 1.285 X 10-3 Btu 

1 calorie (cal) = 4.186 joules = 38.087 ft lb; = 3.968 x 10~% Btu 

1 Btu = 778 ft lbp = 1055 joules = 0.293 watt hr 

1 kilowatt hour (kwhr) = 3.60 x 108 joules = 860.0 kcal = 3413 Btu 

1 electron volt (ev) = 1.602 X 10-19 joule 


1 watt = 1 joule/sec = 107 ergs/sec = 0.2389 cal/sec 
1 horsepower (hp) = 550 ft lb-/sec = 33,000 ft lbp/min = 745.7 watts 
1 kilowatt (kw) = 1.341 hp = 787.6 ft lb,-/sec = 0.9483 Btu/sec 


1 nt/m2 = 10 dynes/cm2 = 9.869 X 10~6 atmosphere = 2.089 x 10~? lb,/ft? 
1 lb,/in? = 6895 nt/m2 = 5.171 cm mercury = 27.68 in. water 


1 atmosphere (atm) = 1.013 x 105 nt/m? = 1.013 x 106 dynes/em2 = 14.70 lb,/in? 
= 76cm mercury = 406.8 in. water 


1 radian (rad) = 57.296°; 1° = 0.017453 rad 
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Appendix C 


Some Basic Equations 
in Various Coordinate Systems* 


1, NAVIER-STOKES EQUATIONS OF MOTION FOR 
AN INCOMPRESSIBLE FLUID WITH VISCOSITY CONSTANT 


These equations may be used with a high degree of accuracy for problems involving 
viscosity variations if the viscosity gradient is not too large. In most physical problems 
this assumption is adequate and the Navier-Stokes equations may be used in most incom- 
pressible flow problems. The following symbols are used: 


o = Pressure 


F = Body force density 


uw = Viscosity 
= = Material derivative (not the same on a component as on a vector). 


(a) Vector. 
V is the velocity vector. 

DV oV ' 
Pap. wit ne (Ve vv | = VP Fre ayy (A.1) 

The term (V-V)V is actually a pseudo-vector expression and care must be used 
in its expansion in other than Cartesian coordinates. It is convenient to express this 
acceleration term in true vector form, and the equation of motion may be written 
in the alternative form: 

2 
» [Se + v(5)-vxivxv| = -Vp + F + pV’V (A.2) 

Care must be taken in expanding V2V and DV/Dt, since the operation on a vector is 
not the same as the operation on a scalar component. The following vector identity 
is useful: 


VN = (Ve VP Ve XV YY 
(b) Cartesian Tensor. 
w; is the velocity in the x; direction. 


OW; OW: = Op 07 Wi 
‘ E Ww | = tb es eres (A.3) 


(c) Cartesian. 
u, v, and w are the velocities in the x, y, and z directions respectively. In the 
following section: 


*For a more complete listing of useful equations see: Hughes, W. F., and Gaylord, E. W., Basic Equations 
of Engineering Science, Schaum Publishing Co., New York, 1964. 
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TD) e2* 39 a B sakes 7 92 
peek Sp aeet Vay as Ny ax® * ay? az? 

Du 

cibitsng St Ped 22 2 

P Dt F; ax Sp PONVWSOL 

Dv 0 

PDE = F, as ie nV (A.4) 

Dib see op 3 

PI i ET ee 


Written out in full, these become: 


ou ou du ou = op au du du ) 

oar t Mog t Ugg t MSs) o Ba TE ances be az? 
av av ov av op (= av ay ) 

pce + Yop tay + OS) = Apne! a? ay? oa (A.5) 
ow ow ow Ow \> _ ap O10 row ) 

yg yt wae) = eT ee ay? ' a2 


(d) Cylindrical. 
v,, V,, and v, are the velocities in the r, 9, and z directions respectively. In the 
following section: 


a = etude + 4 8 
ss ae = lee <P + op hae - =r ao (A.6) 
pe) = 2 es] 
— = F, oP nV: 


Written out in full, these become: 


dvr dvr . UY, dU, OV, =| 
pS + ve Se + Og oS r 
ey ee Pur , Ldvr | 1 Pv, | Py 2 a 
‘s ‘ or PY ar” or ar r2 36? 02? re 7 08 
Ov Ov Vv Ov ov Vv 
taht) Sy eee 6 pacts re A.7) 
eit eatt ag t ats ( 
Je = a Ue LORE Oa). 20D 2 
a : r 00 Yar. ' 7 or | 7 36? 2 | P86 
OVz OVz VU, OVz =| 
p [SE + 0 nies tag) U2 


ap E love , 1 dv a 
Ml ar? Yr or 2 36? 02? 
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(e) Spherical. 
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U0, and Vv, are the velocities in the 7, 6, and ¢ directions respectively. In the 
following section: 
Do Ses a, 50 V8 
Di ~ a * ar + > ag * Fsind a¢ 
10. 0 i 0 : =) 1 0? 
ee eel ay SY thy aS eee ee 
MY TOT, ( =) + Pp sin 6 06 (sin 4 00 ne r” sin 6 d¢” 
ie Oey, 
abe oa r ] 
ap | ap Ae) 2v, cotd 2 ae 
ee NN ee a 00 2 r? sin 6 dd 
Do, 2 Pe Vv, cot 
p I r ] 
(A.8) 
a 1 op : 2 dv, v, 2cos@ 9V, 
Sia sO eve a SS 
ee VV, U,V, Coté 
PL Dt r T | 
1. op [ v 2 ow 2cos@ 9v 
= Fo -—— ee 
¢ rsind d¢ Bae Vals r sint@ 7 sin? @_d¢.> 1>sin ¢ aa 
Written out in full, these become: 
OU, dvr . Y, 9, Ye. COE QRS "2 
poet use + r 00 ' rsind ob r 
op 10 ov 1 a av 
= Br oh (@RB) + dag (one) 
or MT Par” or 9 r’? sin 6 00 spel 00 
a 1 0, “yn | 20ev, 2v, cot é 2 9, 
r? sin? 6 d¢? y r 00 72 sind a 
(A.9) 
fee, Se oe Ue OU. wet ee 
WEE " Or r 06 r sind d¢ a 7 
ie 1 op E 0 ( ate 1 0 . dv, 
eth ag rar \" at) + sama op (sine =) 
pe La, 2 ae ea ee Cone, 
7 sin? 9 06? " 72 90 «= sin?@- 7? sin? @ aa 
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Fo ES a al ed 
rilicat or r 06 rsind dd ¥ 7 
1 ap E O77 oP ieee” 5 
a ind) 
o r sin 6 d¢ ae ie me xt) t v2 gin 6 a6 sin 6 00 
1 0, % 2 av, , 2cosé al 
r sin? 6 d¢2 rr? sin?@ =r’ sin? 6 d¢ ~— 7” Sin’ 6 d¢ 


2. SOME USEFUL VECTOR OPERATIONS 


The operations = and V2 listed below are for operations on a scalar. These are not 


the same as operation on a vector except in cartesian coordinates. 


(a) Cartesian. 


Vo S= "= + — 4 |. (A.10) 


Vs ~ ax? oy” az? 
(b) Cylindrical. 
a = Sp yd 4 25 + ug 
vv = 2b + Be an 
Sed re eee 
(c) Spherical. 
a a ot we + S59 rer 
V°V = 3 2 (r°0,) oe =, © (we sin 6) = as (A.12) 


Vv = Par (x or r2 sin 6 06 00 r? gin? 6 d¢? 
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3. THE DISSIPATION FUNCTION 


The mechanical or viscous dissipation function @ is defined in generalized orthogonal 
coordinates as (in terms of the strain rate tensor ij) 


® WS pl2(e2t e% +62) 1 (2e.,) 4 (2e,,)° (een) | + Ale, + ee) (A.T3) 


(In some texts, the definition of differs by a factor of » from the one defined here.) A is 
the second coefficient of viscosity defined in Chapter 3. 


(a) Cartesian Tensor in terms of the stress tensor. 


OW: 
= "ii 9a; (A.14) 


(6) Cartesian. 
Sh CaCO ee a 
oe 2 (5) Ga ie Pale +3 \ ae T oy 


Ow au? ou av wey 
& +e) Aes eee az 


(A.15) 


(c) Cylindrical. 


OVr fn € av, , 9, 2; 
bss eee A.16 
eae a 1 a8 |. Or r | 


dv, 19%, », ay 
Be ae 


(d) Spherical. 


- dv,\? 19¥,  v,\2 1 9, y, v, cotd,2 
ae, »(24(=) rales att) + (Feng ae t E+ r y} 
rm 1 we + Sine 2 ( <a 
rsin@ d¢ r 06\siné (A.17) 
1 3, 2 (2h! a (8) 1 dvr|? 
+t dae a OF iy) | rk il cae ery ee 00 | 
av av v_ cot 072 
a E ee, + 20, 1 ov, ‘ ] 
or r 00 r rsiné d¢ T; 


Answers to Selected Problems 


CHAPTER 2 

2.15. (a) 111 in., (6) 8.14 in.. 

2.16. 3.78 psi 

2.17. 0.747 psi 

2.18. 0.0205 psi 

2.19. 0.00419 psi 

2.20. 585 Ibe 

2.22. 8.47(10)4 Ibe; Fy = 0 

2.23. The same as if the container were at rest. 

2.24. 6.94 ft 

2.25. Pp—-— Pa = y Pst; Pp— Pa = 161y psf; po— pa = 0.61y psf 

2.26. ap a where D is the mean diameter of the cup, and ¢ is the wall thickness of the cup. 

2.30. | Water surface is parallel to the inclined plane. 

2.31. Same as for rotation of an open container with its minimum depth equal to the height of the con- 
tainer with the lid. 

2.32. p= 4pr’w?, independent of vertical position. 

2.33.  Ptop + pa(H — h) 

2.34. p— po = $107? + pig(%o1—2) for 2%, > z -=" > yy 
P— Po = $pqw*r? + p2g(Zo2— 2) + p19l%o1— %2) for zo, > 2— 
Free surface: z = 2%, + dpw?r? 
Interface: z = 2% + dpw?r? 

2.35. Shape is unimportant. LZ and hf are relevant parameters. 

2.37. If the balloon is filled with helium it will slant forward as the car accelerates. 

2.38. o = see (p. + pw2D2/16) where p = density of oil, o = tensile stress, NM = number of bolts, 
A = cross-sectional area of a bolt, p, = pressure from charging pump, w is measured in radians 
per sec. 

CHAPTER 3 

3.14. 0.0119 ft/sec 

315 eee — Arpa2Vo + 7a?(py — Po) 

SIG, y= fa ar Poe — pV/3a 

3.18. 10.6 fps 

31 ome O-21epsi 

3.20. (a) Q=za2V,/2, (b) drpa2V2, (c) $zpa2V3 

3.21. 47.0 horsepower 

3.22. 57.0 ft3/sec; 14,000 lb; 

3.23. 487 ft/sec 

3.27. 0.361 psi/ft 

3.31. 2.32 ft/sec? 

3.32. Q = A,V2gh, if A,<A, and hy — 

3.33. —pU2h/6 

3.34. D=—0.63pU2D 
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3.35. 76.5 rpm 

3.36. wo = V po/%o pH where py is atmospheric pressure. 

CHAPTER 4 

411, Lift = 2150 lb 

4.12. f= 0.028. Pressure drop per mile = 168 psi = 484 ft oil = 387 ft water, assuming sp. gr. 0.8. 

414. Cp=0.18. D = 20 1b, the same as for the model test. 

4.18. Il’s are pDV/yz and wD/V 

4.19. wD/V modeling can be achieved but not pDV/u which is less important. 

4,20. Froude modeling requires V,, = 20 mph and is independent of the fluid viscosity. Reynolds num- 
ber modeling is impractical here since for V,, = 5 mph, say, v = 1.86 10-7 and such a liquid is 
not available. 

4,22. Efficiency = 57%, Q = 185 ft?/sec, H = 90 ft, power = 6075 hp 

4.24, 11.25°F 

CHAPTER 5 

5.13. 0.805 in. 

5.14. 0.00151 Ib,/ft? 

5.15. 0.125 lbp; 0.000705 

5.19. 1.29(UL/v)—1/2 

5.22. ee Are: 32.5 ft/sec? 
[h — 0.1V2/8]3 Vx 

5.23. pU2/6 

5.24, P= Dontrance = = 1.03(10)52 psi 

5.26. 0.338 Ib,/ft 

5.27. 2 — Pentrance — — 0.0288 psi 

5.28. 3.43 Ibe 

5.31. 0.460 Ibe 

5.32. 0.0735 horsepower 

5.33. pw = 1.16(10)—4 Ibe sec/ft? 

5.34. 7270 rpm 

5.85. ru (wy — w)(R3 — R4)/2T iq 

5.36. 1.12 ft/sec 

5.37. 23.0 ft 

5.38. 23.6 ft/sec 

5.40. 12.6 ft/sec 

5.41. 0.0923 psi 

5.42. 0.216 psi 

543. T = 4 [2 iVig Fh — Vie) 

546, Fo = TEs E 4 a(F- 7) ~ 8(d/h)87LuV where h = ee us 

CHAPTER 6 

6.13. 26.6 lb-/ft 

6.16. Force = 2m2p eee) ik = Sans 


(x2 + a?)4 
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6.17. Force = ue (# cos?a + Z sin?'@ — ; sin 2a 
6.18. No difference since F depends on m2. 
6.20. FF = —m In (sinh r2/2d) 
6.21. ¢=A(ax?2—y?), y = (A)(2xy) 
G:2 3 eee -2 in (sinh 7z/d) — Upe 
0:24 ee in In e i if) , streamlines are nested circles. 
eee te hs eee ea 

Q : 
6.32. F = Sse In 0, [z- aatrournen| 
6.34. ry = 12/4729, where y is measured downward from the level of the free surface at infinity to the 

free surface at r. 
CHAPTER 7 
7.26. 4880 ft/sec 
7.27. 0.313; 1.11 
7.28. 0.182 
7.29. 16.1 psi 
7.30. 72.5 psi; 179.2 Btu/lb; 822°R 
7.31. 0.00256 ft? 
7.32. 18.1 Ib,,/sec 
7.33. (a) 0.00806 ft2; 0.01385 ft2. (b) 2.01 
7.34. 0.222 lb/sec; 1590 ft/sec 
7.35. 1.40 
7.36. 1198 ft/sec 
CHAPTER 8 
8.6. M, = 2.6; T, = 381°R; po = 5.5 psia 
8.7. M, = 1.45; T,. = 638°R; po = 31 psia 
8.8. B (bottom) = 15°; 6 (top) = 19.5° 
8.9. M, = 2.6; T, = 487°R; po = 3.93 psia 
8.10. D, = 0.68D, 
8.11. D,=1.75D, 
Ap (—1)"e 
8.13. For the nth half wavelength, es, = WiFi 
8.14. L = 1.03ep, per unit length (shock expansion theory). 
$15. G = —< 
2yMi=1 
8.17. C. = eee Cp = arate ID E (2) Ba enti bat) (Z) | 
VM —1 M?—1 2\ec c 

8.20. |e] = 53° 
8.22. Velocity of shock before reflection = 1160 ft/sec. 
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INDEX 


Accelerating fluids, 14 
Accelerometer, U-tube, 20 
Acoustic waves, 218 
Adiabatic constant area flow, 142 
Adiabatic wall, 199 
Aerodynamics, subsonic, 106, 109, 126 
Airfoil, Joukowski, 124 

lift, 124 

linearized theory of, 165 

subsonic, 171 

three-dimensional effects, 125 
Airfoil theory, 123 

supersonic thin, 167 

thin, 164 
Alfvén waves, 212, 216 
Ampere’s law, 206 
Analysis, dimensional, 62 
Angle, of attack, 125, 126, 165 

Mach, 160 

sweepback, 171 
Angular momentum equations, 28 
Angular velocity, 40, 106 
Anomalous (turbulent) flow of non-Newtonian 

fluids, 239 

Atmosphere, isothermal, 12 
Atoms, mass fraction of, 198 
Attack, angle of, 125, 126, 165 


Balance, energy equation, 34 
Bearing, step, 99 
Bearings, 99 
Bernoulli’s equation, 34, 107 
Bifluid manometer, 22 
Binary diffusion coefficient, 195 
Bingham plastic, 231, 232, 237 
Bingham plastic flow in a pipe, 237 
Blasius solution, 78, 80 
Blasius theorem, 121 
Blunt body, 160 
Body, blunt, 160 
Body force, 11 

electromagnetic, 209 
Bound vortices, 125 
Boundary conditions, electromagnetic, 208 
Boundary layer, 7, 75, 80 

equations of, 80 

flow along a flat plate, 184 

hypersonic, 194, 198 

over a flat plate, 77 

pressure gradient effect, 76 

separation of, 76, 77, 84, 122 

thickness of, 75 

transition of, 76, 77 

turbulent, 81, 186 

turbulent hypersonic, 200 
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Bow shock, 160, 194 
Brinkman number, 66 
Buckingham Pi Theorem, 63 
Buckingham’s equation, 237 
Buoyancy, 14 


Camber, 165 
Cauchy-Riemann conditions, 110, 115 
Centered expansion waves, 145 
Centrifugal pump, 55 
Channel flow, magnetogasdynamic, 221 
Characteristics, 160 
method of, 168 
“Choked”’ flow, 148, 144 
Circular cylinder, flow over, 119, 123 
circulation about, 120 
drag coefficients for, 86 
Circular jet, 191 
Circular tube, flow in, 88 
Circulation, 106, 107, 108, 120, 123 
about a circular cylinder, 120 
Classification of flow, 9 
Coal slurries, 230 
Coefficient, drag, 84, 85 
friction loss, 90 
lift, 84 
of viscosity, 41 
pressure, 164 
transport, 195, 202 
Complex number, 115 
Complex potential, 115, 117 
Complex variable theory, 106 
Complex velocity, 116 
Compressibility of liquid, 1 
Compressible flow, 5 
frictionless, 156 
frictionless in MHD, 221 
one-dimensional, 136 
parameters of, 65 
two-dimensional, gasdynamics, 156 
Compression, supersonic, 162 
Concitions, Cauchy-Riemann, 110, 115 
Conformal mapping, 116 
Conformal transformations, 106 
Conservation of energy, 26 
Conservation of mass, 26, 27 
continuity equation, 36 
Conservation of species equation, 196, 198 
Constitutive equations, 206 
Contact surface, 163 
Continuity equation (conservation of mass), 36 
differential form of, 36 
for turbulent flow, 180 
Continuum, 2, 26 
Control volume, 27 
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Convection, free, 66 Downwash, 126 
Converging-diverging, nozzle, 140 Drag, 69, 84, 122 
Converging nozzle flow, 139 Moya, IPAS 
Converter, torque, 24 “pyrofile”’, 126 
Coordinates, Eulerian, 35 skin friction, 84 
Lagrangian, 35 wave, 163 
Core, potential, 87, 190 Drag coefficient, 84, 85 
Corner, expansion around, 162 for circular cylinders, 86 
Correlations, one-point velocity, 183 Drilling mud, 237 
two-point velocity, 183 Dynamics, particle, 2 
turbulence, 183 
Couette flow, 98 Eckert number, 66 
Covariant equations, 206 Eddy viscosity, 182 
Crocco’s theorem, 157 Egg white, 235 
Current density, 206 Elbows, 89 
Curvilinear squares, 111 Electrical conductivity, 207 
Cylinder, circular, 119, 123 Electrodynamics, 205 
circular, circulation about, 120 Electromagnetic body force, 209 
circular, drag coefficients for, 86 Electromagnetic boundary conditions, 208 
flow over, 119 Electromagnetic momentum, 209 
lift on, 120 Electromagnetic stress tensor, 209 
Ellipse, potential flow about, 129 
Dashpot, hydraulic, 104 Elliptic equations, 168 
Definition, of gas, 1 Emf, induced, 208 
of laminar flow, 5 Energy, 31 
of liquid, 1 conservation of, 26 
of pressure, 10 internal, 32 
of surface tension, 5 kinetic, 32 
of turbulent flow, 5 potential, 32 
of viscosity, 3 turbulent kinetic, 181, 185, 188 
Deformation rate, 40 turbulent kinetic, production and dissipation, 188 
Density, current, 206 turbulent kinetic, transport of, 188 
table, for air, 245 Energy balance equation, 34 
table, for water, 245 Energy equation, 31, 33, 42 
Derivative, material, 38 differential form of, 42 
substantial, 38 for hypersonic boundary layer, 196 
Detached shock, 160 for turbulent flow, 181 
Development length, 87 Energy transfer, turbulent, 202 
Differential equations, 46 Enthalpy, 43 
Differential form, of continuity equation, 36 Entrance flow, 87 
of energy equation, 42 Entropy, 35 
of momentum equation, 36 Entropy production, 44 
of second law of thermodynamics, 44 Equation, angular momentum, 28 
Diffuser, 76, 138 Bernoulli’s, 34 
Diffusion, mass, 195 Buckingham’s, 237 
Diffusion coefficient, binary, 195 constitutive, 206 
Diffusion velocity, 196 continuity, 27, 36 
Dilatant fluid, 4 covariant, 206 
Dilatation, 41 differential, 46 
Dimensional analysis, 62 elliptic, 168 
of fan, 71 energy, 31, 33, 42 
of pump, 71 energy balance, 34 
Dimensions, table of, 248 Euler, 39, 41 
Dipole, 118 hyperbolic, 168 
Displacement current, 206 integral, 26, 45 
Displacement field, 205 Laplace’s, 110 
Dissipation function, 43 Maxwell, 205 
in various coordinate systems, 254 momentum, 28, 36 
Dissociating gas, 198 motion for turbulent flow, 180 
ideal, 198 Navier-Stokes, 41 
Dissociation, 194 Equivalent circuit, 214, 215 
heat flux in, 199 Euler equations, 39, 41 


Doublet, 118 Eulerian coordinates, 35 


Expansion, 89 
around a corner, 162 
supersonic, 161, 162 
Expansion fan, 161 
Expansion waves, centered, 145 
External flow, 7, 77 
Eyring model, 232 


Factor, friction, 89, 144 
Fan, dimensional analysis of, 71 
expansion, 161 
Fanning friction factor, 238 
Fanno line, 142 
Fanno line flow, 142 
Faraday disk generator, 226 
Faraday’s law, 206 
Fick’s law, 195 
Flat plate, boundary layer flow along, 184 
boundary layer over, 77 
supersonic flow over, 164 
Flow, adiabatic constant area, 142 
“choked”, 148, 144 
classification of, 9 
compressible, 5 
converging nozzle, 139 
Couette, 98 
entrance, 87 
external, 77 
Fanno line, 142 
frictional in pipes, 90 
frictionless compressible, 156 
frictionless constant area, with heating 
and cooling, 143 
fully developed, 87, 88 
homentropic, 157 
hypersonic, 156, 194 
ideal, 3, 110 
in circular tube, 88 
in pipes, 75 
incompressible, 5, 110 
internal, 8, 87 
irrotational, 107 
isentropic, 138 
isothermal, with friction, 144 
laminar, 5, 76, 88 
one-dimensional compressible, 136 
over a cylinder, 119 
over a wedge, 160 = 
planar, 167 
Poiseuille, 88 
Rayleigh line, 143 
separated, 84 


shock-expansion over two-dimensional bodies, 163 


shock tube, 147 

steady, 5, 34 

subsonic, 5, 156 

transition, 88 

transonic, 156 

turbulent, 76, 80, 178 

uniform, 112, 117 
Flow work, 33 
Fluctuating velocity, 179 
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Fluctuations, 179 
Fluid, definition of, 1 
accelerating, 14 
dilatant, 231, 233 
heat transfer, 66 
Newtonian, 41 
non-Newtonian, 230 
pseudoplastic, 231, 232 
rheopectic, 233, 234 
rotating, 15 
static, 10 
stress-strain rate relationships, 40 
thixotropic, 233, 234 
time independent, 231, 235 
viscoelastic, 231, 235 
viscous, 41 
Fluid element, rotation of, 106 
Force, on pipe bend, 48 
Forces, body, 11, 209 
on submerged bodies, 13 
surface, 11 
“Form” drag, 126 
Fourier’s law, 195 
Fraction of atoms, mass, 198 
Fraction of molecules, mass, 198 
Fracturing treatment of oil wells, 230 
Free convection, 66 
Free surface, 14, 15 
Free turbulence, 188 
Friction, 3 
Friction factor, 70, 89, 144 
Fanning, 238 
for flow in pipes, 90 
pseudoplastic fluids, 237 
Friction loss coefficient, 90 
Friction velocity, 82 
Friction with isothermal] flow, 144 
Frictionless compressible flow, 156 
Frictionless constant area flow with heating 
and cooling, 143 
Frictionless flow, momentum equation for, 39 
Friedrichs diagrams, 219, 220 
Froude number, 638 
Frozen specific heat, 196 
Fully developed flow, 87, 88 
Function, dissipation, 43 


Galilean transformations, 206 
Gas, definition of, 1 
dissociating, 198 
ideal approximation, 136 
ideal dissociating, 198 
perfect, 43 
Gasdynamics, two-dimensional compressible 
flow, 156 
Generator, Faraday disk, 226 
MHD, 223, 224 
vortex, MHD, 227 
Geometrical similarity, 62 
Grashof number, 67 
Gravitational potential, 42 
Gravity, 11 
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Guar gum, 239 


Hall currents, 225 
Hartmann number, 211 
Hartmann problem, 213 
Head loss, 34, 89 
Heat, 31 

frozen specific, 196 
Heat flux in a dissociating gas, 199 
Heat of formation, 196 
Heat transfer in fluids, 66, 199 
Homentropic flow, 157 
Horseshoe vortex system, 125 
Hydraulic dashpot, 104 
Hyperbolic equations, 168 
Hypersonic boundary layer, energy 

equation, 196 

Hypersonic boundary layer flow, 194 
Hypersonic flow, 156, 194 
Hypersonic laminar boundary layer, 198 
Hypersonic turbulent boundary layer, 200 
Hysteresis loops, 234 


Ideal dissociating gas, 198 
Ideal gas approximation, 136 
Ideal flow, 3 
“Tdeal” magnetoacoustic waves, 219 
Images, method of, 114, 131 
Inclined manometer, 12, 17 
Incompressible flow, 5 

parameters of, 63 

viscous MHD, 213 
Incompressible potential flow, 106 
Incompressible turbulent flow, 178 
Induced emf, 208 
Infinitesimal disturbance, propagation of, 137 
Instantaneous velocity, 179 
Integral equations, 26, 45 
Interaction parameter, 211 
Internal energy, 31 
Internal flow, 8, 87 
Irrotational flow, 107 
Isothermal atmosphere, 12 
Isotropic turbulence, 183 


Jet, circular, 191 
two-dimensional, 191 

Jet flow, turbulent, 190 

Joukowski airfoil, 124 

Joukowski theorem, 120 

Joukowski transformation, 124 


Karman vortices, 86, 87 
Kelvin’s theorem, 123 
in MHD, 213 
Kelvin vortex theorem, 108 
Kinematic viscosity, table for air, 245 
table for water, 245 
Kinetic energy, 32 
turbulent, 181, 185 
turbulent, production and dissipation, 188 
turbulent, the transport of, 188 
Kutta and Joukowski theorem, 121, 122 


Lagrangian coordinates, 35 
Laminar boundary layer, hypersonic, 198 
Laminar flow, 5, 76, 88 
between parallel walls, 88 
in pipes of non-Newtonian fluids, 235 
Laplace’s equation, 110 
Law, Ampere’s, 206 
Faraday’s, 206 
Fick’s, 195 
Fourier’s, 195 
Newton’s second, 26 
Ohm’s, 206 
Law of the wall, 82, 83, 179 
Length, development, 87 
Lewis number, 196, 199 
Lift, 68, 84, 120, 122 
Lift coefficient, 84 
Lift, on a cylinder, 120 
on an airfoil, 124 
Linearized theory of airfoils, 165 
pressure coefficient, 167 
Liquid, compressibility of, 1 
definition of, 1 
Longitudinal waves, 218 
Lorentz transformations, 206, 207 
Loss, head, 34, 89 
Losses, minor, 89 
Lubrication, 99 


Mach angle, 160 
Mach cone, 137 
Mach line, 160 
Mach number, 6, 65 
magnetic, 211 
Macroscopic transport coefficients, 202 
Magnetic diffusivity, 212 
Magnetic field, 206 ~ 
Magnetic induction, 206 
Magnetic Mach number, 211 
Magnetic Prandtl number, 211 
Magnetic pressure, 210 
Magnetic Reynolds number, 211 
Magnetic transport, 212 
Magnetization, 207 
Magnetogasdynamic channel flow, 221 
Magnetohydrodynamics, 205 
Manometer, bifluid, 22 

inclined, 12, 17 

two fluid, 12 

U-tube, 12, 16 
Manometry, 12 
Mapping, conformal, 116 
Mass, conservation of, 26, 27 
Mass diffusion, 195 
Mass fraction of atoms, 198 
Mass fraction of molecules, 198 
Mass fraction of species, 195 
Mass transfer, turbulent, 202 
Material derivative, 38 
Maxwell equations, 205, 211 
Maxwell liquids, 235 
Mean velocity, 178, 179 
Measurements of turbulence quantities, 184 


Method of characteristics, 168 
Method of images, 114, 131 
MHD flow, 210 
Bernoulli’s equation, form of, 212 
compressible flow, 221 
energy equation, 211 
generator, 223, 224 
incompressible viscous flow, 213 
Kelvin’s theorem, form of, 213 
motion equation, 211 
shock waves, 216, 220 
Microscopic transport coefficients, 202 
Minor losses, 89 


Mixing length, Prandtl momentum, 182 


Modeling, 62 
Molecules, mass fraction of, 198 
Momentum equation, 28, 36 
angular, 28 
differential form of, 36 
for frictionless flow, 39 
for turbulent flow, 180 
Momentum transfer, turbulent, 202 
Motion, Newton’s second law of, 26 
vortex, 108 
Mt. Palomar telescope, 103 
Muds, drilling, 237 


Navier-Stokes equations, 41 
in various coordinate systems, 250 
Newton’s second law of motion, 26 
Newtonian fluid, 4, 41 
Non-Newtonian fluids, 4, 230 
anomalous turbulent flow of, 239 
laminar flow in pipes, 235 
turbulent flow, 238 
Nonsimple regions, 163 
Normal shock, 140, 141 
Nozzle, 76, 138 
converging-diverging, 140 
Nozzle flow, converging, 139 
Number, Brinkman, 66 
complex, 115 
Eckert, 66 
Froude, 63 
Grashof, 67 
Lewis, 196, 199 
Mach, 65 
Prandtl, 65 
Reynolds, 63 
Strouhal, 67 


Oblique shock, 158 
Ohm’s law, 206 


One-dimensional compressible flow, 136 


in MHD, 221 
Open circuit voltage, 214 
Oval, Rankine, 113 


Paint, 230 
Palomar telescope, 103 
Paper pulp, 280, 239 


Parallel walls, laminar flow between, 88 


Parameters of compressible flow, 65 


Parameters of incompressible flow, 63 
Particle dynamics, 2 
Perfect gas, 43 
Permeability, magnetic, 206 
relative magnetic, 206 
Permittivity, 206 
relative, 206 
Perturbations, small, 165 
Perturbation theory, 165 
Phase velocity, 218 
Phasors, 216, 217 
Pi theorem, Buckingham, 63 
Pipe, turbulent flow in, 186 
Pipe bend, force on, 48 
Pipes, flow, 75 
Piston generated shock, 145 
Planar flow, 167 
Plane waves, 216 
Plane waves in gases, 216 
Plasma dynamics, 205 
Plastic, 231 
Poiseuille flow, 88 
Polarization, 207 
Polymers, 230, 239 
Potential, complex, 115, 117 
gravitational, 42 
Potential core, 87, 190 
Potential flow, 110 
compressible, 156 
incompressible, 106 
over an ellipse, 129 
superposition, 113 
Potential energy, 32 
Potential flow theory, 106 
Potential vortex, 107, 113 
Powell-Eyring model, 232 
Power law, 178 
Power law fluids, 235 


Power laws in turbulent boundary layers, 82 


Prandtl boundary layer equations, 80 
Prandtl-Meyer function, 161 
Prandtl model, 232 
Prandtl momentum mixing length, 182 
Prandtl number, 65 
magnetic, 211 
Pressure, definition of, 3, 10 
magnetic, 210 
Pressure coefficient, 164 
in linearized theory, 167 
Pressure drag, 84 
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Pressure gradient, effect on boundary layer, 76 


effect on separation, 76 
Printer’s ink, 233 
Production, entropy, 44 
“Profile” drag, 126 


Propagation of an infinitesimal disturbance, 137 


Prototype, 62 

Pseudoplastic fluids, 231, 232 
friction factor, 237 

Pump, centrifugal, 55 
dimensional analysis of, 71 


Rankine oval, 113 
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Rate, deformation, 40 
Ray-normal diagram, 219, 220 
Rayleigh line, 142 
Rayleigh line flow, 1438 
Re-entry vehicles, 156 
Regions, nonsimple, 163 
Relativity, special theory, 205 
Reynolds experiment, 88 
Reynolds number, 63 
generalized, 237 
magnetic, 211 
Reynolds rules of averages, 179 
Reynolds stresses, 181 
Rheopectic fluids, 233, 234 
Rocket, 53 
Rotating fluid, 15 
Rotation, 106 
Rotation of a fluid element, 106 
Rotation tensor, 40 
Roughness, 70 
wall, 89 
Rules of averages, Reynolds, 179 


Separated flow, 84 
Separation, 76, 77, 84, 122 
pressure gradient effect, 76 
Shear stress, 4 
Shed vortex, 123, 124 
Shock, bow, 160, 194 
detached, 160 
Shock expansion flow over two-dimensional 
bodies, 163 
Shock-expansion theory, 158 
Shock, normal, 140, 141 
oblique, 158 
piston generated, 145 
Shock tube, 145 
Shock tube flow, 147 
Short circuit current, 214 
Similitude, 62 
Stralig, ly, aly 
Skin friction coefficient, 81 
Skin friction drag, 84 
Slurry, 239 
Small perturbations, 165 
Sonic line, 160 
Sonic speed, 65, 137 
Sound, 137 
Source, 112, 117, 127 
Space charge density, 205 
Special theory of relativity, 205 
Species equation, conservation of, 196 
Speed, sonic, 65, 137 
Squares, curvilinear, 111 
Stagnation point, 123 
Statics, fluid, 10 
Statistical approach to turbulence, 179 
Steady flow, 5, 34 
Step bearing, 99 
Strain rate tensor, 40 
Strain tensor, 40 
Streamlines, 7 
Stream function, 109 
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Stress-strain rate relationships in fluids, 40 
Stress tensor, 36, 37 
electromagnetic, 209 
Reynolds, 181 
Stresses, Reynolds, 181 
turbulent, 181 
Strouhal number, 67 
Submerged bodies, forces on, 13 
Subsonic aerodynamics, 106, 109, 126 
Subsonic airfoil, 171 
Subsonic flow, 5, 106 
Substantial derivative, 38 
Superposition, 111 
Superposition in potential flow, 113 ~ 
Supersonic compression, 162 
Supersonic expansion, 161, 162 
Supersonic flow, 5, 156 
Supersonic flow over a flat plate, 164 
Supersonic thin airfoil theory, 167 
Surface, free, 14, 15 
Surface forces, 11 
Surface tension, 67 
definition of, 5 
Sweepback angle, 171 
System, definition of, 26 


Telescope, Mt. Palomar, 103 
Tension, surface, 67 
Tensor, rotation, 40 
strain, 40 
strain rate, 40 
stress, 36, 37 
Terminal voltage, 208 
Theorem, Blasius, 121 
Crocco’s, 157 
Joukowski’s, 120 
Kelvin’s, 123 
Kelvin’s in MHD, 2138 
Kelvin vortex, 108 
Kutta and Joukowski, 121, 122 
Pi (Buckingham), 63 
Theory, perturbation, 165 
vorticity transfer, 183 
Thermodynamics, second law of, 26, 34, 44 
differential form of, 44 
Thin airfoil theory, 164 
supersonic, 167 
Thixotropic Bingham plastic, 234 
Thixotropic fluids, 233, 234 
Three-dimensional effects in airfoils, 125 
Throat, 140 
Time independent fluids, 231, 233 
Tornado, 107, 109, 127 
Torque-converter, 24 
Trailing vortex, 124, 125 
Transformations, conformal, 106 
Galilean, 206 
Joukowski, 124 
Lorentz, 206 
Transition, 76, 77 
Transition flow, 88 
Transonic flow, 156 
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Transport, magnetic, 212 Viscoelastic fluids, 231, 235 
Transport coefficients, 195, 202 Viscosity, coefficient of, 41 
Transverse waves, 218 curves, for fluids, 248, 244 
Turbomachines, 31 definition of, 3 
Turbulence, free, 188 eddy, 182 
isotropic, 183 table, for air, 245 
phenomenological theories, 182 table, for water, 245 
statistical approach, 179 turbulent, 182 
wall, 184 Viscous fluid, 41 
Turbulence correlations, 183 Viscous sublayer, 184 
Turbulence quantities, measurements, 184 | Volume, control, 27 
Turbulent boundary layer, 81, 186 Von Karman, momentum-integral equation, 78 
hypersonic, 200 Vortex, potential, 107, 118, 117 
Turbulent energy transfer, 202 shed, 128, 124 
Turbulent flow, 76, 80, 178 trailing, 124 
continuity equation, 180 Vortex filament, 109 
definition of, 5, 178 Vortex layer, 126 
energy equation, 181 Vortex line, 109 
equations of motion, 180 Vortex MHD generator, 227 
in a pipe, 186 Vortex motion, 108 
incompressible, 178 Vortex sheet, 126 
in non-Newtonian fluids, 238 Vortex system, “horseshoe”, 125 
momentum equation, 180 Vortex theorem, 108 
velocity distributions, 90 Vortex tube, 109 
Turbulent jet flow, 190 Vortices, bound, 125 
Turbulent kinetic energy, 181, 185 trailing, 125 
production and dissipation, 188 Vorticity, 106 
transport of, 188 Vorticity transfer theory, 183 
Turbulent mass transfer, 202 
Turbulent momentum transfer, 202 Wake, 7 
Turbulent stresses, 181 circular, 191 
Turbulent viscosity, 182 turbulent, 194 
Turbulent wake, 194 two-dimensional, 191 
Two-dimensional bodies, shock-expansion flow, 163 Wake flow, turbulent, 189 
Two-dimensional compressible flow, gasdynamics, 156 Wake shock, 194 
Two-dimensional jet, 191 Wall, adiabatic, 199 
Two-dimensional wake, 191 . law of, 82, 179 
Two-fluid manometer, 12 Wall roughness, 89 
Wall turbulence, 184, 191 
Uniform flow, 112,117 Water hammer, 68 
Units, table of, 248, 249 Wave drag, 163 
U-tube accelerometer, 20 Waves, acoustic, 218 
U-tube manometer, 12, 16 centered expansion, 145 
“ideal” magnetoacoustic, 219 
Valves, 89 longitudinal, 218 
Velocity, angular, 40 magnetoacoustic, 219 
complex, 116 plane, 216 
fluctuating, 179 u shock, MHD, 220 
instantaneous, 179 slow, 219 
mean, 178, 179 transverse, 218 
Velocity correlations, one point, 183 Wedge, flow over, 160 
two point, 183 Whirlpool, 107 
Velocity defect law, 83, 179 Williamson model, 233 
Velocity distributions, for turbulent flow, 90 Work, 31 


Velocity potential, 106, 109 flow, 33 
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